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Masking

@ Recall that a linear model used for classification can
result in masking.
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@ We discussed fixing this by using different shaped
membership functions, other than linear.
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@ Recall that a linear model used for classification can
result in masking.

@ We discussed fixing this by using different shaped
membership functions, other than linear.

@ Our first approach to this was to use generative models
(Gaussian distributions) to model the data from each
class.

@ Using Bayes Theorem, we derived QDA and LDA.
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@ Remember this picture?
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@ The problem was that the green line for Class 2 was too

low. In fact, all lines are too low in the middle of x
range. Maybe we can reduce the masking effect by
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low. In fact, all lines are too low in the middle of x
range. Maybe we can reduce the masking effect by

- requiring the function values to be between 0 and 1, and
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@ Remember this picture?
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@ The problem was that the green line for Class 2 was too

low. In fact, all lines are too low in the middle of x
range. Maybe we can reduce the masking effect by

- requiring the function values to be between 0 and 1, and

- requiring them to sum to 1 for every value of x.
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@ We can satisfy those two requirements by directly
representing p(C = k|x) as

f(X,,Bk)
C=k|x)= ————%
PE=HR = 1 8

where we haven't discussed the form of f yet, but 3
represents the parameters of f that we will tune to fit
the training data (later).
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@ We can satisfy those two requirements by directly
representing p(C = k|x) as

f(quk)
o1 F(x Bm)
where we haven't discussed the form of f yet, but 3

represents the parameters of f that we will tune to fit
the training data (later).

p(C = k|x) =

@ This is certainly an expression that is between 0 and 1
for any x.
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@ We can satisfy those two requirements by directly
representing p(C = k|x) as

f(quk)
o1 F(x Bm)
where we haven't discussed the form of f yet, but 3

represents the parameters of f that we will tune to fit
the training data (later).

p(C = k|x) =

@ This is certainly an expression that is between 0 and 1
for any x.

@ Now we have p(C = k|x) expressed directly, as opposed
to the previous generative approach of first modeling
p(x|C = k) and using Bayes' theorem to get
p(C = kIx).
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X, = C = X)\= —— =
g(x, By) = p(C = k|x) SK_ x5
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g(x.8,) = p(C = k|x) = > — e
Zm:l f(x7 Bm)

@ Now let's deal with our requirement that the sum must
equal 1
K K

1= pu(C=Kx) = g(x.B)

k=1 k=1
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X, = C = X)\= —— =
g(x, By) = p(C = k|x) SK (x Bo)

@ Now let's deal with our requirement that the sum must
equal 1

K K
1= pu(C=Kx) = g(x.B)
k=1 k=1

@ However, this constraint overdetermines the g(x, 3,). If
l=a+b+c

must be true, then given values for a and b, c is already
determined, as c =1—a— b.
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f(x7 IBk) Logistic Regression
g(x.8,) = p(C = k|x) = > — e
Zm:l f(x7 Bm)

Now let's deal with our requirement that the sum must
equal 1

K K
1= pu(C=Kx) = g(x.B)
k=1 k=1

However, this constraint overdetermines the g(x, 3). If
l=a+b+c

must be true, then given values for a and b, c is already
determined, asc=1—a— b.

Another way to say this is that we can set ¢ to any
value, and values for a and b can still be found that
satisfy the above equation. For example

l=(a—c/2)+(b—c/2)+2c




@ So, let's just set the final f(x,3,) to be 1. Now

g(xvﬂk) =

f(x, Bx)

T+ SR (X, By)
1

14+ Y1 (% Bp)
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Derivation

@ Whatever we choose for f, we must make a plan for
optimizing its parameters 3. How?
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@ Whatever we choose for f, we must make a plan for
optimizing its parameters 3. How?

@ Let's maximize the likelihood of the data. So, what is Dz
the likelihood of training data consisting of samples
{x1,X2,...,%xy} and class indicator variables

t11 ti2 ... bk
t21 b2 ... bk
tnv  tn2 tn, K

with every value t, x being 0 or 1, and each row of this
matrix contains a single 1. (We can also express
{x1,%2,...,xy} as an N x D matrix, but we will be
using single samples x, more often in the following.)




Data Likelihood

@ The likelihood is just the product of all
p(C = class of n™" sample|x,,) values for sample n. A
common way to express this product, using those handy
indicator variables is

N K-1
L(B) = H H p(C = k|x,)tm*
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Data Likelihood

@ The likelihood is just the product of all
p(C = class of n™" sample|x,,) values for sample n. A
common way to express this product, using those handy
indicator variables is
N K-1

L(B) =[] [ p(C = kixa)™*

n=1 k=1
@ Why does second product stop with K — 17
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@ The likelihood is just the product of all ool ol
p(C = class of n™" sample|x,,) values for sample n. A
common way to express this product, using those handy

indicator variables is et
N K-1
tnk
() = T] T p(C = ki)
n=1 k=1

@ Why does second product stop with K — 17
@ Say we have three classes (K = 3) and training sample
n is from Class 2, then the inner product is

p(C = 1|x)"1p(C = 2|x,)"?p(C = 3[x)"™?
= p(C = 1[xs)°p(C = 2[x)' p(C = 3(x,)°
=1p(C =2|x,)* 1
= p(C = 2|x,)

This shows how the indicator variables as exponents
select the correct terms to be included in the product.
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@ So, we want to find 3 that maximizes the data
likelihood. How shall we proceed?

K—1 Derivation

N
=[] II p(C = Kixa)"*

n=1 k=1




Maximizing the Data Likelihood

@ So, we want to find 3 that maximizes the data
likelihood. How shall we proceed?

N K-
~TL T stc - ki

@ Right. Find the derivative with respect to each
component of 3, or the gradient with respect to 3. But
there is a mess of products in this. So...
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@ So, we want to find 3 that maximizes the data
likelihood. How shall we proceed?

N K-
~TL T stc - ki

@ Right. Find the derivative with respect to each
component of 3, or the gradient with respect to 3. But
there is a mess of products in this. So...

@ Right. Work with the logarithm log L(3) which we will
call 1(5).

K-1

N
l(/B) = log L(ﬂ) - Z tn k |ng - k’Xn)
n=1 k=1




Gradient Descent

e Unforunately, the gradient of /(3) with respect to 3 is
not linear in 3, so we cannot simply set the result equal
to zero and solve for 3.
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Gradient Descent

e Unforunately, the gradient of /(3) with respect to 3 is
not linear in 3, so we cannot simply set the result equal
to zero and solve for 3.

@ Instead, we do gradient descent:

B — B+ aVgl(B)

where « is a constant that affects the step size.
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Gradient Descent

e Unforunately, the gradient of /(3) with respect to 3 is
not linear in 3, so we cannot simply set the result equal
to zero and solve for 3.

@ Instead, we do gradient descent:

e Initialize B to some value.

B — B+ aVgl(B)

where « is a constant that affects the step size.
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Gradient Descent

e Unforunately, the gradient of /(3) with respect to 3 is
not linear in 3, so we cannot simply set the result equal
to zero and solve for 3.

@ Instead, we do gradient descent:

e Initialize B to some value.
e Make small change to 3 in the direction of the gradient

of I(3) with respect to 8 (or Vz/(8))

B — B+ aVgl(B)

where « is a constant that affects the step size.
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Gradient Descent

e Unforunately, the gradient of /(3) with respect to 3 is
not linear in 3, so we cannot simply set the result equal
to zero and solve for 3.

@ Instead, we do gradient descent:

e Initialize B to some value.
e Make small change to 3 in the direction of the gradient

of I(3) with respect to 8 (or Vz/(8))
o Repeat above step until /(3) seems to be at a
maximum.

B — B+ aVgl(B)

where « is a constant that affects the step size.
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@ Remember that 3 is a matrix of parameters, with, let’s
say, columns corresponding to the values required for
each f, of which there are K — 1.
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@ Remember that 3 is a matrix of parameters, with, let’s
say, columns corresponding to the values required for
each f, of which there are K — 1.

@ We can work on the update formula and Vg/(3) one
column at a time

Bk + Bi +aVg, I(8)

and combine them at the end.

B = B+a(Vp,l(B),Vp,I(B):---Vp,_,1(B))
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@ Remembering that 6|°§:(X) = ﬁ

p(C = k|xn) = g(xn, Bs)

N K-1
1(8) =" talogp(C = kixn)
n=1 k=1
N K-1
=> > toxlogg(xn, B)
n=1 k=1
N K-1 t
Ve l(8) = g(x:” 5,y V8 (xn: B)

3
Il
N
i)
—
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@ Remembering that 6|°§:(X) = ﬁ

p(C = k|xn) = g(xn, Bs)

N K-1
1(8) = taklogp(C = k|x,)

n=1 k=1

N K-1
= Z tnk log g(Xn, Bk)

n=1 k=1

N K-1 th
V() = Z; 2l ) V8 i)
n=1 k=1 !

@ It would be super nice if ngg(x,,,ﬁk) includes the
factor g(xn, B)) so that it will cancel with the
g(xn, B) in the denominator.
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eBkan

K-1 T
1 + Zm:l eBan Derivation

g(x,,, ﬁk) =
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f(X,,, Bk) = eﬁk Xn SO Chuck Anderson
eBkan

1+ K1 eBnxn

Now we can work on Vg g(xn, fx)

K=l o ! T
= Vg, (1 + Z eﬁmx"> Pk

g(x,,, ﬁk)

Derivation

m=1

Kl oor - T T R or - T
-1 (1 4 Z eﬁmxn> eﬁj xnxneﬁkxn + (1 + Z e,@an) eﬁj Xy
m=1

m=1
eBlxn &8/ xn &8/ xn
= Xn + Xn
1+Zm1eﬁx"1+ZK1ﬁxn 1+2K15Xn
= _g(xm /Bk)g(xnv Bj)X" + g(Xna Bj)x”
= g(xn, By) (0 — (X"n@j))X”

where 0 = 1 if j = k, 0 otherwise.
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N K-1 1.'
Vg 1(B) = —— =~ VB,8(Xn, Bk
,31 ( ) HE_:lk:1 g(xnaﬁk) ﬁ ( n )
N -1 K-1
= Z ( tnkOjik — &(Xn, B}) tn,k>
n=1 \k=1 k=1
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X

-1

I
™=

Vg, 1(B)

J

vﬁ g(xnv /Bk)

3
Il
—
=
Il

1 g(xnuﬁk)
1 K—1

tnkOjik — &(Xn, B}) Z tn,k>
k=1

xn(tn,j - g(xm/Bj))

I
M=

3
Il
—

k=1

I
M=

I
—_

n

@ which results in this update rule for 3;

N
B Bj+ad (taj—&(xn B;))xn

n=1
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X

-1

I
™=

Vg, 1(B)

J

vﬁ g(xnv /Bk)

3
Il
—
=
Il

1 g(xnuﬁk)
1 K—1

tnkOjik — &(Xn, B}) Z tn,k>
k=1

xn(tn,j - g(xm/Bj))

I
M=

3
Il
—

k=1

I
M=

I
—_

n

@ which results in this update rule for 3;

N
B Bj+ad (taj—&(xn B;))xn

n=1

@ How do we do this in R?
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