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Detecting Stable Clusters Using
Principal Component Analysis

Asa Ben-Hur and Isabelle Guyon

1 Introduction

Clustering is one of the most commonly used tools in the amlgf gene expression
data(1, 2). The usage in grouping genes is based on the premise thapoession is

a result of co-regulation. It is thus a preliminary step itrasting gene networks and
inference of gene functiof8, 4). Clustering of experiments can be used to discover novel
phenotypic aspects of cells and tissy8s 5, 6), including sensitivity to drug$7), and
can also detect artifacts of experimental conditi@®)s Clustering and its applications in
biology are presented in greater detail in the chapter by Zmal Karypis (see als)).
While we focus on gene expression data in this chapter, thieadelogy presented here is
applicable for other types of data as well.

Clustering is a form of unsupervised learning, i.e. no infation on the class variable
is assumed, and the objective is to find the “natural” groapthé data. However, most
clustering algorithms generate a clustering even if tha das no inherent cluster structure,
so external validation tools are required. Given a set dfitpars of the data into an in-
creasing number of clusters (e.g. by a hierarchical clumjexigorithm, or k-means), such
a validation tool will tell the user the number of clustershe data (if any). Many methods
have been proposed in the literature to address this profl@ri5) Recent studies have
shown the advantages of sampling-based metlib#s14) These methods are based on
the idea that when a partition has captured the structuresidata, this partition should be
stable with respect to perturbation of the data. Biteteal. (16) used a similar approach
to validate clusters representing gene expression of roelarpatients.

The emergence of cluster structure depends on severaleshoiata representation
and normalization, the choice of a similarity measure amdteking algorithm. In this
chapter we extend the stability-based validation of clustieicture, and propose stability
as a figure of merit that is useful for comparing clusteringsons, thus helping in making
these choices. We use this framework to demonstrate thigyatfilPrincipal Component
Analysis (PCA) to extract features relevant to the clustercsure. We use stability as a
tool for simultaneously choosing the number of principahponents and the number of
clusters; we compare the performance of different simylarieasures and normalization
schemes. The approach is demonstrated through a case sjighsbgene expression data
from Eisenet al. (1). For yeast, a functional classification of a large numbereofes is
known, and we use this classification for validating the ltegaroduced by clustering. A
method for comparing clustering solutions specificallyleggle to gene expression data
was introduced iff17). However, it cannot be used to choose the number of clusteds,
is not directly applicable in choosing the number of primtipomponents.

The results of clustering are easily corrupted by the aolditf noise: even a few
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noise variables can corrupt a clear cluster strucfi8. Several factors can hide a cluster
structure in the context of gene expression data or othestgpdata: the cluster structure
may be apparent in only a subset of the experiments or gendise a@ata itself may be
noisy. Thus clustering can benefit from a preprocessingatégature/variable selection
or from a filtering or de-noising step. In the gene expressase study presented in this
chapter we find that using a few leading principal componentsgnces cluster structure.
For a recent paper that discusses PCA in the context of dlugtgene expression see also
(19).

PCA constructs a set of uncorrelated directions that arereddby their variance
(20, 21) In many cases, directions with the most variance are thd retevant to the
clustering. Our results indicate that removing featureh Wow variance acts as a filter that
results in a distance metric that provides a more robustaring. PCA is also the basis for
several variable selection techniques: variables tha¢ laakarge component in low vari-
ance directions are discardgZR, 23). This is also the basis of the “gene shaving” method
(24) that builds a set of variables by iteratively discardingaales that are least correlated
with the leading principal components. In the case of temlpgene expression data the
principal components were found to have a biological megnaith the first components
having a common variability25-27) PCA is also useful as a visualization tool - it can
provide a low dimensional summary of the dg&8), help detect outliers, and perform
quality control(20).

2 Principal Components

We begin by introducing some notation. Our object of studgns by d gene expression
matrix, X, giving the expression of genes ind experiments. The gene expression matrix
has a dual nature: one can cluster either genes or expesneréxpress this duality we
can refer toX as

X = : (1)
J— gn J—
whereg; = (z;1,. .., x;q) are the expression levels of genacross all experiments, or as
X=1|e - e (2)
wheree; = (zy;,...,1,;)" are the expression levels in experimgredcross all genes. In

this chapter we cluster genes, i.e. thgatterng;. When clustering experiments, substitute
e andg in what follows. We make a distinction betweewnariable, which is each one of
thed variables that make ug;, and afeature which denotes a combination of variables.
The principal components areorthogonal directions that can be defined in several
equivalent wayqg20, 21) They can be defined as thhdeading eigenvectors of the co-
variance matrix ofX. The eigenvalue associated with each vector is the varientet
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direction. Thus, PCA finds a set of directions that explaenrtiost variance. For Gaussian
data the principal components are the axes of any equipildpatipsoid. A low dimen-
sional representation of a dataset is obtained by progthie data on a small number of
PCs (principal components). Readers interested in tHealetr algorithmic aspects of
PCA should refer to textbooks devoted to the subfg6t 21)

The principal components can be defined ag/tleading eigenvectors of the experiment-
experiment covariance matrix:

1
COU(X)U = —(ei — <€ >)'(ej - <ej >) s Z,] = ]_, c. ,d (3)
n
where<e; >= 15" z,:(1,...,1) is ad dimensional vector with the mean expression

value for experimeni. Alternatively, the principal components can be definedugh the
correlation matrix:

(ei — <€ >), (ej —<e; >)

a(e:) a(e;)

1
COT’(X)Z'J':— y Z,jzl,,d (4)
n
whereo(e;) is the vector of estimated standard deviation in experimeritquivalently,
one can consider the principal components as the eigemgeaftdhe matrixX X’ when
applying first a normalization stage céntering

e — e — <€ > (5)

or standardization
e, — (e, —<e;>)/o(e;). (6)

The first corresponds to PCA relative to the covariance maamd the second to PCA
relative to the correlation matrix. To distinguish betwdbhe two, we denote them by
centered PCA and standardized PCA, respectively. One sarcahsider PCs relative to
the second moment matrix, i.e. without any normalizationthis case the first PC often
represents the mean of the data, and the larger the meaargkee this component relative
to the others.

We note that for the case of two dimensional data the coralatbatrix is of the form
(1, a; a, 1), which hadixedeigenvectorgz, —x) and(z, z) (z = @ for normalization),
regardless of the value af Standardization can be viewed as putting constraints en th
structure of the covariance matrix that in two dimensionsdithe PCs. In high dimen-
sional data this is not an issue, but a low dimensional coisparf centered PCA and
standardized PCA would be misleading. Standardizatiortegerformed on data that
contains incommensurate variables, i.e. variables thasare different quantities, and are
incomparable unless they are made dimensionless, e.g.ahgatization. In the case
of commensurate variables it was observed that standéahzzan reduce the quality of
a clustering(29). In microarray data all experiments measure the same dquamimely
MRNA concentration, but still, normalization across expents might be necessary.

The basic assumption in using PCA as a preprocessing bdtmteing is that direc-
tions of large variance are the result of structure in thasections. We begin with a toy
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example that illustrates this, and later we will show restdt gene expression data where
this applies as well. Consider the data plotted in Figureee (&ption for details on its
construction). There is clear cluster structure in the &redl second variables. Centered
PCA was applied. The first principal component capturesttinetsire that is present in the
first two variables. Figure 2 shows that this component isrssly a 45 degree rotation
of the first two variables.

3 Clustering and hierarchical clustering

All clustering algorithms use similarity or dissimilarity matrix, and group together pat-
terns that are similar to each other. A similarity matrixegva high score to “similar”
patterns, with common examples being the Euclidean dotyataol Pearson correlation.
A dissimilarity matrix is a matrix whose entries reflect ast@ince” between pairs of pat-
terns, i.e. close patterns have a low dissimilarity. Thauirip the clustering algorithm is
either the similarity/dissimilarity matrix or the data pans themselves, and the elements
of the matrix are computed as needed.

Clustering algorithms can be divided into two categorieating to the type obutput
they produce:

¢ Hierarchical clustering algorithms — output a dendrogram, which is atepeesen-
tation of the data whose leaves are the input patterns andentn-leaf nodes rep-
resent a hierarchy of groupings (see Figure 7). These comeiflavors: agglom-
erativeanddivisive Agglomerative algorithms work bottom up, with each patter
a separate cluster; clusters are then iteratively mergmwyrding to some criterion.
Divisive algorithms start from the whole data set in a singlester and work top-
down by iteratively dividing each cluster into two compoteeantil all clusters are
singletons.

e Partitional algorithms: provide a partition of a dataset into a certaimher of clus-
ters. Partitional algorithms generally have input paramsethat control the number
of clusters produced.

A hierarchical clustering algorithm can be used to genagiartition, e.g. by cutting the
dendrogram at some level to generate a partition inttusters (see Figure 7 for an illus-
tration). When doing so, we ignore singleton clustersyleen cutting the dendrogram to
generaté: clusters, we look fok non-singleton clusters. We found it useful to impose an
even higher threshold, to ignore very small clusters. Th@ach provides a unified way
of considering hierarchical and partitional algorithmskimg our methodology applicable
to a generic clustering algorithm. We choose to use the gedmakage variety of hierar-
chical clusteringd30, 31) that has been used extensively in the analysis of genessipre
data(1, 2, 16) In agglomerative hierarchical clustering algorithms tive nearest (or
most similar) clusters are merged at each step. In avenak@ge clustering the distance
between clusters is defined as the average distance betaasroppatterns that belong
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Figure 1: A synthetic data example. Data consists of 20Gpetwith 79 dimensions
(variables), with components that are standard Gaussidn humbers. As can be seen
in the representation of the data (top), we added an offsétedirst 2 dimensions (a
positive offset of 1.6 for the first 100 patterns and a negatiiset of -1.6 for the last 100).
This results in the two clusters apparent in the scattergdlthe patterns in the first two
dimensions (bottom left). The direction that separateswleclusters is captured by the
first principal component, as shown on the bottom right ecatbt of the first two principal
components.
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Figure 2: Histograms of the components of the first princgahponent (left) and the
second principal component (right). The count near -0.ffas/alue for the first and second
variables, representing the 45 degree rotation seen ind-lgu

to the two clusters; as clusters are merged the distancéxrsatipdated recursively, mak-
ing average linkage and other hierarchical clusteringrétlyos efficient and useful for the
large datasets produced in gene expression experiments.

3.1 Clustering stability
When using a clustering algorithm several issues must beidered(10):
e The choice of a clustering algorithm.
e Choice of a normalization and similarity/dissimilarity eseire.
e Which variables/features to cluster.
e Which patterns to cluster.

e How many clusters: A clustering algorithm provides as ougither a partition into
k clusters or a hierarchical grouping, and does not answejubstion whether there
is actually structure in the data, and if there is, what aeecthsters that best describe
it.

In this section we introduce a framework that helps in makivege choices. We will use
it to choose the number of leading PCs (a form of feature 8el®¢ and compare different
types of normalization and similarity measures, simulterséy with the discovery of the
cluster structure in the data.

The method we are about to describe is based on the followiegreation: when one
looks at two sub-samples of a cloud of data patterns with gBagiratio, f (fraction of
patterns sampled) not much smaller than 1 ($ay 0.5), one usually observes the same
general structure (see Figure 3). Thus it is reasonable stujade that a partition inté
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Figure 3: Two 320-pattern subsamples of a 400-pattern Gaussixture. Top: the two
subsamples have essentially the same cluster structucystering into 4 clusters yields
similar results. Bottom: same subsamples; additionaltetascan pop up in different
locations due to different local substructure in each ofsthigsamples.
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clusters has captured the structure in a dataset if pagitioto &£ clusters obtained from
running the clustering algorithm with different sub-saagpére similar.

This idea is implemented as follows: the whole dataset istehed (a reference clus-
tering); a set of subsamples is generated and clusteredlag=aeincreasing values of
the similarity between partitions of the reference cluatginto & clusters and partitions
of the subsamples are computed (see pseudo-code in Figwéh#n the structure in the
data is well represented layclusters the partition of the reference clustering will lgghity
similar to partitions of the subsampled data. At a higheueaif £ some of the clusters
will become unstable, and a broad distribution of similasitwill be observeq12). The
stable clusters represent the statistically meaningfuttire in the data. Lack of structure
in the data can also be detected: In this case the transdiorstability occurs between
k =1 (all partitions identical by definition), anid = 2.

The algorithm we have presented has two modular componeatsr{entioning the
clustering algorithm itself):

(1) A perturbation of the dataset (e.g. subsampling).
(2) A measure of similarity between the perturbed clusteand a reference clustering (or
alternatively, between pairs of perturbed clusterings).

Perturbing the data to probe for stability can be perfornmesieveral ways. One can
subsample the patterns, as done here; when clusteringirvgpés one can consider sub-
sampling the genes instead: this is reasonable in view aftthendancy observed in gene
expression — one typically observes many genes that aréy/tugirelated with each other.
Another alternative is to add noise to the dét&). In both cases the user has to decide on
the magnitude of the perturbation — what fraction of thelfezg or variables to subsample,
or how much noise to add. In our experiments we found thatasuptng worked well,
and equivalent results were obtained for a wide range ofssupkng fractions.

For the second component of the algorithm, a measure ofaityjlone can choose one
of the several similarity measures were proposed in thesstat literature. We introduce
a similarity measure originally defined {f15), and then propose an additional one that
provides more detailed information about the relationfigpveen the two clusterings.

We define the following matrix representation of a partition

1 if g; andg; belong to the same cluster aing¥ j ,
C. — | ()
0 otherwise
Let two clusterings have matrix representatiéH8 andC®. The dot product
_ (1) ~(2)
(0, 0c®) =3 Cc; (8)
-7j

counts the number of pairs of patterns clustered togethmatimclusterings and can also be

interpreted as the number of edges common to the graphsespee by” () andC®. The

dot product satisfies the Cauchy-Schwartz inequafity”), C®) < \/(CM,CM) (C®),C®),

and thus can be normalized into a correlation or cosine arityilmeasure:
(CW, C@)

\/<C(1>, C) (C™,C®)

S(c(l)’ 0(2)) —

(9)

8
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Input: A datasetX, k... maximum number of clustersum_subsamples: number of
subsamples.
Output: S(i, k) - a distribution of similarities between partitions int@lusters of a refer-
ence clustering and clustering of subsamples;l1, . .., num_subsamples
Requires: T = clustef X'): A hierarchical clustering algorithm
L = cut-tre€T’, k): produces a partition with non-singleton clusters
s(Ly, Lo): a similarity between two partitions

1: f=038

2: T =clustefX') {the reference clusteriryg

3: for i = 1 to num_subsamples do

sub; =subsampX, f) {sub-sample a fractiofi of the data

T;=clustef sub;)
end for
: for k = 2t0 K.y dO
L,=cut-tre€T' k) {partition the reference clusterihg
for ¢+ = 1 to maximumiterationsdo
10: Lo =cut-tre€T;, k)
11: S(i, k) = s(Lg, L1) computed only on the patterns afb;.
12:  end for
13: end for

©ce N a-r

Figure 4: Pseudo-code for producing a distribution of samitiles. If the distribution of
similarities is concentrated near its maximum value, tiencorresponding reference par-
tition is said to be stable. In the next sub-section it willrbéned to assign a stability to
individual clusters. Here it is presented for a hierarchotastering algorithm, but it can
be used with a generic clustering algorithm with minor chesng
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Remark 3.1 The cluster labels produced by a clustering algorithm §tdu 1”, “cluster
2" etc.) are arbitrary, and the similarity measure defineovalis independent of actual
cluster labels: it is defined through the relationship betwpairs of patterns — whether
patterns andj belong to the same cluster, regardless of the label giveretoluster.

As mentioned above, the signal for the number of clusterbeatefined by a transition
from highly similar clustering solutions, to a wide distitipn of similarities. In some cases
the transition is not well defined: if a cluster breaks int@ telusters, one large, and the
other small, the measure of similarity presented abovestillgive a high similarity score
to the clustering. As a consequence, the number of clustérbevover-estimated. To
address this issue, and to provide stability scores to iddal clusters, we present a new
similarity score.

3.2 Associating clusters of two partitions

Here we represent a partitidnby assigning a cluster label froirto % to each pattern. The
similarity measure defined next is motivated by the succssfrom supervised learning,
which is the sum of the diagonal elements of the confusiorrimmbetween two sets of
labelsL; andL,. The confusion matrix measures the size of the intersebtitween the
clusters in two labelings:

M;; =|Ly =iN Ly = j|, (10)

where|A| denotes the cardinality of the sét andL = i is the set of patterns in cluster

A confusion matrix like
47 2
M = ( 1 48 ) ’

represents clusterings that are very similar to each offes.similarity will be quantified
by the sum of the diagonal elements. However, in clusterimgkmowledge about the
clusters is assumed, so the labgls. ., k& are arbitrary, and any permutation of the labels
represents the same clustering. So we might actually gatfagion matrix of the form

1 48
M= ( 47 2 ) ’

that represents the relationship between equivalentseptations of the same clustering.
This confusion matrix can be “diagonalized” if we identifjuster 1 in the first labeling
with cluster 2 in the second labeling and cluster 2 in the faséling with cluster 1 in the
second labeling. The similarity is then computed as the sttheodiagonal elements of
the “diagonalized” confusion matrix. The diagonalizatieasentially a permutation of the
labels, will be chosen to maximize the similarity. We nownhotate these ideas. Given two
labelingsL; and L, with k1, ko labels, respectively, we assurhg < k,. An association

o is defined as a one to one functien: {1,...,k} — {1,...,ky}. The unsupervised
analog of the success rate is now defined:
1
s(Li,Ly) = | max  —» M. (11)
o is an association <

10
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Remark 3.2 The computation of the optimal associatieqi.,, L,) by brute-force enu-
meration is exponential in the number of clusters, sincentimber of possible one-to-one
associations is exponential. To handle this, it was contphiyea greedy heuristic: first,
clusters fromL; are associated with the clusters fof with which they have the largest
overlap. Conflicts are then resolved one by one: if two chsséee assigned to the same
cluster, the one which has smaller overlap with the clust@ssigned to the cluster with
which it has the next largest overlap. The process is itératdil there are no conflicting
assignments are present. This way of conflict resolutiomaguees the convergence of
this process. For small overlap matrices where exact eratraercan be performed the
results were checked to be identical. Even if from time tcetiime heuristic does not find
the optimal solution, our results won't be affected, sineeake interested in the statistical
properties of the similarity.

Next, we use the optimal association to define concepts bilisgdfor individual pat-
terns and clusters. For a patterntwo labelingsL,, L,, and an optimal associatian
define thepattern-wise agreemebetweenl; and L,:

5,(i) = { 1 o(L1(i)) = La(i), (12)

0 otherwise

Thusé, (i) = 1 iff patterni is assigned to the same cluster in the two partitions reldatv
the associationr. We note that(L,, L,) can be equivalently expressed-as_. d, ().

Now we defingpattern-wise stabilitys the fraction of subsampled partitions where the
subsampled labeling of pattefragrees with that of the reference labeling, by averaging
the pattern-wise agreement, equation (12):

n(i)=— Y. &), (13)

v subsamples

whereN; is the number of sub-samples in which patteappears. The pattern-wise sta-
bility can indicate problem patterns that do not clustedw@luster stability is the average
of the pattern-wise stability:

i) = e S nli). (14)
Ly = j] (L1
2 1=7)
We note that cluster stability should not be interpretedtalility per se: suppose that a
stable cluster splits into two clusters in an unstable wag, @ne cluster is larger than the
other. In subsamples of the data, clusters will tend to becsted with the larger sub-
cluster, with the result that the large cluster will have ghleir cluster stability. Thus the
stability of the smaller cluster is the one that reflects tistability of this split. This can be
seen in Figure 7. Therefore we define the stability of a refegeclustering int& clusters
as:
Sy =minc(j) . (15)

J
In computingS) we ignore singletons or very small clusters. A dendrograth stability
measurements will be calledsgability annotated dendrografsee Figure 7).

11
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Figure 5: A scatter plot of the first three centered PCs of #asydata. The symbols in the
figure legend correspond to the 5 functional classes.

4 Experiments on gene expression data

In this section we use the yeast DNA microarray data of Eetead. (1) as a case study.
Functional annotations were used to choose the 5 functaasses that were most learn-
able by SVMs(32), and noted by Eiseat al. to cluster well(1). We looked at the genes
that belong uniquely to these 5 functional classes. Thig gadataset with 208 genes and
79 variables (experiments) in the following classes:

(1) Tricarboxylic acid cycle (TCA) (14 genes)

(2) Respiration (27 genes)

(3) Cytoplasmatic ribosomal proteins (121 genes)

(4) proteasomes (35 genes)

(5) Histones (11 genes).

4.1 Clustering centered PCA variables

A scatter plot of the first three centered PCs is shown in [eigurClear cluster structure
that corresponds to the functional classes is appareneipltt. Classes 1 and 2 however,
are overlapping. For comparison we show a scatter plot ohthe three PCs (Figure
6), where visual inspection shows no structure. This suppbe premise that cluster
structure should be apparent in the leading principal carapts. To further support this,
we analyze results of clustering the data in the originalades, and in a few leading
principal components. We use the average linkage hie@thbiustering algorithnf30)
with a Euclidean distance.

12
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Figure 6: A scatter plot of PCs 4-6 for the yeast data.

When using the first three centered PCs, the functional esasee recovered well by
clustering with the exception of classes 1 and 2 (TCA andratspn) that cannot be distin-
guished. The high similarity between the expression pattef these two classes were also
noted by Brownret al. (32). This is seen in the confusion matrix between the functional
class labels and the clustering labels o 4:

MIPS classification
classeg 1 2 3 4 5
1 11 27 O 2 0
clustering 2 0O O 122 0 O
3
8

3 |2 0 0 33
4 |0 O O O

As already pointed out, when we say that we partition the idéted clusters we mean
four non-singleton clusters (or more generally, clustargdr tan some threshold). This
allows us to ignore outliers, making comparisons of pantiiintok clusters more mean-
ingful, since an outlier will not appear in all the subsansptistered. And indeed, in the
dendrogram Figure 7 for = 4, we find one singleton cluster for a total of 5 clusters.

The choice oft = 4 is justified by the stability method: The top dendrogram igufe
7 shows a stability annotated dendrogram for the PCA data.nimbers at each node in-
dicate the cluster stability of the corresponding clusteraged over all the levels at which
the cluster appears. All the functional classes appeausteais with cluster stability above
0.96. The ribosomal cluster then splits into two clusteng of them having stability value
of 0.62, indicating that this split is unstable; the stabiéinnotated dendrogram (Figure 7)
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and the plot of the minimum cluster stability, (Figure 9) show that the functional classes
correspond to the stable clusters in the data.

When using all the variables (or equivalently, all PCs),ftivectional classes are recov-
ered atc = 5, but not as well:

MIPS classification

classeg 1 2 3 4 5

1 6 22 O 2 0

clustering 2 |3 0 0 0 O
3 O 0 1212 0 O

4 4 5 0O 33 2

5 0O O 0 0O 9

The same confusion matrix was observed when using 20 le&ilsgor more. However,
clustering intok = 5 clusters is not justified by the stability criterion: theispito the
proteasome and TCA/respiration clusters is highly unsté&ée bold numbering in the
bottom stability annotated dendrogram in Figure 7). Onlyadipon into 3 clusters is
stable.

Inspecting the dendrograms also reveals an important gyogieclustering of the lead-
ing PCs: the cluster structure is more apparent in the PCArdgnam, using = 3 com-
ponents. Using all the variables, the distances betweeaestageighbors and the distances
between clusters are comparable, whereag fer 3 nearest neighbor distances are very
small compared to the distances between clusters, makengukters more well defined,
and consequently, more stable.

Using the comparison with the “true” labels, it was cleart tih@ 3-PC data provided
more detailed stable structure (3 vs. 4 clusters). “Trub&laare not always available, so
we would like a method for telling which of two partitions isone “refined”. We define a
refinement scorealso defined using the confusion matrix:

r(Ly, Ly) = Z max Mi; (16)

The motivation for this score is illustrated with the helpFogure 8. Both blue clusters
have a big overlap with the large red clusters affdue, red) = (7 + 7), that is close
to 1, in agreement with our intuition that the blue clustgngs basically a division of the
big red cluster into two clusters. On the other hatwtd, blue) = 7(2 + 7), with a much
lower score. Itis straightforward to verify that2 < r(Lq, Ly) < 1, and thus-(red, blue)

is close to its lower bound. To make the relationship withgrevious score more clear, we
note that it can be defined ag.,, L.), where the associatianis not constrained to be one-
to-one, so that each cluster is associated with the clusterwiich it has the maximum
overlap. If L, is obtained by splitting one of the clusters bf, thenr(L, Ly) = 1,
andr(Ls, L;) = 1— fraction of patterns in smaller cluster of the two clustératthave
split. The refinement score is interesting when it comes toparing clusterings obtained
from different algorithms, different subsets of featuresliéferent dendrograms obtained
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Figure 7: Stability annotated dendrograms for the yeast ddiimbers represent the cluster
stability of a node. Cluster stability is averaged overlad kevels in the hierarchy in which
a cluster appears. The horizontal line represents thefautgfiested by cluster stability;
in boldface find the stability of the corresponding unstambkt. Top: Data composed of
three leading centered PCA variables. The vertical axisgimter-cluster distances. The
nodes that correspond to the functional classes are imdicBottom: Clustering of all 79
centered variables.
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red

Figure 8: Two clusterings of a data set, represented by rddbhre, with the associated
confusion matrix.

with any kind of parameter change. Given two stable pan#ib, and L,, one can then
determine which of the two partitions is more refined acaaydd which ofr(L;, Ls) or
r(Ls, L) is larger. Merely counting the number of clusters to estemafinement can be
misleading since given two partitions with an identical fnemof clusters, one may be
more refined than the other (as exemplified in Figure 8). lve&eossible that a partition
with a smaller number of clusters will be more refined thanréitgan with a larger number
of clusters.

4.2 Stability-based choice of the number of PCs

The results of the previous subsection indicated that tpreeipal components gave a
more stable clustering than that obtained using all theatségs. Next we will determine
the best number of principal components. In the choice aofgal components we will
restrict ourselves to choosing the number of leading corapts) rather than choosing the
best components, not necessarily by order of variance. Weatsider centered-PCA
data.

The stability of the clustering as measured by the minimuastelr stability,Sy, is
plotted for a varying number of principal components in FegQ. Partitions into up to 3
clusters were stable regardless of the number of princgpraponents, as evidenced By
being close to 1. Partitions into 4 clusters were most stabl& or 4 PCs, and slightly
less so for 7 PCs, witly), still close to 1. For a higher number of PCs the stability of 4
clusters becomes lower (between 0.4 and 0.8). Moreovest#ide structure observed in
3-7 components at = 4, is only observed at = 5 for a higher number of PCs (and
is unstable). The cluster structure is less stable with tvacipal components than in
3-7. The scatter plot of the principal components shows ttatthird PC still contains
relevant structure; this is in agreement with the instgbibr 2 components, which are not
sufficient.

To conclude, a small number of leading principal componpragluced clustering so-
lutions that were more stable, i.e. significant, and alseedjbetter with the known clas-
sification.
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Figure 9: For eacl, the average of the minimum cluster stability, (cf. equation 15), is
estimated for a varying number of principal components

Our observation on the power of PCA to produce a stable 6ieestson was seen to hold
on datasets in other domains as well. Typically, when thelbarof clusters was higher,
more principal components were required to capture theerlgsructure. Other clustering
algorithms that use the Euclidean distance were also sdaenifit from a preprocessing
using PCA(33).

4.3 Clustering standardized PCs

In this subsection we compare clustering results on ceshtenel standardized PCs. We
limit ourselves to the comparison gf= 3 andq = 79 PCs. A scatter plot of the first
three standardized PCs is shown (Figure 10). These showllegsr structure than in the
centered PCs (Figure 5). The stability validation tool aades the existence of 4 clusters,
with the following confusion matrix:

MIPS classification

classeg 1 2 3 4 5

1 9 27 0 3 2

clustering 2 |5 0 0 0 O
3 O 0 122 0 O

4 (0 0 O 0 9

In this case classes 1, 2, and 4 cannot be distinguished btedhg. A similar confu-
sion matrix is obtained when clustering the standardizeibkes without applying PCA.
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Figure 10: Scatter plot of the first three standardized PCs.

We conclude that the degradation in the recovery of the fonat classes should be at-
tributed to normalization, rather than to the use of PCA.eD#uthors have also found that
standardization can deteriorate the quality of cluste(B®) 34).

Let Leentered @NA Lgiandardizea D€ the stable partitions into 4 and 3 clusters respectively
of the centered and standardized PCA data using 3 PCs. Themafnt scores for these
partitions were found to be:( L.cniered; Lstandardizea) = 0.8125 anadr( Lgandardized, Leentered) =
0.995, showing that the centered clustering contains more @etailable structure. Thus
the known cluster labels are not necessary to arrive at ¢imislasion.

4.4 Clustering using the Pearson correlation

Here we report results using the Pearson correlation gityilaeasure (the gene-gene cor-
relation matrix). Clustering using the Pearson corretatie a similarity measure recovered
the functional classes in a stable way without the use of P<@A & stability annotated den-
drogram in Figure 11). It seems that the Pearson correletiess susceptible to noise than
the Euclidean distance: the Pearson correlation clugtesimore stable than the Euclidean
clustering that uses all the variables; also compare theeseaeighbor distances that are
much larger in the Euclidean case. This may be the resulteoP#arson correlation sim-
ilarity being a sum of terms that are either positive or niegatesulting in some of the
noise canceling out; in the case of the Euclidean distarceancellation can occur since
all terms are positive. The Pearson correlation did not fiteinem the use of PCA.
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Figure 11: Stability annotated dendrogram for the yeast ddth the Pearson correlation
similarity measure. The vertical axis is 1-correlation.eThnctional classes are stable;
their sub-clusters are unstable.

5 Other methods for choosing PCs

In a recent paper it was claimed that PCA does not generaflyaue the quality of cluster-
ing of gene expression daf&9). We suspect that was a result of the use of standardization
as a normalization, that in our analysis reduced the quafithe clustering, rather than
the use of PCA. The authors’ criterion for choosing compésems external: comparison
with known labels, and thus cannot be used in general. We @sikeaion that does not
require external validation. However, running it is ralaty time consuming since it re-
quires running the clustering algorithm a large numberrogs to estimate the stability (a
value of 100 was used here). Therefore we restricted tharkeatlection to the choice of
the number of leading principal components.

When using PCA to approximate a data matrix, the fractiomeftotal variance in the
leading PCs is used as a criterion for choosing how many of tioeeuse(20). In the yeast
data analyzed in this chapter the first three PCs contain iy of the total variance in
the data. Yet, 3-5 PCs out of 79 provide the most stable ciagt¢hat also agrees best
with the known labels. Thus, the total variance is a poor waghoosing the number of
PCs when the objective is clustering. On the contrary, weatonish to reconstruct the
matrix, only the essential features that are responsiblelfister structure.
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6 Conclusions

In this chapter we propose a novel methodology for evalgatie merit of clustering so-
lutions. It is based on the premise that well defined clustactire should be stable under
perturbation of the data. We introduced notions of stahdttthe level of a partition, clus-
ter, and pattern, that allow us, in particular, to genertdbikty-annotated dendrograms.
Using stability as a figure of merit, along with a measure o$tdr refinement, allows us to
compare stable solutions run using different normalizegjgimilarity measures, clustering
algorithms, or input features.

We demonstrated this methodology on the task of choosingaingber of principal
components and normalization to be used to cluster a yeast ggression dataset. It
was shown that PCA improves the extraction of cluster stinectwith respect to stability,
refinement, and coincidence with known “ground truth” labelhis means that, in this
data set, the cluster structure is present in directionsrgékt variance (or best data recon-
struction). Beyond this simple example, our methodology loa used for many “model
selection” problems in clustering, including selecting tlustering algorithm itself, the
parameters of the algorithm, the variables and patternsister, the similarity, normaliza-
tion or other preprocessing, and the number of clusterdloMva us not only to compare
clustering solutions, but also to detect presence or aksarstructure in data. In our anal-
ysis we used a hierarchical clustering algorithm, but ahgotlustering algorithm can be
used. The versatility and universality of our methodolagymbined with its simplicity,
may appeal to practitioners in Bioinformatics and othedgelFurther work include lay-
ing the theoretical foundations of the methodology andhtertesting of the ideas in other
domains.
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