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ABSTRACT OF THESIS

ELASTIC BUNCH GRAPH MATCHING

Elastic Bunch Graph Matching is a face recognition algorithm that is distributed with CSU’s Evaluation of

Face Recognition Algorithms System. The algorithm is modeled after the Bochum/USC face recognition

algorithm used in the FERET evaluation. The algorithm recognizes novel faces by �rst localizing a set of

landmark features and then measuring similarity between these features. Both localization and comparison

uses Gabor jets extracted at landmark positions. In localization, jets are extracted from novel images and

matched to jets extracted from a set of training/model jets. Similarity between novel images is expressed

as function of similarity between localized Gabor jets corresponding to facial landmarks. A study of how

accurately a landmark is localized using different displacement estimation methods is presented. The overall

performance of the algorithm subject to changes in the number of training/model images, choice of speci�c

wavelet encoding, displacement estimation technique and Gabor jet similarity measure is explored in a series

of independent tests. Several �ndings were particularly striking, including results suggesting that landmark

localization is less reliable than might be expected. However, it is also striking that this did not appear to

greatly degrade recognition performance.

David S. Bolme
Computer Science
Colorado State University
Fort Collins, Colorado 80523
Summer 2003
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Chapter 1

Introduction

1.1 Overview

A goal of the Colorado State University (CSU) Evaluation of Face Recognition Algorithms project is to

establish a set of baseline algorithms to use for algorithm comparison. One of these algorithms is based on

the Bochum/USC (University of Southern California) Elastic Bunch Graph Matching (EBGM) algorithm[15].

This thesis describes the CSU implementation of the EBGM algorithm and examines how the algorithm

functions.

CSU chose the EBGM algorithm as one of the baseline algorithms for two reasons. First, the algorithm is fun-

damentally different from others implemented at CSU because it recognizes faces by comparing their parts,

instead of performing holistic image matching. Second, the Bochum/USC algorithm performed very well in

the FERET study[13]. Although the resulting CSU EBGM implementation does not replicate Bochum/USC

performance on the FERET database, the results are very good in relation to other algorithms evaluated in

the original FERET test.

The CSU EBGM algorithm is available from the CSU HumanID web page [3] as part of our Face Identi�ca-

tion Evaluation System[4]. The system is part of an open source project that includes four baseline algorithms

and a set of tools and scripts that can be used to evaluate the performance of face recognition algorithms.

1.2 The EBGM Algorithm

This section will provide a high level introduction to the CSU EBGM algorithm by illustrating how the

algorithm works and de�ning the key terms used through out the thesis. The algorithm needs examples of

what the landmark jets look like to locate the landmarks in a novel image. The features are represented by
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Figure 1.1: The basic steps in the EBGM algorithm.
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Gabor jets, in this case referred to as model jets. The jets are extracted from images with manually selected

landmark locations.

The model jets are then collected in a data structure called a bunch graph. The bunch graph has a node for

every landmark on the face. Every node is a collection model jets for the corresponding landmark. The bunch

graph serves as a database of landmark descriptions that can be used to locate landmarks in novel imagery.

The EBGM algorithm computes the similarity of two images. To accomplish this task, the algorithm �rst

�nds landmark locations on the images that correspond to facial features such as the eyes, nose, and mouth.

It then uses Gabor wavelet convolutions at these points to describe the features of the landmark. All of

the wavelet convolution values at a single point are referred to as a Gabor jet and are used to represent a

landmark. A face graph is used to represent each image. The face graph nodes are placed at the landmark

locations, and each node contains a Gabor jet extracted from that location. The similarity of two images is a

function of the corresponding face graphs. See Figure 1.1 for a brief step by step walk through of the EBGM

algorithm.

Locating a landmark has two steps. First, the location of the landmark is estimated based on the known

locations of other landmarks in the image, and second, that estimate is re�ned by extracting a Gabor jet from

that image and comparing that jet to one of the models. The algorithm assumes that the eye coordinates are

already known1. Estimating the location of the other landmarks is easy based on the known eye coordinates.

In theory all of the landmark locations could be estimated from the eye coordinates. In practice, each new

landmark location is estimated based on the set of previously localized points. For example, the eye coordi-

nates are used to estimate the landmark location corresponding to the bridge of the nose. Because the bridge

of the nose is relatively close to the eyes the estimate should be very accurate. That landmark location is then

re�ned by comparing a Gabor jet extracted from the estimated point to a model jet from the bunch graph.

Now the location of three points is known, the eyes and the bridge of the nose, and all three can be used to

estimate the location of the left eyebrow. This process is iterated until all landmark locations are found.

The landmark location is re�ned by extracting a novel jet from the estimated location of the landmark in the

novel image. The most similar jet is selected from the bunch graph and this jet then serves as a model. Both

the novel jet and model jet contain frequency information about the local image region around their extraction

point. Using phase information stored in the two jets, it is possible to calculate a displacement of the novel

jet from the true location of the landmark. This is accomplished by �nding a displacement that would make

1The CSU system primarily uses the FERET database which has manually selected eye coordinates.
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the phase information of the novel jet very similar to the phase information of the model jet. Chapters 2 and

3 focus on the background and mathematics of this process.

Once the landmarks have been located, a structure called a face graph is created where each node corresponds

to a landmark. The landmarks are characterized by two things, a location in the image and a Gabor jet

extracted from that location. After the face graph is created, the image is discarded, and the face graph

becomes the internal representation of that image. The face graph occupies less memory than the image,

and computing the similarity of face graphs is much faster than computing the similarity of images. For this

reason, an entire database of faces can be kept in memory, and new images can be identi�ed rapidly.

Because it is a possible point of confusion for those �rst learning this algorithm, the algorithm uses just one

bunch graph but computes face graphs for every image being recognized. As just described, the bunch graph

is used to re�ne the precise location estimate for each landmark in each new face image to be recognized.

The bunch graph contains Gabor jets from a set of representative images, the model images. A face graph

must be created for each image to be recognized. It is the face graphs that are compared during recognition.

After the algorithm has created a face graph for two images, their similarity can be computed. There are two

different ways to measure the similarity of a face graph. The �rst method compares of the geometry of the

graphs (landmark locations). The second method compares the similarity of the Gabor jets (landmark jets).

1.3 EBGM and the FERET Test

As mention before, CSU selected the Bochum/USC algorithm because it performed well on the FERET

test. In the FERET test, the algorithm was modi�ed[9] in order to perform better on the FERET database.

Unfortunately there was an absence of detailed documentation on this particular version of the algorithm. As

a result I have based the CSU algorithm on [15], which is a very detailed text on how an earlier version of

the algorithm was implemented, and on many communications with Kazunori Okada from USC in which he

clari�ed many aspects of the algorithm.

There are a few areas in which the CSU implementation differs from the Bochum/USC algorithm used in the

FERET tests. Some of these differences have been tested to determine what effect such changes have on the

CSU implementation. Each difference was tested in a manor similar to the experiments presented in Chapter

6.

Automatic Face Finding: The original algorithm used automatic face �nding. Each original image was

scanned for a face. Once the size and pose were determined, the face was geometrically registered
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such that each face occupied the center of a smaller image. After the landmark localization process, the

Gabor wavelets were rescaled based on the distance between all landmark locations. Thus, the effec-

tive scale of the face was a function of all landmark locations. The CSU system uses manually selected

eye coordinates to determine the location of an image, thus bypassing the automatic location process.

Normalization takes place before the EBGM algorithm is run. The images are rotated, translated, and

scaled, such that the eye coordinates in the images are aligned. In this system, the eye coordinates

determine the effective size of the normalized face, instead of using all landmark locations. Unfortu-

nately face �nding would be a signi�cant addition to the CSU algorithm and its effect cannot be tested

at this time.

Normalization: A detailed description of the Bochum/USC image normalization process is not available.

It is known that the Bochum/USC algorithm geometrically normalized the face based on the output

of the automatic face �nding procedure. The face occupied the center of an image the center of an

image that was 128 pixels on an edge. The Bochum/USC system also assumed the normalized images

wrap around in a toroidal fashion as a by product of the FFT performed on the image. To reduce the

edge effects in image wrapping, edge to edge border was smoothed. A detailed description of the CSU

Normalization process can be found in Section 5.1.

Histogram Equalization: Another difference in the algorithms is the way that histogram equalization is

applied. The Bochum/USC algorithm applied histogram equalization immediately after landmark lo-

calization. The equalization was based on a rectangle of pixel values completely contained in the face;

however, the equalization effected the entire image. The CSU algorithm applied histogram equaliza-

tion based on the entire image which effected the entire image. Thus, the CSU implementation bases

the histogram equalization on many pixels that are of the background. To test this effect, a different

histogram equalization was applied during the normalization process. This equalization was applied

before localization, and it was based on a rectangular region contained in the face. All attempts to

replicate the Bochum/USC equalization resulted in worse performance.

Wavelet Convolution: The Bochum/USC system performed wavelet convolution by computing the FFT of

the image and then convolving with a Gaussian in frequency space. The CSU system precomputes

wavelet masks and convolves the mask with the original image. The effect of this difference has not

been tested.

DC Free Wavelets: The Gabor wavelets used in the Bochum/USC algorithm were carefully selected to be

DC free. The CSU version uses the exact same parameters as the Bochum/USC system; however, the
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basic wavelet equation does not included the DC free term. Thus, if a solid gray image is convolved

with an even CSU wavelet, it will yield a small convolution value where the original system would

produce zero. Adding the DC Free term to the CSU algorithm had very little effect on algorithm

performance.

Landmark Set: There is no precise de�nition of which landmarks and interpolated points were used in the

original system. Documentation suggest approximately 80. The CSU system uses 25 landmarks and

55 interpolated points, although the exact points not the same as those chosen by Bochum/USC. The

effect of this difference has not been tested.

Model Set: The Bochum/USC algorithm used 70 model images; however, information on the particular

model images used is not available. The CSU system uses 70 randomly chosen images from the

FERET database. The effect of this difference has not been tested.

Various Poses: The CSU algorithm is not designed to handle faces at different poses. The Bochum/USC

algorithm could detect and recognize images taken at a different pose. This involved detecting the face,

locating the landmarks, and then transforming the Gabor jets in such a way that they would approximate

jets that were taken from a frontal image. Because the CSU system only works on frontal images, this

effect was not tested.

Similarity Measure: The Bochum/USC algorithm and CSU algorithms use different jet similarity measures

to compute the similarity of faces. The Bochum/USC algorithm used a measure, referred to in this

thesis as FGMagnitude, which ignored the phase component of the Gabor jets. The CSU algorithm

uses another similarity measure developed by USC that uses magnitude, phase, and displacement com-

pensation (FGPredictiveStep). Bochum/USC selected the FGMagnitude measure because it performed

slightly better on the fb probe set. Results from tests on the CSU algorithm have shown that displace-

ment compensated measures are much more robust. A detailed analysis of similarity measures can be

found in Section 6.5.

The results of these tests indicate that none of the above differences will have a signi�cant effect on the perfor-

mance of the algorithm, and therefore, none of these modi�cations were adopted for the CSU implementation

of the EBGM algorithm.

Other con�guration experiments in Chapter 6 indicate that some modi�cations to the algorithm can increase

performance. These tests led to two different con�gurations for the CSU algorithm: CSU EBGM Standard

and CSU EBGM Optimal. Both these algorithms are based on a different set of wavelets and use alternative
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landmark localization methods and face graph similarity measures. Both of these con�gurations perform

better than a previous con�guration based on the Bochum/USC algorithm. Details on the con�gurations are

found in Section 6.6.

Table 1.1 compares the performance of the CSU EBGM algorithms to some of the other algorithms that per-

formed well on the FERET tests and their respective CSU implementations. Although the CSU EBGM im-

plementation performs well, it is not able to achieve Bochum/USC’s outstanding performance on the FERET

test. The CSU algorithm does not stand out in the same way as the USC algorithm; however, its results are

still very competitive with the rest of the algorithms evaluated in the FERET test.

CSU also chose three other algorithms that performed well on the FERET test to serve as a baseline for the

Evaluation of Face Recognition algorithm. These algorithms attempt to match whole images based on their

pixel values. The other algorithms, Principle Components Analysis (PCA and ef hist dev md)[16, 6], Linear

Discriminant Analysis (LDA and umd mar 97)[16, 17, 18], and Bayesian Interpersonal Classi�er (BIC and

mit sep 96)[7], are trained to �nd a linear subspace that provides good matches during nearest neighbor

classi�cation. PCA and LDA both perform smart data reduction on the images before doing nearest neighbor

classi�cation. LDA also attempts to produce a basis that is good for discrimination among the clusters formed

by multiple training images of the same subject. The BIC attempts to classify the difference of two images

as being of the same subject or different subjects. Instead of analyzing localized image features to match

images, all of these techniques compute statistical features of the entire image that are thought to increase

matching ability.

PCA, also known as eigenfaces, is the most studied of the CSU algorithms. Throughout the CSU project,

many different aspects of PCA have been studied and re�ned. The result is an algorithm that performs

signi�cantly better than the version used in the original FERET test. The results show that the CSU EBGM

and CSU PCA have similar performance.

The CSU implementations of LDA and BIC do not perform as well as the original versions developed for the

FERET tests. We believe that this is most likely due to differences in training methods. Regardless, the CSU

EBGM performance is comparable to the original algorithms chosen to be included as the CSU baseline.

1.4 Thesis Organization

This �rst chapter has given a basic introduction to the thesis and has de�ned the key terms.

Chapter 2 introduces Gabor wavelets and their relationship to a frequency space decomposition of an image.
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Figure 1.2: Comparison of the CSU EBGM algorithm to the Bochum/USC algorithm in the FERET test dup1
and dup2.
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Figure 1.3: Comparison of the CSU EBGM algorithm to the Bochum/USC algorithm in the FERET test fb
and fc.
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Table 1.1: Results on the FERET Probe sets. Original FERET test results were obtained from the FERET
Database web site [11]. CSU results are from release 5.0.

Algorithm fb fc dup1 dup2
CSU EBGM Standard 87.2% 38.6% 42.9% 22.6%
CSU EBGM Optimal 89.8% 41.8% 46.3% 24.4%

usc mar 97 95.0% 82.0% 59.1% 52.1%

CSU PCA 85.3% 65.5% 44.3% 21.8%
ef hist dev md 74.1% 23.2% 42.2% 16.7%

CSU LDA 70.1% 3.6% 30.5% 13.2%
umd mar 97 96.2% 58.8% 47.2% 20.9%

CSU BIC 81.9% 37.1% 52.4% 31.6%
mit sep 96 94.8% 32.0% 57.6% 34.2%

One key part of this chapter is the discussion of wavelet phase and its relationship to displacement.

Understanding these basic concepts is fundamental to understanding the landmark localization process.

Chapter 3 discusses another fundamental concept in the EBGM algorithm: Landmarks. The chapter ex-

plains in detail what landmarks are and how they are located. It also discusses the use of Gabor jets as

an internal representation of the landmark’s appearance, how to compute the similarity of Gabor jets,

and how the phase information in Gabor jets is used to localize the landmark locations in an image.

In addition, this chapter includes a detailed study on different localization methods and how well they

perform.

Chapter 4 describes the structure and use of face graphs. It also de�nes exactly how the similarity of two

face graphs is computed. The chapter introduces the two types of similarity function: landmark jet

similarity, and geometry similarity.

Chapter 5 covers the same information as the algorithm overview presented in Section 1.2; however, it goes

into much more detail by putting the concepts discussed in earlier chapters into the context of the full

algorithm. It also discusses other implementation details and software structure that is necessary to

understand the system.

Chapter 6 tests many different algorithm con�guration options to determine what design decisions make a

difference in the algorithms performance. Various experiments will test the choice of Gabor wavelets,

model imagery, localization methods, and similarity measure. The result is an optimized con�guration

for the algorithm that will be compared to the other baseline algorithms developed at CSU.

Chapter 7 summarizes the results of a variety of tests on the CSU EBGM algorithm and future work on the

algorithm will be discussed.
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Chapter 2

Gabor Wavelets

2.1 Functions in Frequency Space

Gabor wavelets are fundamental to the EBGM algorithm. To fully understand the algorithm, it is necessary

to develop a background in wavelet and Fourier analysis [5]. Wavelet and Fourier analysis are both used to

analyze frequency space properties of an image. The difference between the two is that wavelets operate on

a localized image patch, while the Fourier transform operates over the entire image. Much of the wavelet

theory presented in this paper �nds its roots in Fourier analysis.

A Fourier transform decomposes a signal such that it can be represented as a combination of sinusoids. It

is very useful in signal processing because there are many things that a frequency space analysis can reveal

about a signal that are not obvious from the original data.

A one dimensional Fourier transform of the function x is computed using the following equation:

F
�
x
�
t ��� � ω ��� � ∞� ∞ x

�
t � e � iωt dt

The transform produces a new function that is a function of frequency instead of time. It is much easier to

see what is going on if we break the transform into its real and imaginary parts.

F
�
x
�
t ��� � ω ��� � ∞� ∞ x

�
t � cos
�
ωt � dt � i

� ∞� ∞ x
�
t � sin
�
ωt � dt

This equation shows that the Fourier transform has decomposed the function into sine and cosine functions.

Evaluating F
�
x
�
t ��� � ω � at a particular frequency will yield a complex number that corresponds to the ampli-

tude of the cosine (real) and sine (imaginary) parts of the original function at that frequency. If we sum all of

the cosine and sine waves over all frequencies, it is possible to reconstruct the original signal. This is called

an inverse Fourier transform and is computed using the equation:

x
�
t �	� 1

2π

� ∞� ∞ F
�
x
�
t �
� � ω � eiωt dω
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When the Fourier transform is applied to a real function its output is complex.

At each frequency, there is both a real (aω � r) and an imaginary (aω � i) component to the original function:

xω
�
t �	� aω � r cos

�
t �
� aω � i sin

�
t �

When summed together the two form a new sinusoid that contains all of the information at that particular

frequency. It is possible to represent this new sinusoid as a single cosine function by giving that cosine

function a speci�c amplitude and phase:

xω
�
t �	� aω � r cos

�
t �
� aω � i sin

�
t �	� acos

�
t � φ � (2.1)

This new equation has transformed the Fourier information from a Cartesian representation to a Polar repre-

sentation. The new representation speci�es a total magnitude and the phase angle of the sinusoid.

Now that we have conducted a limited review of Fourier theory, we can discuss Gabor wavelets. Wavelets

are in many ways like Fourier Analysis; however, the wavelets have a limited scope. Gabor wavelets are

basically a sinusoid multiplied by a Gaussian. Thus, when a function is convolved with the Gabor wavelet,

the frequency information near the center of the Gaussian is captured, and frequency information far away

from the center of the Gaussian has a negligible effect.

One equation that speci�es a one dimensional Gabor wavelet is:

W
�
t � t0 � ω ��� e

� σ � t � t0 � 2e
� iω � t � t0 �

Convolution for the wavelet transform is de�ned as:

C
�
x
�
t �
� � to � ω ��� � ∞� ∞ x

�
t � W � t � t0 � ω � dt

By expanding the wavelet function, the convolution looks a lot like the Fourier transform:

C
�
x
�
t �
� � t0 � ω �	� � ∞� ∞ x

�
t � e � σ � t � t0 � 2eiω � t � t0 �

C
�
x
�
t ��� � t0 � ω �	� � ∞� ∞ x

�
t � e � σ � t � t0 � 2 cos

�
ω
�
t � t0 �
��� i

� ∞� ∞ x
�
t � e � σ � t � t0 � 2 sin

�
ω
�
t � t0 ���

The integral here produces a complex coef�cientC
�
x
�
t �
� � t0 � ω � , that describes the local frequency information

of the function x at a speci�c frequency ω and time t0. Like the Fourier transform this new wavelet coef�cient

has real and imaginary parts which correspond to cosine and sine function.

C
�
x
�
t ��� � t0 � ω ��� areal � iaimag
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The only difference is that this time those sinusoids have been multiplied by a Gaussian. Revisiting Equation

2.1, this complex coef�cient can also be represented in polar coordinates having a total magnitude of a and a

phase angle of φ.

areal � acosφ (2.2)

aimag � asinφ (2.3)

Inversely, a and φ are found using the equations:

a � � a2
real � a2

imag (2.4)

φ � ���� ��� arctan
�
aimag � areal � ifareal � 0

π � arctan
�
aimag � areal � ifareal � 0

π � 2 ifareal � 0andaimag � 0� π � 2 ifareal � 0andaimag � 0

(2.5)

Finally, it is important to understand the relationship of time displacements and the phase angle of the co-

ef�cient. Much of the EBGM algorithm relies on this polar coordinate transformation of the coef�cients to

estimate displacements of image points. If wavelet coef�cients are computed at two points that are separated

by a small displacement, the difference in the phase angle of the coef�cients should be roughly proportional

to the displacement between the two convolution points. This concept is discussed in more detail in Section

2.4; however, an illustrated example is shown here.

Figure 2.1 was produced by a computational experiment in Matlab(TM). The top graph is a function that is

composed from 10 pseudo random sinusoids. The function was created by adding a sine wave and cosine

wave with random amplitudes between -1 and 1 for each frequency.

Second from top are real (green) and imaginary (blue) Gabor wavelet functions. The frequency of the Gabor

wavelets is the same as one of the sinusoids included in the original function.

The third graph shows the value of the wavelet convolutions at each point along the function. This shows the

wavelets are responding to the sinusoid in the original function. When phase of the wavelet and the function

are in alignment, the convolution values are high. When the phase of the function and the wavelet are out of

sync by π the convolution values are negative.

The fourth graph shows the magnitude of the wavelet responses. This shows that the energy of that particular

frequency component of the function is constant near the center of the function. The drop in the magnitude

on the left and right sides of the graph is expected because the function is not de�ned past the edges.

The �fth graph shows the phase of the wavelet coef�cients. It is easy to see that the phase of the coef�cients

complete one complete cycle during a period of the sinusoid. The code to generate this �gure can be found

in Appendix A.
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Figure 2.1: Wavelet convolution example.
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2.2 1D to 2D

The previous section introduced the notion of one dimensional Gabor wavelets. The EBGM algorithm uses

a two dimensional form of Gabor wavelet for image processing. The wavelet consists of a planer sinusoid

multiplied by a two dimensional Gaussian. The sine wave is activated by frequency information in the image.

The Gaussian insures that the convolution is dominated by the region of the image close to the center of the

wavelet. This section introduces the different parameters used to describe the Gabor wavelets.

Gabor wavelets can take a variety of different forms. The wavelets used in this algorithm have parameters that

control orientation, frequency, phase, size, and aspect ratio. To accurately describe the frequency information

of a feature in an image, it is necessary to convolve the location with many instantiations of the wavelet.

These instantiations typically sample at different frequencies and different orientations. This gives rise to the

idea of the �Jet� which contains many coef�cients from convolving with a variety of wavelets.

Figure 2.2 shows the result of convolving an image of a phase with a real and imaginary wavelet. Two

dimensional Gabor wavelets respond to image features that are of the same orientation and frequency of

the wavelet. This �gure shows the original image and the two dimensional Gabor wavelet masks used for

convolution. The bottom two images show the magnitude and phase convolution values at each point. The

magnitude image indicates that the wavelets seem to respond to the nose and left ear and that the magnitude

values change very slowly with displacement. The phase values are also roughly proportional to the horizontal

displacement, much like the one dimensional example.

The EBGM algorithm performs the wavelet convolution using precomputed wavelet masks. Each mask is a

two dimensional array that is used as a lookup table for wavelet values during convolution. The masks are

centered over the correct location in the image, and each corresponding value is multiplied and added to the

sum. To compute both the real and imaginary part of the wavelet, it is necessary to convolve the image with

two masks that are out of phase by π � 2, corresponding to the use of sine and cosine in the wavelet transform.

To fully understand what each of these parameters means, we will look at the full wavelet equation and

discuss each of the parameters in turn. The CSU algorithm is designed to load wavelet parameters from a

�le. Thus, the system can easily specify the orientation, wavelength, phase, size of the Gaussian, and the

aspect ratio of the Gaussian. An additional parameter controls the size of the mask for each Gabor wavelet

kernel. The wavelets speci�cation is based on equations used in [10]. This representation was chosen for its

straightforward formulation and �exibility:

W
�
x � y � θ � λ � ϕ � σ � γ ��� e

� x � 2 � γ2y � 2
2σ2 cos

�
2π

x �
λ
� ϕ � (2.6)
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Figure 2.2: Two Dimensional Wavelet Convolution Example
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x � � xcosθ � ysinθ (2.7)

y �!� � xsinθ � ycosθ (2.8)

There are �ve parameters that control the wavelet:" θ speci�es the orientation of the wavelet. This parameter rotates the wavelet about its center. The

orientation of the wavelets dictates the angle of the edges or bars for which the wavelet will respond. In

most cases theta is a set of values from 0 to π. Values from π to 2π are redundant due to the symmetry of

the wavelet. For example, consider an cosine based wavelet such that ϕ � 0. This wavelet is symmetric

about the origin. In this case if the set of theta values contains values that are offset by π, i.e. θ # 0 � π,

the corresponding wavelets would be identical. On the other hand, consider an sine based wavelet with

ϕ � π � 2. Now the convolution values will have the same magnitude but opposite sign. The images

below shows wavelets with θ of 0, π � 4, π � 2, and 3π � 4.

" λ speci�es the wavelength of the cosine wave, or inversely the frequency of the wavelet. Wavelets

with a large wavelength will respond to gradual changes in intensity in the image. Wavelets with short

wavelengths will respond to sharp edges and bars. The four images below show the effect as λ is slowly

increased from 8 to 16 pixels.

" ϕ speci�es the phase of the sinusoid. Typically Gabor wavelets are based on a sine or cosine wave. In

the case of this algorithm, cosine wavelets are thought to be the real part of the wavelet and the sine

wavelets are thought to be the imaginary part of the wavelet. Therefore, a convolution with both phases
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produces a complex coef�cient. The mathematical foundation of the algorithm requires a complex

coef�cient based on two wavelets that have a phase offset of π � 2, i.e. ϕ #%$ 0, π � 2 & , although it is

possible to use any pairing as long as the real and imaginary wavelet pair has a phase difference of π � 2.

For this reason ϕ almost always is 0 or π � 2; however, the following images illustrates the values of 0,

π � 2, π, and 3π � 2. Convolutions with the last two images would be redundant for similar reasons as

were described for θ.

" σ speci�es the radius of the Gaussian. The size of the Gaussian is sometimes referred to as the wavelet’s

basis of support. The Gaussian size determines the amount of the image that effects convolution. In

theory the entire image should effect the convolution; however, as the convolution moves further from

the center of the Gaussian, the remaining computation becomes negligible. This parameter is usually

proportional to the wavelength, such that wavelets of different size and frequency are scaled versions

of each other, i.e. σ � cλ. The mask size is also closely related to the size of Gaussian. There is no

strict relationship; however, mask sizes are chosen to capture the signi�cant regions of the Gaussian.

This �gure shows σ values of 16, 12, 8, and 4.

" γ speci�es the aspect ratio of the Gaussian. This parameter was included such that the wavelets could

also approximate some biological models[10]. Most wavelets tested with the algorithm use an aspect

ratio of 1.0. The �gure below shows four different aspect ratios ranging from 0.5 to 1.5.
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2.3 Wavelet Speci�cation

To be consistent with the original Bochum/USC algorithm, the CSU algorithm adopted the following param-

eters from [15]. When translated into the new representation, the parameters are de�ned as:" θ speci�es the orientation of the wavelet. This particular set uses eight different orientations over the

interval 0 to π. Orientations from π to 2π would be redundant due to the even/odd symmetry of the

wavelets (see ϕ), i.e. θ #'$ 0, π � 8, 2π � 8, 3π � 8, 4π � 8, 5π � 8, 6π � 8, 7π � 8 &" λ speci�es the wavelength of the sine wave. This set starts at 4 pixels and continues to longer wave-

lengths at half octave intervals, i.e. λ #'$ 4, 4 ( 2, 8, 8 ( 2, 16 &" ϕ speci�es the phase of the sine wave. Typically Gabor wavelets are either even or odd. The even form

of the sine wave corresponds to a cosine function; the odd form corresponds to a sine function. In the

case of this algorithm, even wavelets are thought to be the real part of the wavelet and the odd wavelets

are thought to be the imaginary part of the wavelet. Therefore, a convolution with both phases produces

a complex coef�cient, i.e. ϕ #)$ 0, π � 2 &" σ speci�es the radius of the Gaussian. This parameter is usually proportional to the wavelength, such

that wavelets of different size and frequency are scaled versions of each other, i.e. σ � λ" γ speci�es the aspect ratio of the Gaussian. This parameter was included such that the wavelets could

also approximate some biological models. The wavelets used here have circular Gaussian, i.e. γ � 1

This yields 8 orientations, 5 frequencies, and 2 phases for a total of 80 different wavelets. A coef�cient is

computed by convolving a location in the image with the wavelet kernel in Equation 2.6. Figure 2.3 shows

all 80 wavelet �lters.

19



Figure 2.3: This �gure shows 80 Gabor wavelet masks based on [15]. The left set of wavelets have a phase
angle of 0 (even), and the right have a phase angle of π � 2 (odd). The �gure also shows the wavelengths (left
to right) and orientations(top to bottom).
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2.4 Estimating Wavelet Convolutions with Small Displacements

There are many times when the EBGM algorithm needs to �nd the value of a wavelet coef�cient for a point

in an image that is a small distance from a point where a wavelet coef�cient has already been computed. The

obvious way to determine the coef�cient is to compute a new coef�cient at that point by performing a wavelet

convolution. An alternative to performing a convolution is to estimate the value of the coef�cient based on

the value that was previously computed.

Figure 2.4 illustrates this concept. Option 1 shows the result of shifting the entire wavelet. This would be the

proper way to perform the wavelet computation at the new location. Option 2 shows the results of estimating

the convolution at the new location. In this case the part of the image upon which the coef�cients are based

has not changed; however, the phase component has be shifted to approximate the coef�cient at the new

location.

It is possible to quickly estimate the value of a complex wavelet coef�cient from a location a small distance

from a known coef�cient by shifting the phase of that known coef�cient. This property is extremely useful in

the EBGM algorithm because the wavelet convolutions are the dominating factor in the computational effort

of the algorithm.

Chapter 3 explains how this estimation method can be applied to an entire Gabor jet of convolution values.

This approximation method is very useful during landmark localization and similarity computation.

Imagine two one-dimensional Gabor wavelets displaced slightly on a one dimensional function. It is reason-

able to assume that the magnitude of the convolution will change very slowly because most of the information

remains relatively unchanged. The phase of the information under the Gaussian will change in a way that is

proportional to the displacement.

This is obvious in Figure 2.1. The magnitude of the response remains constant over the middle of the function.

Even near the edge of the function, the magnitude falls off slowly. The phase however is clearly a linear

function of displacement. Figure 2.2 shows the same experiment conducted in two dimensions on a human

face. As you can see the following assumptions still hold true:

1. The magnitude of the coef�cient changes slowly with displacement.

2. The phase of the coef�cient changes linearly under small displacements in the direction of the sinusoid.

We can now extend this theory to two-dimensional images and conduct a similar experiment. Imagine com-
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Figure 2.4: Estimating coef�cients with small displacements.
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puting complex coef�cients for two locations in an image separated by a small displacement:*
d �,+ dx

dy - (2.9)

As with one-dimension, the magnitude a of the coef�cients will be very similar, because the total magnitude

of the frequency response under the Gaussian is almost the same. However, the phase component φ will

change in a way that is proportional to the distance of displacement along the direction of the sinusoid.

To describe this property mathematically, �rst de�ne a vector
*
k such that it points in the direction of the sine

wave, and has the magnitude equal to frequency of the sine wave. Thus,
*
k has a value of radians per pixel.*

k �,+ 2πcosθ
λ

2πsinθ
λ - (2.10)

The displacement along the direction of the sinusoid is easily computed as a dot product of these two vectors:*
k . *d

The estimate for the value of the coef�cients a � and φ � for a small displacement is found with the equations:

a �!/ a (2.11)

φ �0/ φ � *k . *d (2.12)

Now we can conduct a two dimensional experiment similar to the one presented in Figure 2.5. This experi-

ment is conducted on actual face imagery. First, the wavelet coef�cient is determined for the tip of the nose.

Then for each pixel in the image, the wavelet coef�cient is computed using a full convolution. The new

coef�cient is used to estimate the coef�cient at the tip of the nose by shifting the phase of the wavelet by the

known displacement. Finally, the similarity of the estimate and the actual coef�cient extracted at the nose are

compared.

The similarity values are presented as images. One of the images in Figure 2.5 shows the similarity of the

magnitudes, computed as:

Smagnitude � exp
� � 0 1 1 2 � a 34� a � 2 �

This similarity measure has a maximum of 1 when the estimate and actual value are the same. The similarity

of phase is computed with the function:

Sphase � cos
�
φ 3 � φ �

This similarity measure is computed between 1 and � 1. The measure shows the alignment of the phase

angles.
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Figure 2.5: Wavelet Displacement Results

Figure 2.5 shows the results of the experiment. Each point in the original image is convolved with the even

and odd Gabor masks . Then for each point in the image, the wavelet coef�cient is estimated for the tip of the

nose. The similarity of this convolution value is compared to the actual coef�cient calculated at the tip of the

nose. The similarity images are shown in false colored images with red indicating high similarity and with

black indicating very low similarity.

The magnitude image shows that there is a region of high similarity around the marked point. This means that

the magnitudes are very similar around that point. Further from the tip of the nose, the magnitude changes

and the similarity decreases. This is because the nose tip has very little in�uence on the the image patches

outside the local region.

The phase image also shows that there is a region of high similarity surrounding the nose tip. Without the

displacement compensation, there would be periodic banding similar to the phase image in Figure 2.2.
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Chapter 3

Landmarks

3.1 Landmark Locations and Features

The CSU EBGM algorithm is easily divided into three steps. The �rst step is to determine the landmark

locations. Next, a face graph is created for every image that needs to be matched. Finally, the similarity of

face graphs is computed and �nal classi�cation is based on this similarity. This chapter describes in detail

what landmarks and Gabor Jets are, and how they are used to locate the landmarks and measure similarity.

Landmarks are parts of the face that are easily located and have similar structure across all faces. Some

obvious examples of landmarks are the eyes, nose, and mouth. Each of these landmarks is well de�ned, is

common to all faces, and has distinct representations in image space. Typically landmarks are de�ned such

that their location has a very small error tolerance. Instead of de�ning a landmark as the �nose�, the landmark

is de�ned as the �nose tip�. The nose tip can be located to within a few pixels. The nose in its entirety is a

large structure, and it is dif�cult to select a single point to represent its location.

There are other parts of the face that would serve as poor landmarks. Some examples of these would be the

forehead or cheeks. Although these are common structures of the face, it is very dif�cult to determine an

exact location for these structures. Even if you could de�ne such a point, such as a cheekbone, it is very

dif�cult to locate it to a high degree of accuracy because there may be nothing in an image that cues the

algorithm to such a point.

There are times when it may be necessary to de�ne a point that is dif�cult to locate, such as a point on the

edge of the head. In the algorithm it is important to �nd such points to determine the border of the face.

However, �nding an exact point is dif�cult. If you consider a point of the side of the face near the ear, it

is easy to de�ne the horizontal coordinate of that point. Determining the vertical coordinate is much more

dif�cult because the point is valid anywhere along the side of the face.
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The EBGM algorithm uses local frequency information on facial structures to perform classi�cation. Facial

structures are typically referred to as landmarks. The concept of a landmark splits into two distinct parts:

landmark locations and landmark jets.

Landmark Locations are the pixel coordinates of landmarks. Landmark locations de�ne the geometry of

the face. An example of this is the nose tip, which has a well de�ned location.

Landmark Features are de�ned by the frequency information of the local regions that surround the land-

mark locations. A landmark jet is not a particular point but instead contains information about the pixel

values surrounding the landmark location. A landmark jet refers to information on what the landmark

looks like.

Gabor jets are used to represent the landmark jet information in the EBGM algorithm. A Gabor jet is produced

by convolving the landmark location with a collection of Gabor masks. Therefore, the Gabor jet will contain

a good description of the local frequency information around the landmark. The structure of Gabor wavelets

allow this information to be heavily weighted in the area immediately surrounding the landmark, while still

covering enough of the image to get a good description of the landmark.

Gabor jets act as feature vectors that describe the landmark from which the jet was taken. Landmark similarity

is based only on the Gabor jets taken from the two landmarks. The jets are based on a variety of Gabor masks

and contain an accurate description of the landmark. Therefore, the similarity of jets is a good indicator of

the similarity of the landmarks.

3.2 Estimating Landmark Locations

The landmark localization process is divided into two steps: initial estimation and re�nement. This section

discusses the �rst step of locating a landmark in a novel image. When locating a landmark, the algorithm

�rst makes an educated guess of the landmark’s position. The algorithm then re�nes that guess based on the

localized image region surrounding that point. The re�nement process is described in Section 3.5.

During landmark localization the algorithm �rst needs an initial estimate of the location. The imagery used

for this thesis was geometrically normalized using the eye coordinates. Because of this the eyes will always

be at in the same point of the image with very little error. It follows that the rest of the landmark locations in

the image are approximately known.

To more accurately estimate the location of the points, the algorithm bases its estimate on the locations

of previously localized landmark locations. The algorithm starts by locating the eye coordinates and then
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Figure 3.1: This �gure shows how the algorithm produces an initial estimate of a landmark’s location, such
as the nose. In this example the Left Eye, Nose Bridge, and Right Eye have already been placed. The vectors
show the average displacement of the nose from the previously placed nodes. The initial estimate of the
location of the nose is a weighted average of these three points.

proceeds radially outward from the center of the face, locating one landmark at a time. For each landmark,

the previously located points are used to estimate the location of the next landmark.

Each node in the bunch graph contains the average location of its landmark. The difference between the

landmarks can be described as a two dimensional vector:�65vmn � �5pn � � 5pm

where �65vmn is the difference in positions of nodes m and n. The model imagery can give us a good estimate of�75vmn. If we know the location of one of the nodes in a novel image, we can easily estimate the location of the

other using the equation: �5pn / � 5pm � �65vmn

When the locations of multiple nodes are known, this estimate can be re�ned such that it is the centroid of all

such estimates of �5pn. This gives rise to the equation:�5pn / 1
M

M

∑
i 8 1 �5pi � � 5vin

where nodes from 1 to M have already been placed. See Figure 3.1 for a graphical illustration.

Finally, nodes that are further away from the location being estimated should have less effect on the estimate

than the nodes that are very close. For example, you would expect a node for the mouth would produce a good

estimate for the location of the chin, while the estimate from the top of the head to the chin would probably be
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very unreliable. This leads to the �nal equation for estimating the location of a landmark. The �nal equation

is a weighted average, such that the nodes that are closer to the landmark carry a heavier weight.�5pn / ∑M
i 8 1 win

� �5pi � � 5vin �
∑M

i 8 1 win

win � e
��9 vin
9

3.3 Gabor Jets

The CSU EBGM algorithm uses Gabor jets to represent landmark jets. The Gabor jets describe the local

frequency information around the landmark locations. This section will de�ne Gabor jets and show how they

are created.

Gabor jets are a collection of complex Gabor coef�cients from the same location in an image. The coef�cients

are generated using Gabor wavelets of a variety of different sizes, orientations, and frequencies.

For the standard con�guration, Gabor jets are based on 40 complex wavelets where each wavelet has a real

and imaginary component. These jets use eight orientations, �ve frequencies, and two phases (real and

imaginary). A jet from location (x,y) in an image is produced by convolving that point with every mask in

Figure 2.3. The resulting values are converted into polar coordinates using Equations 2.4 and 2.5, and are

stored in an array such that a j and φ j correspond to the jth complex wavelet pair.

As a result, Gabor jets contain a �description� of the frequency information localized around that single point

in the image. Each wavelet coef�cient captures information about one combination of phase, orientation, and

frequency. In practice, this results in a description across multiple frequencies and orientations.

3.4 Jet Similarity

Measuring the similarity for two jets is fundamental and is required for both landmark localization and face

graph similarity measurement. Three similarity measures are considered here: Sφ, Sa, and SD. The �rst

measure is very similar to correlation:

Sφ
�
J � J 3 ��� ∑N

j 8 1 a ja 3 j cos
�
φ j � φ 3 j �� ∑N

j 8 1 a2
j ∑N

j 8 1 a 3 2j (3.1)

where N is the number of wavelet coef�cients in the jet. This function is called the �Phase� similarity mea-

sure. This measure effectively computes a similarity between -1.0 and 1.0. Although not exactly correlation

this measure yields relative quantities similar to correlation of all 40 original complex convolution values.
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The measure is based on the similarity of the magnitudes of the frequency response; however, these val-

ues are weighted by the similarity of the phase angles. Thus, high scores are achieved only when both the

magnitudes and the phase angles are similar.

The second of these measures is referred to as the �Magnitude� similarity measure. This measure will only

compute the similarity of the energy of the frequencies. The phase information is not used in this measure.

The result is a similarity measure, Sa, based on the covariance of the magnitudes.

Sa
�
J � J 3 �	� ∑N

j 8 1 a ja 3 j� ∑N
j 8 1 a2

j ∑N
j 8 1 a 3 2j (3.2)

While this method is tolerant of small displacements, it is completely unaffected by differences in phases.

Thus, it measures the energy of the frequency responses but is unaffected if the frequencies are out of phase.

Because the similarity is completely unaffected by phase, the measure can be easily confused and may re-

spond to an incorrect spatial feature.

Each of the �rst two measures has its own advantages. Sφ will correctly respond to the phase information in

the images. Because the phase information changes rapidly with the displacement, the measure will have a

low similarity if two jets are compared that come from a similar landmark jet but are displaced by a small

amount. In this case, the Sa similarity measure will produce high similarity under these conditions. It will,

however, produce some false positives because it ignores the phase information.

This �nal equation attempts to correct for small displacements in the phase similarity measure. The equation

will estimate the similarity as if J 3 was extracted from a displacement
*
d from its current location. The equation

uses the displacement correction method from Section 2.4 to approximate the value of the jet under a small

displacement. This new solution retains the phase information and can compensate for small displacements.

The phase similarity plus displacement correction yields the following equation :

SD
�
J � J 3 � *d ��� ∑N

j 8 0 a ja 3 j cos
�
φ j � � φ 3 j � *d *. k j ���� ∑N

j 8 0 a2
j ∑N

j 8 0 a 3 2j (3.3)

This similarity measure is based on both the magnitude and phase components of the coef�cients and can

compensate for the differences in phases. Unfortunately the vector
*
d is unde�ned. The next section discusses

four methods to determine a value for
*
d.

3.5 Displacement Estimation

To properly re�ne the estimated landmark locations, the algorithm relies on the model jets that are stored in

the bunch graph. The obvious way to �nd a landmark location would be to extract a novel Gabor jet from
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every point in the image and compare these jets with the models. The pixel whose jet best matches one of the

model jets indicates the correct location of the landmark.

Much of the computation of the algorithm is in Gabor jet convolutions. Computing a Gabor jet for every pixel

in an image takes hours1. Because landmark locations in an image are always contained in a small region,

it is only necessary to search a small part of the image. The algorithm can also save time by using the SD

function, which allows the algorithm to estimate the similarity under small displacements. The displacement

estimated similarity measure can greatly reduce the number of Gabor wavelet convolutions that need to be

computed by extracting one jet to represent the region near the landmark. Therefore, the landmark locations

can be found by extracting one jet in the region close to the landmark and then searching that local area for a

maximum using the SD similarity measure.

The obvious way to �nd the maximum of the function SD is to use a direct solution method. The goal of

this method is to maximize the function SD with respect to a displacement in two dimensions, i.e.
*
d �;: u � v <=1

We would �rst take the partial derivative with respect to u and with respect to v, set these to zero, and then

�nd values of u and v that together satisfy both equations. Computing the partial derivatives of the function

is simple. The resulting function is a sum of 40 distinct sinusoids of various amplitude and frequency.

Unfortunately, there is no obvious and succinct analytic method to �nd the zeros of the these two functions.

For these reasons, alternative methods for �nding the optima of this function have been investigated.

The �rst and simplest of these methods uses a grid sampling search strategy to determine the maximum of

the SD function. The algorithm searches an evenly spaced grid around zero displacement. At each point of

the grid the SD function is evaluated. The displacement that produces the maximum similarity is the optima

of the function. The primary advantage of this method is that it searches the entire space to determine the

maximum of the function.

The second method was adopted from the Bochum/USC algorithm [15]. This method uses knowledge of the

search space to predict the location of the maximum. Instead of directly solving for the optima of the original

similarity function, SD, the method directly solves for the optima of an approximation of SD.

This uses a two term Taylor expansion to approximate the cosine terms in the similarity function2. By replac-

ing the cosine terms in the equations with the Taylor expansion, the algorithm approximates the similarity

1Individual jet extraction is relatively quick (on the order of 30 jets per second on modern processors). Each image has 16,304 pixels.
If a Gabor jet is extracted from each pixel in the image the algorithm would have to compute 1,310,720 convolutions.

2Also known as the small angle approximation.
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function immediately surrounding zero displacement. It logically follows that if the similarity function has a

maximum nearby, its approximation will also have a similar maximum. The approximation takes the form:

cos
�
θ ��/ 1 � 1

2
θ2

SD
�
J � J 3 � *d �>/ ∑N

j 8 1 a ja 3 j : 1 � 0 1 5 � φ j � φ 3 j � *d *k j � 2 <� ∑N
j 8 1 a2

j ∑N
j 8 1 a 3 2j

It is possible to set SD
�
J � J 3 � *d � to zero and solve for

*
d directly using this approximation. The displacement

vector is calculated with the following equation3:+ dx

dy - � 1
ΓxxΓyy � ΓxyΓyx ? + Γyy � Γyx

Γxy Γxx - + Φx

Φy -
Φx � ∑

j
a ja 3 jk jx

�
φ j � φ 3 j �

Γxy � ∑
j

a ja 3 jk jxk jy

This method is very fast and works well when the true optimum is near. Because this method approximates

the similarity function surrounding zero displacement, it produces poor estimates as the distance from the

novel jets to the true location increases.

The �nal method performs a local search for the equation maximum. This method starts by estimating the

similarity at zero displacement. It then estimates the similarity at each of its North, East, South, and West

neighbors. The neighboring location with the highest similarity is chosen as the new center of the search.

This process is iterated until none of the neighbors offers an improvement over the current location.

Each of these optimization methods can be used to create displacement estimation (DE) algorithms. There are

�ve algorithms that will be studied here: DEGridSample, DEPredictiveStep, DEPredictiveIter, DEFixedLo-

calSearch, and DENarrowingLocalSearch. The success of each algorithm depends on the algorithm’s speed

and accuracy. A comparison of algorithm speed can be found in Appendix B.

Each DE algorithm searches a neighborhood around its current position. These neighborhoods are classi�ed

as follows:

Grid This is the neighborhood de�ned by the grid sampling method. Every location on the grid is searched.

Predictive The Bochum/USC based algorithm predicts the location of the maximum using a direct solution

to an approximation of the similarity function.

3The value of the phase term should be constrained to @ π A φ j @ φ � j A π.
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ALGORITHM SEARCH STRATEGY NEIGHBORHOOD

DEGridSample Exhaustive Grid
DEPredictiveStep Single Step Predictive
DEPredictiveIter Iterative Predictive

DEFixedLocalSearch Iterative Fixed
DENarrowingLocalSearch Iterative Narrowing

Table 3.1: Displacement Estimation Algorithm Strategies

Fixed This is one option for the local search. The neighborhood is selected using a �xed step size to neigh-

bors.

Narrowing This local search starts with a large step size and slowly narrows the step size as the search

progresses.

Each algorithm also uses different search strategies to traverse its neighborhood.

Exhaustive The grid search method searches every point on the grid surrounding zero displacement. This

would be an exhaustive search.

Single Step The predictive step method takes only one step to the new location. The new location is assumed

to be the optimum of the similarity equations. No further search is performed.

Iterative The local search methods and the predictive iteration methods use iteration to incrementally �nd

better solutions. The local search methods iterate until there is no step that will improve the similarity

function. The predictive iteration method iterates until the predicted optimum stops moving.

3.5.1 Displacement Estimation Grid Sample (DEGridSample)

DEGridSample is probably the simplest algorithm for estimating displacement. This algorithm uses grid

sampling to determine the optimum of the similarity function. Pseudo-code for this algorithm is shown

below.

J = ExtractJet(ModelImage,ModelPoint)

J 3 = ExtractJet(NovelImage,EstimatePoint)

for dx �B� 8; dx C 8; dx+=0 1 5
for dy �D� 8; dy C 8; dy+=0 1 5

RefinedPoint = Maximum(SD
�
J � J 3 � *d � )
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end

end

The algorithm searches a 16 by 16 pixel grid around the novel jet for the best estimated similarity. The

displacement that produces the best similarity is the estimated displacement of the novel jet. In this way

the algorithm effectively estimates the distance from the novel jet to the true location of the landmark. This

version of DE algorithm is very good at �nding the displacement of a novel jet; however, it is very slow.

3.5.2 Displacement Estimation Predictive Step (DEPredictiveStep)

This algorithm follows the method presented in Bochum/USC algorithm[15]. This method has been used

successfully in the algorithm and is a good starting point for comparison with other methods of solving

for the vector
*
d. A disadvantage of this method is that it does not account for the periodic nature of the

similarity function and it is only capable of accurately estimating very small displacements. The method has

the advantage that it is very fast because it solves for the displacement directly. All of the other methods

tried at CSU use iteration or multiple evaluations of the similarity function to determine a maximum. For this

reason this method is at least 3 times faster than the others.

3.5.3 Displacement Estimation Predictive Iteration (DEPredictiveIter)

This algorithm solves for the displacement in the exact same way as DEPredictiveStep; however, the algo-

rithm iterates to further re�ne the estimate. The algorithm starts with a displacement of (0,0). The maximum

of the Taylor expansion of SD is computed and that estimate becomes the new estimate of
*
d. The Taylor

expansion is recomputed around this new point and is used to re�ne the estimate. This process is repeated

until there is very little change or the algorithm has iterated 10 times.

3.5.4 Displacement Estimation Fixed Local Search (DEFixedLocalSearch)

DEFixedLocalSearch uses a local search method to �nd an optimum. This method performs a �smart� search

of the same space searched in DEGridSample. It appears to be almost as robust as DEGridSample while

offering a signi�cant performance advantage.

The DEFixedLocalSearch method starts its search with no displacement. For each iteration the method

computes SD for the north, east, south, and west neighbors at 0.5 pixel displacements. The best neighbor is

selected and the process is repeated from that location. The method quits when none of the neighbors are
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Figure 3.2: Displacement Experiment Novel Image.

better than the current location. The method is also limited to 50 steps to narrow the search area and increase

the speed of of the search.

3.5.5 Displacement Estimation Narrowing Local Search (DENarrowingLo-
calSearch)

This method implements a local search very similar to DEFixedLocalSearch; however, it starts with a step

size of 1.0 pixel and reduces the step size by half when no better solution can be found. The method stops at

a step size of 0.125.

3.6 Displacement Estimation Analysis

The experiment used to analyze the jet based displacement estimation is very similar to the experiment used

to analyze wavelet phase estimation in Section 2.4. It starts by extracting a model jet from the tip of the nose

of the image in Figure 3.2. For each pixel in the image, a novel jet is extracted and both jets are used to

estimate the displacement of the novel jet from the tip of the nose.

It is expected that the displacement estimators will function well when the novel jet was extracted very close

to the model. As the distance to the model increases, information overlap between the model jet and the novel

jet will decrease. For this reason, displacement estimation should be more dif�cult as the distance increases.

This �rst experiment tests the displacement estimation methods under ideal conditions. When re�ning a

landmark location in an image, a model jet is needed that serves as a template for the landmark. In the

EBGM algorithm, the model jet often comes from a different image. For this experiment conditions are ideal

because the model jet for the nose is the best possible representation for this feature because it came from the
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same image. The next section will test the displacement estimation methods under similar conditions to the

complete EBGM algorithm.

Figure 3.3 shows the estimated displacement for every jet around the nose tip for the four displacement es-

timation algorithms. The location (0,0) represents the point from which the model jet was extracted. Each

vector corresponds to the estimated displacement based on novel jets extracted from a grid around the land-

mark location. All of the displacement estimation methods perform rather well. There is a clear point of

attraction corresponding to the location of the model jet. The vector �eld for DEPredictiveStep shows that

all the vectors around the true landmark locations point in the right direction; however, they are not all of

the correct length. The other methods show that the displacement estimators are doing a much better job at

estimating the locations of the landmarks. For the region surrounding the landmarks, all of the vectors have

the correct direction and the correct length.

These results are shown in a different format in Figure 3.4. In this plot the x axis is the Euclidean distance

between the model jet and the novel jet, i.e. the distance from the origin to the start of the vectors in the

previous �gure. The y axis, corresponding to error, is the distance between the estimated location of the tip of

the nose and the manually selected location of the tip of the nose, i.e. the distance from the tip of the vectors

in the previous �gure to the origin. The scatter plots show that the estimation method has very little error

when the novel jets are close to the true location. As the jets are extracted from points further away, the error

increases. The red line is the average of the points.

The point clusters presented in these plots correspond directly to the results presented in Figure 3.3. The

DEPredictiveStep plot shows that there if very little error in the estimation method when the novel jet is

extracted within two pixels of the model location. As the novel jet moves further from the center the error

increases because the displacement estimation method estimates the correct direction but not the correct

distance.

The DEPredictiveIter graph shows a strong cluster with zero error corresponding to the left, bottom, and right

of its corresponding vector plot in Figure 3.3. The second cluster corresponds to the top of the vector plot

where the displacement estimation method did not �nd the correct displacement.

Finally, the local search plots show that there is an attractor at the correct location, as well as a location nine

pixels from the model point that does not show up in Figure 3.3. In fact, attractors tend to occur in a grid

like pattern at a spacing of 8 pixels for all displacement estimation methods. It is most likely an effect of the

periodic nature of the similarity equation SD.

The graphs show that most of the algorithms work well up to six pixels. At six pixels the algorithms become
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Figure 3.3: Vector Fields for Displacement Estimation Methods.
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attracted to other local optima in the similarity function. By nine pixels the distribution the displacement

estimation methods fail.
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Figure 3.4: Displacement Estimation Analysis - Nose Tip

Figure 3.5 shows the cumulative results for 17 landmark locations. These points are all inside the face and do

not include points around the edge of the head. The distributions are very similar to the ones in the previous

�gure. This shows that the methods perform in a similar way for all landmark locations.
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