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binary relations on a set

A binary relation on a set A is a subset of A x A.

Graphical representation of a binary relation on a set:
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This special case of a binary relation is also called a directed
graph



directed graphs

_ Edge (u, v) goes from vertex u
G=(V, E to vertexv.

vertices edges

in-degree of a vertex: the
number of edges pointing into
It.

out-degree of a vertex: the
number of edges pointing out
of it.




terminology

A directed graph (or digraph) is a pair (V, E).

V is a set of vertices, and E, a set of directed edges, is a subset
of VxV.

The vertex u is the tail of the edge (u, v) and vertex v is the
head. If the head and the tail of an edge are the same vertex,
the edge is called a self-loop.

Example: The web. What are the vertices/edges?



matrices

An n x m matrix over a set S is an array of elements from
S with n rows and m columns.

The entry in row i and column j is denoted by A, ;.

A matrix is called a square matrix if the number of rows is
equal o the number of columns. (1 : }

1 1
Is the adjacency matrix associated with a

graph square? 2 X 2 matrix
over {0, 1}



adjacency matrix

A directed graph G with n vertices can be represented by
an n x n matrix over the set {0, 1} called the adjacency
matrix for G.
If A is the adjacency matrix for a graph 6, then A;; = 1 if
there is an edge from vertex i to vertex j in 6. Otherwise,
A . =0
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adjacency matrix

What are the missing values in the following adjacency
matrix?

1 2
0 1 0 0
? 0 0 1
0O 1 0 O
?
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walks

A walk from v, to v, in a directed graph G is a sequence of
alternating vertices and edges that starts and ends with a

vertex:
(Vo :(VO ivl) V1 l(vl lVZ) N2, Vi :(VI—I 'Vl) ,V|>




walks

A walk from v, to v, in a directed graph G is a sequence of
alternating vertices and edges that starts and ends with a
vertex:

(VO /(VO lvl) V1 l(vl ;VZ) N2, Vi ,(V|_1 ,V|) ,V|)

A walk can also be denoted by the sequence of vertices:
(Vo,Vi,....V)).

The sequence of vertices is a walk only if (vi4, v;) € E
fori=1,2,..,l.

The length of a walk is |, the number of edges in the walk.



walks, circuits, paths, cycles

A circuit is a walk in which the first vertex is the same as the
last vertex.

A sequence of one vertex, denoted <a>, is a circuit of length O.
A walk is a path if no vertex is repeated in the walk.

A circuit is a cycle if there are no other repeated vertices,
except the first and the last.




composite relations

Let R be a relation from A to B, and let S be a relation
from B to C. The composite ScR of R and S is defined as:

SoR ={(a,c) : 3b such that aRb and bSc}

Example: Let R be the relation such that aRb if ais a
parent of b. What is the relation R-R?



composite relations

Let R be a relation from A to B, and let S be a relation
from B to C. The composite ScR of R and S is defined as:

SoR ={(a,c) : 3b such that aRb and bSc}

SoR



composite relations

Composite relation on a sef:




composite relations

The powers R of relation R can be defined recursively:
R =R and R™I= RoR

The statement of six-degrees of separation can be
succinctly expressed as aR°b for all a,b where R is the
relation on the set of people such that aRb if a knows b



paths and relations

The edge set E of a directed graph G can be viewed as a
relation.

EX: the relation E composed with itself k times.
G* : the directed graph whose edge set is Ek.

The Graph Power Theorem: Let G be a directed graph. Let u
and v be any two vertices in 6. There is an edge from u to v in Gk
if and only if there is a walk of length k from u to v in 6.



paths and relations

The Graph Power Theorem: Let G be a directed graph. Let u
and v be any two vertices in 6. There is an edge from u to v in Gk
if and only if there is a walk of length k from u to v in 6.

Proof by induction on k.
Base case: there is a walk of length 1 iff aRb

Induction step: assume that there is an edge from u to v in GX
if and only if there is a walk of length k from u to v in 6.

Let's prove this for k+1:

There is a walk of length k+1 from a to b iff thereisacin A
such that there is a walk of length 1 from a to c, i.e. aRc and a
path of length k from c to b; by the induction hypothesis this
happens iff cRkb, and by definition of

composition iff aRk1b



the transitive closure

The transitive closure of a graph G:

G'=6'uG2uUGiuUGt..
In the union, there is only one copy of the vertex set and the
union is taken over the edge sets of the graphs.

(u, v) is an edge in G* if vertex v can be reached from vertex u
in G by a walk of any length.

Similarly we can define the transitive closure of a relation R:
R*=RlUR2UR3UR*..



the transitive closure

Examples:

Let R be the relation between states in the US where aRb if
a and b share a common border. What is R*?

What is R* for the parent relation?

A ={1, 2, b}. What is the transitive closure for:
- R={(1,1), (b, b)}

- S={(1,2), (2, b)}

- T={(2,1), (b, 2),(1,1)}



the transitive closure

The transitive closure of a graph G:
G'=6'uG2uUGiuUGt..

If the graph has n vertices:
G'=G'UG*UG3U..UG"

The same holds for a relation R. Let R be a relation on a finite
domain with n elements. Then

R*=RTUR2UR3U...URN



the transitive closure

Lemma: Let G be a graph with n vertices. If thereisa
path from u fo v in G, then there is such a path with
length not exceeding n.



an algorithm for the transitive closure

Let R be a relation over a set A.
Repeat the following step until no pair is added to R:

< If there are x,y, z € A such that (x,y) €R, (y, z) € Rand (x,
z) ¢ R, then add (x, z) to R.



