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Problem Solving by Problem Solving by 
SearchingSearching

Lecture #3Lecture #3
9/02/089/02/08

AnnouncementsAnnouncements

By now, you should have read Chapters 1By now, you should have read Chapters 1--
3 of your text3 of your text

Read Chapter 4 for ThursdayRead Chapter 4 for Thursday

The missionaries and cannibals The missionaries and cannibals 
problemproblem11

Goal:  transport 3 missionaries and 3 Goal:  transport 3 missionaries and 3 
cannibals from the left bank of a river to cannibals from the left bank of a river to 
the right bank.the right bank.
Constraints:Constraints:
–– Whenever cannibals outnumber Whenever cannibals outnumber 

missionaries, the missionaries get eatenmissionaries, the missionaries get eaten
–– The boat can hold at most two peopleThe boat can hold at most two people
–– The boat canThe boat can’’t cross the river emptyt cross the river empty

But both missionaries & cannibals can operate But both missionaries & cannibals can operate 
the boatthe boat

1) I apologize for the politically incorrect nature of this problem – I prefer wolves & 
sheep – but it’s a classic problem and you need to recognize it by its common name

How do you solve this problem?How do you solve this problem?

ItIt’’s not an equations not an equation
ItIt’’s not a continuous function to regresss not a continuous function to regress
ItIt’’s a set of discrete states connected by s a set of discrete states connected by 
operatorsoperators

An agent An agent ““searchessearches”” for an answer by for an answer by 
trying sequences of actions trying sequences of actions –– and this is and this is 
what we will formalizewhat we will formalize

Problem solving agentsProblem solving agents
Goal FormulationGoal Formulation
–– Desired state of the world.Desired state of the world.

Problem FormulationProblem Formulation
–– States and actions to consider in view of goal.States and actions to consider in view of goal.

SearchSearch
–– Determine the possible sequence of actions that lead to Determine the possible sequence of actions that lead to 

the states of known values and then choosing the best the states of known values and then choosing the best 
sequence.sequence.

ExecuteExecute
–– Given the solution, perform the actions.Given the solution, perform the actions.

Assumption:Assumption:
–– Environment is fully observable, deterministic Environment is fully observable, deterministic 
–– Agent knows the effects of its actionsAgent knows the effects of its actions

Back to our exampleBack to our example

A state description that allows us to describe our A state description that allows us to describe our 
goal:goal:

(M(MLL, C, CLL, B), B)
Where:Where:
MMLL:  number of missionaries on left bank:  number of missionaries on left bank
CCLL:  number of cannibals on left bank:  number of cannibals on left bank
B:    location of boat (L,R)B:    location of boat (L,R)

Initial state:  (3,3,L)    Goal:  (0,0,R)Initial state:  (3,3,L)    Goal:  (0,0,R)
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Graph formulation of the search Graph formulation of the search 
problemproblem

Nodes: states of the problem.Nodes: states of the problem.
Edges:  there is an edge from state Edges:  there is an edge from state uu to state to state vv if there is if there is 
an action that takes you from an action that takes you from vv to to uu
–– What are the edges for missionaries and cannibals problem?What are the edges for missionaries and cannibals problem?
–– Can you apply all actions from any node?Can you apply all actions from any node?

Problem is now to find a path from the start state (3,3,L) Problem is now to find a path from the start state (3,3,L) 
to the goal state (0,0,R).to the goal state (0,0,R).
In general, paths have costs associated with themIn general, paths have costs associated with them
–– What cost is appropriate for missionaries & cannibals?What cost is appropriate for missionaries & cannibals?
The problem is to find the lowest cost path from the The problem is to find the lowest cost path from the 
initial state to the goal.initial state to the goal.

The search graphThe search graph

33L

31R 32R 22R
CCR CR CMR

Actions (operators):
CCR - transport two cannibals to the 

right bank
MCL - transport a missionary and a 

cannibal to the left bank

At each stepAt each step……

Check to see if solution is legalCheck to see if solution is legal
–– CanCan’’t have more cannibals than missionaries t have more cannibals than missionaries 

on either bankon either bank
Compute cost of current pathCompute cost of current path
–– How many boat trips have we made?How many boat trips have we made?

Figure out which actions are possibleFigure out which actions are possible
–– Possible next stepsPossible next steps

The (partially expanded) The (partially expanded) 
search graphsearch graph

33L

31R 32R 22R

32L 33L 33L 32L

30R 31R 22R 21R

32L 31L

CCR CR CMR

CL
CCL CL ML

CCR CR MR MCR

CCL CR

State = (ML, CL, B)State = (ML, CL, B)

Repeated statesRepeated states
33L

31R 32R 22R

32L 33L 33L 32L

30R 31R 22R 21R

32L 31L

The search graph is not necessarily a tree!

M&C SolutionM&C Solution

00R00RCC CC →→02L02L
02L02LC C ←←01R01R
01R01RCC CC →→03L03L
03L03LCC←←02R02R
02R02RMM MM →→22L22L
22L22LMC MC ←←11R11R
11R11RMM MM →→31L31L
31L31LCC←←30R30R
30R30RCCCC→→32L32L
32L32LCC←←31R31R
31R31RCCCC→→33L33L
Result StateResult StateOperatorOperatorState (left bank)State (left bank)
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The 8 puzzleThe 8 puzzle

States?States?
Initial state?Initial state?
Actions?Actions?
Goal test?Goal test?
Path cost?Path cost?

The 8 puzzleThe 8 puzzle

States?  Integer location of each tile States?  Integer location of each tile 
Initial state?  Any stateInitial state?  Any state
Actions?  (tile, direction) Actions?  (tile, direction) 

where direction is one of {where direction is one of {LeftLeft, , RightRight, , UpUp, , DownDown}}
Goal test?  Check whether goal configuration is reachedGoal test?  Check whether goal configuration is reached
Path cost?  Number of actions to reach goalPath cost?  Number of actions to reach goal
Is the search graph a tree?Is the search graph a tree?

8 queens problem8 queens problem

Incremental vs. complete state formulation:Incremental vs. complete state formulation:
–– Incremental formulation starts with an empty state and Incremental formulation starts with an empty state and 

involves operators that augment the state descriptioninvolves operators that augment the state description
–– A complete state formulation starts with all 8 queens A complete state formulation starts with all 8 queens 

on the board and moves them aroundon the board and moves them around

8 queens problem: 8 queens problem: 
representation is keyrepresentation is key

IncrementalIncremental formulationformulation
States?  Any arrangement of 0 to 8 queens on the boardStates?  Any arrangement of 0 to 8 queens on the board
Initial state? No queensInitial state? No queens
Actions? Add queen in empty squareActions? Add queen in empty square
Goal test? 8 queens on board and none attackedGoal test? 8 queens on board and none attacked
Path cost? NonePath cost? None
3 x 103 x 101414 possible sequences to investigatepossible sequences to investigate

Is the search graph a tree?Is the search graph a tree?

8 queens problem: a better 8 queens problem: a better 
representationrepresentation

Another Incremental formulation:Another Incremental formulation:
States?  n (between 0 and 8) queens on the board, one in each ofStates?  n (between 0 and 8) queens on the board, one in each of
the n leftthe n left--most columns; most columns; no queens attacking each otherno queens attacking each other..
Initial state? No queensInitial state? No queens
Actions? Actions? Add queen in leftmost empty column such that it does not Add queen in leftmost empty column such that it does not 
attack any of the queens already on the boardattack any of the queens already on the board..
Goal test? 8 queens on boardGoal test? 8 queens on board
20572057 possible sequences to investigatepossible sequences to investigate

Real world problemsReal world problems

Route FindingRoute Finding
Traveling Salesperson Problem (TSP)Traveling Salesperson Problem (TSP)
VLSI LayoutVLSI Layout
Robot Navigation.Robot Navigation.
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Navigating through a search Navigating through a search 
treetree
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Unexpanded nodes: the fringeUnexpanded nodes: the fringe
A

B C

D E F G

H I

At every point in the search process we keep track of a 
list of nodes that haven’t been expanded yet: the fringe

Tree searchTree search
A

functionfunction TREETREE--SEARCH(SEARCH(problem, strategyproblem, strategy) ) returnreturn a solution or failurea solution or failure
Initialize search tree to the Initialize search tree to the initial stateinitial state of the of the problemproblem
dodo

ifif no candidates for expansion no candidates for expansion thenthen returnreturn failurefailure
choose leaf node for expansion according to choose leaf node for expansion according to strategystrategy
ifif node contains goal state node contains goal state thenthen returnreturn solutionsolution
elseelse expand the node and add resulting nodes to the search treeexpand the node and add resulting nodes to the search tree

enddoenddo

Initial state

Tree searchTree search
A

B C

D E F G

functionfunction TREETREE--SEARCH(SEARCH(problem, strategyproblem, strategy) ) returnreturn a solution or failurea solution or failure
Initialize search tree to the Initialize search tree to the initial stateinitial state of the of the problemproblem
dodo

ifif no candidates for expansion no candidates for expansion thenthen returnreturn failurefailure
choose leaf node for expansion according to choose leaf node for expansion according to strategystrategy
ifif node contains goal state node contains goal state thenthen returnreturn solutionsolution
elseelse expand the node and add resulting nodes to the search treeexpand the node and add resulting nodes to the search tree

enddoenddo
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WhatWhat’’s in a nodes in a node

StateState
ParentParent
Operator (Used to generate node)Operator (Used to generate node)
DepthDepth
PathPath--CostCost

Tree searchTree search

functionfunction TREETREE--SEARCH(SEARCH(problem,fringeproblem,fringe) ) returnreturn a solution or failurea solution or failure

fringefringe ←← INSERT(INSERT(MAKEMAKE--NODE(INITIALNODE(INITIAL--STATE[STATE[problemproblem]), ]), fringefringe))

loop doloop do
ifif EMPTY(EMPTY(fringefringe) ) then return then return failurefailure
nodenode ←← REMOVEREMOVE--FIRST(FIRST(fringefringe))
ifif GOALGOAL--TEST[TEST[problemproblem] applied to STATE[] applied to STATE[nodenode] succeeds] succeeds

then returnthen return SOLUTION(SOLUTION(nodenode))
fringefringe ←← INSERTINSERT--ALL(EXPAND(ALL(EXPAND(nodenode, , problemproblem), ), fringefringe))

Comparing search strategiesComparing search strategies
A strategy is defined by the order of node expansion.A strategy is defined by the order of node expansion.
ProblemProblem--solving performance is measured in four ways:solving performance is measured in four ways:
–– Completeness: Completeness: Does it always find a solution if one exists?Does it always find a solution if one exists?
–– Optimality: Optimality: Does it always find the leastDoes it always find the least--cost solution?cost solution?
–– Time Complexity: Time Complexity: Number of nodes generated/expanded.Number of nodes generated/expanded.
–– Space Complexity: Space Complexity: Number of nodes stored in memory during search.Number of nodes stored in memory during search.

Time and space complexity are measured in terms of:Time and space complexity are measured in terms of:
–– b b -- maximum branching factor of the search treemaximum branching factor of the search tree
–– d d -- depth of the leastdepth of the least--cost solutioncost solution
–– m m -- maximum depth of the state space (may be maximum depth of the state space (may be ∞∞))

Uninformed search strategiesUninformed search strategies
(a.k.a. blind search) = use only information available in (a.k.a. blind search) = use only information available in 
problem definition.problem definition.
–– When strategies can determine whether one nonWhen strategies can determine whether one non--goal goal 

state is better than another state is better than another →→ informed search.informed search.
Categories defined by expansion algorithm:Categories defined by expansion algorithm:
–– BreadthBreadth--first searchfirst search
–– UniformUniform--cost searchcost search
–– DepthDepth--first searchfirst search
–– DepthDepth--limited searchlimited search
–– Iterative deepening search.Iterative deepening search.
–– Bidirectional searchBidirectional search

BreadthBreadth--First Search (BFS)First Search (BFS)

Expand all nodes at depth d before Expand all nodes at depth d before 
proceeding to depth d+1.proceeding to depth d+1.
Implementation: FIFO queue.Implementation: FIFO queue.

A

B C

D E F G

Evaluation of BFSEvaluation of BFS

Completeness:Completeness:
–– Does it always find a solution if one exists?Does it always find a solution if one exists?

YES (if shallowest goal node is at some finite depth d)YES (if shallowest goal node is at some finite depth d)
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Evaluation of BFSEvaluation of BFS
Completeness:Completeness:
–– YESYES

Time complexity:Time complexity:
–– Assume a state space where every state has Assume a state space where every state has bb successors.successors.

Assume solution is at depth Assume solution is at depth dd
Worst case: expand all but the last node at depth Worst case: expand all but the last node at depth dd
Total number of nodes expanded:Total number of nodes expanded:

b + b2 + b3 + ...+ bd + (bd +1 − b) =O(bd +1)

Evaluation of BFSEvaluation of BFS
Completeness:Completeness:
–– YESYES

Time complexity:Time complexity:
–– Total number of nodes generated:Total number of nodes generated:

Space complexity:Space complexity:
–– Same, if each node is retained in memorySame, if each node is retained in memory

b + b2 + b3 + ...+ bd + (bd +1 − b) =O(bd +1)

Evaluation of BFSEvaluation of BFS
Completeness:Completeness:
–– YESYES

Time complexity:Time complexity:
–– Total number of nodes generated:Total number of nodes generated:

Space complexity:Space complexity:
–– Same, if each node is retained in memorySame, if each node is retained in memory

Optimality:Optimality:
–– Does it always find the leastDoes it always find the least--cost solution?cost solution?

If depth = cost.If depth = cost.

b + b2 + b3 + ...+ bd + (bd +1 − b) =O(bd +1)

BFS evaluationBFS evaluation
Memory requirements are a bigger problem than the number Memory requirements are a bigger problem than the number 
of operations.of operations.
Exponential complexity search problems cannot be solved by Exponential complexity search problems cannot be solved by 
uninformed search methods for any but the smallest uninformed search methods for any but the smallest 
instances.instances.

1 1 exabyteexabyte3523 years3523 years101015151414

10 10 petabytespetabytes35 years35 years101013131212

101 terabytes101 terabytes129 days129 days101011111010

1 terabyte1 terabyte31 hours31 hours10109988

10 gigabytes10 gigabytes19 minutes19 minutes10107766

106 megabytes106 megabytes11 seconds11 seconds11110011110044

1 megabyte1 megabyte0.11 seconds0.11 seconds1100110022

MEMORYMEMORYTIMETIMENODESNODESDEPTHDEPTH

Time and memory requirements for BFS for b=10, 10,000 nodes/sec; 1000 bytes/node

Uniform cost searchUniform cost search

Extension of BFS:Extension of BFS:
–– Expand node with Expand node with lowest path costlowest path cost

Implementation: Implementation: fringefringe = queue ordered by path = queue ordered by path 
cost.cost.

Same as BFS when all stepSame as BFS when all step--costs are equal.costs are equal.

Uniform cost searchUniform cost search
Completeness:Completeness:
–– YES, if stepYES, if step--cost > cost > εε (small positive constant)(small positive constant)
–– What is some step costs are zero or negative?What is some step costs are zero or negative?

Time complexity:Time complexity:
–– Assume C* the cost of the optimal solution.Assume C* the cost of the optimal solution.
–– Assume that every action costs at least Assume that every action costs at least εε
–– WorstWorst--case: 0(bcase: 0(bC*/C*/εε))

Space complexity:Space complexity:
–– Same as time complexitySame as time complexity

Optimality:Optimality:
–– nodes expanded in order of increasing path cost.nodes expanded in order of increasing path cost.
–– YES, if complete.YES, if complete.
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Implementation: fringe is a LIFO queue 
(stack)

DFS evaluationDFS evaluation
Completeness:Completeness:
–– Does it always find a solution if one exists?Does it always find a solution if one exists?

NONO
unlessunless search space is finite and no loops are possible.search space is finite and no loops are possible.

DFS evaluationDFS evaluation
Completeness:Completeness:
–– NO unless search space is finite.NO unless search space is finite.

Time complexity:Time complexity:
–– Terrible if Terrible if m m (depth of search space) is much larger than (depth of search space) is much larger than d d 

(depth of optimal solution)(depth of optimal solution)
–– But if many solutions, faster than BFSBut if many solutions, faster than BFS

DFS evaluationDFS evaluation
Completeness:Completeness:
–– NO unless search space is finite.NO unless search space is finite.

Time complexity:  Time complexity:  O(bO(bmm))
Space complexity:  Space complexity:  O(bmO(bm))
–– Possible to use even less (expand one successor instead Possible to use even less (expand one successor instead 

of all b).of all b).

DFS evaluationDFS evaluation
Completeness:Completeness:
–– NO unless search space is finite.NO unless search space is finite.

Time complexity:  Time complexity:  O(bO(bmm))
Space complexity:  Space complexity:  O(bmO(bm))
Optimality:  NoOptimality:  No
–– Same issues as completenessSame issues as completeness


