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BayesBayes IIIIII
(Introduction to (Introduction to BayesBayes Nets)Nets)

Lecture #18Lecture #18
11/04/0811/04/08

AnnouncementsAnnouncements

Programming Assignment #2 is now dueProgramming Assignment #2 is now due
–– Any comments?Any comments?

ACM meeting tomorrow: 5pm USC100ACM meeting tomorrow: 5pm USC100
–– how to get into the world of computer graphicshow to get into the world of computer graphics

Election day : vote!Election day : vote!
–– Unless you voted already (this isnUnless you voted already (this isn’’t Chicagot Chicago……))

environment
agent

?

sensors

actuators
I believe that the sun
will still exist tomorrow
with probability 0.999999
and that it will be a sunny
day with probability 0.6

Probabilistic AgentProbabilistic Agent ProblemProblem

At a certain time t, the KB of an agent is At a certain time t, the KB of an agent is 
some collection of beliefssome collection of beliefs
–– Every belief has a degree of certaintyEvery belief has a degree of certainty

At time At time tt the agentthe agent’’s sensors make an s sensors make an 
observation that changes the strength of observation that changes the strength of 
one of its beliefsone of its beliefs
How should the agent update the strength How should the agent update the strength 
of its other beliefs?of its other beliefs?

Purpose of Bayesian NetworksPurpose of Bayesian Networks

Facilitate the description of a collection of Facilitate the description of a collection of 
beliefs by beliefs by 
–– making causality relations explicitmaking causality relations explicit
–– exploiting conditional independenceexploiting conditional independence

Provide efficient methods for:Provide efficient methods for:
–– Representing a joint probability distribution Representing a joint probability distribution 
–– Updating belief strengths when new evidence Updating belief strengths when new evidence 

is observedis observed

ReviewReview

Conditional Probability: P(A|B)Conditional Probability: P(A|B)
–– The probability of A given that B is true The probability of A given that B is true 
–– The frequency with which A will be observed, The frequency with which A will be observed, 

considering only samples in which B is trueconsidering only samples in which B is true
–– E.g. E.g. P(toothacheP(toothache | cavity) | cavity) from last lecturefrom last lecture

BayesBayes RuleRule
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ExampleExample
I’m at work, neighbor John calls to say my alarm is
ringing, but neighbor Mary doesn’t call.  Sometime it’s set 
off by a minor earthquake.  Is there a burglary? 

Network topology reflects “causal” knowledge:
- A burglary can set the alarm off
- An earthquake can set the alarm off
- The alarm can cause Mary to call
- The alarm can cause John to call

Variables: Burglary, Earthquake, Alarm, JohnCalls, MaryCalls

Burglary Earthquake

Alarm

MaryCallsJohnCalls

causes

effects

Directed acyclic
graph (DAG)

Intuitive meaning of arrow
from x to y: “x has direct 
influence on y”

Nodes are random variables

A Simple NetworkA Simple Network

Burglary Earthquake

Alarm

MaryCallsJohnCalls

0.0010.001
P(B)P(B)

0.0020.002
P(E)P(E)

Assigning Probabilities to RootsAssigning Probabilities to Roots
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0.940.94
0.290.29
0.0010.001
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Burglary Earthquake

Alarm

MaryCallsJohnCalls

0.0010.001
P(B)P(B)

0.0020.002
P(E)P(E)

Size of the CPT for a 
node with k parents: ?

Conditional Probability TablesConditional Probability Tables
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Burglary Earthquake

Alarm

MaryCallsJohnCalls

0.0010.001
P(B)P(B)

0.0020.002
P(E)P(E)
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Conditional Probability TablesConditional Probability Tables

0.950.95
0.940.94
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Burglary Earthquake

Alarm

MaryCallsJohnCalls

0.0010.001
P(B)P(B)

0.0020.002
P(E)P(E)

0.900.90
0.050.05

TT
FF

P(J|A)P(J|A)AA
0.700.70
0.010.01

TT
FF

P(M|A)P(M|A)AA

P(X1,X2,…,Xn) = Πi=1,…,nP(Xi|Pa(Xi))

What the BN MeansWhat the BN Means
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Burglary Earthquake

Alarm

MaryCallsJohnCalls

0.0010.001
P(B)P(B)

0.0020.002
P(E)P(E)

0.900.90
0.050.05

TT
FF

P(J|P(J|……))AA
0.700.70
0.010.01

TT
FF

P(M|P(M|……
))

AA

P(J∧M∧A∧¬B∧¬E)
= P(J|A)P(M|A)P(A|¬B,¬E)P(¬B)P(¬E)
= 0.9 x 0.7 x 0.001 x 0.999 x 0.998
= 0.00062

Calculation of Joint ProbabilityCalculation of Joint Probability Independence of Random Independence of Random 
VariablesVariables

Two variables Two variables XX and and YY are are independentindependent ifif
–– P(X = x|Y = y) = P(X = x)P(X = x|Y = y) = P(X = x) for all values for all values x,yx,y
–– That is, learning the values of That is, learning the values of Y Y does not change does not change 

knowledge of knowledge of XX

If If XX and and YY are independent then are independent then 
–– P(X,Y) = P(X|Y)P(Y) = P(X)P(Y)P(X,Y) = P(X|Y)P(Y) = P(X)P(Y)

In general, if In general, if XX11,,……,,XXnn are independent, thenare independent, then
–– P(P(XX11,,……,,XXnn)= P()= P(XX11)...)...P(XP(Xnn))
–– Requires O(n) parametersRequires O(n) parameters

Conditional independenceConditional independence
Unfortunately, most random variables of interest Unfortunately, most random variables of interest 
are not independentare not independent
A more suitable notion is that of conditional A more suitable notion is that of conditional 
independenceindependence
Two variables Two variables XX and and YY are are conditionally conditionally 
independentindependent given given Z Z ifif
–– P(X = x|Y = y,Z=z) = P(X = x|Z=z)P(X = x|Y = y,Z=z) = P(X = x|Z=z) for all values for all values x,y,zx,y,z
–– That is, learning the values of That is, learning the values of Y Y does not change does not change 

prediction of prediction of X X once we know the value of once we know the value of ZZ
–– Notation: Notation: I( X ; Y | Z )I( X ; Y | Z )

What the BN EncodesWhat the BN Encodes

Each of the beliefs Each of the beliefs 
JohnCallsJohnCalls and and 
MaryCallsMaryCalls is is 
independent of Burglary independent of Burglary 
and Earthquake given and Earthquake given 
Alarm or Alarm or ¬¬AlarmAlarm

The beliefs The beliefs JohnCallsJohnCalls
and and MaryCallsMaryCalls are are 
independent given Alarm independent given Alarm 
or or ¬¬AlarmAlarm

Burglary Earthquake

Alarm

MaryCallsJohnCalls

For example, John does
not observe any burglaries
directly

What the BN EncodesWhat the BN Encodes

Each of the beliefs Each of the beliefs 
JohnCallsJohnCalls and and 
MaryCallsMaryCalls is is 
independent of Burglary independent of Burglary 
and Earthquake given and Earthquake given 
Alarm or Alarm or ¬¬AlarmAlarm

The beliefs The beliefs JohnCallsJohnCalls
and and MaryCallsMaryCalls are are 
independent given Alarm independent given Alarm 
or or ¬¬AlarmAlarm

Burglary Earthquake

Alarm

MaryCallsJohnCalls

For instance, the reasons why 
John and Mary may not call if 
there is an alarm are unrelated 

Note that these reasons could
be other beliefs in the network.
The probabilities summarize these
non-explicit beliefs

Example of conditional Example of conditional 
independenceindependence

A node represents A node represents 
an individualan individual’’ss
genotypegenotype
Ancestors affect Ancestors affect 
descendantsdescendants’’ genotype genotype 
by passing genetic by passing genetic 
material through material through 
intermediate intermediate 
generationsgenerations

Homer

Bart

Marge

Lisa Maggie

P(Lisa | Marge, MargeP(Lisa | Marge, Marge’’s parents) = P(Lisa | Marge).s parents) = P(Lisa | Marge).



4

Cond. Independence RelationsCond. Independence Relations
Each random variable X, is Each random variable X, is 
conditionally independent of conditionally independent of 
its nonits non--descendents, given its descendents, given its 
parents: parents: 
I(X; I(X; NonDesc(XNonDesc(X) | Pa(X))) | Pa(X))

Descendent

Ancestor

Parent

Non-descendent

X

Y1 Y2

Non-descendent

IndependenceIndependence

The expression:The expression:
P(XP(X11,X,X22,,……,,XXnn) = ) = ΠΠi=1,i=1,……,,nnP(XP(Xii|Pa(X|Pa(Xii))))

means that each belief is independent of its means that each belief is independent of its 
predecessors in the BN given its parentspredecessors in the BN given its parents
Said otherwise, the parents of a belief XSaid otherwise, the parents of a belief Xii are all are all 
the beliefs that the beliefs that ““directly influencedirectly influence”” XXii

Usually (but not always) the parents of XUsually (but not always) the parents of Xii are its are its 
causescauses and Xand Xii is the is the effecteffect of these causesof these causes
E.g., JohnCalls is influenced by Burglary, but not 
directly. JohnCalls is directly influenced by Alarm

Example: NaExample: Naïïve ve BayesBayes ModelModel
A common model in disease diagnosis:A common model in disease diagnosis:

–– Symptoms are conditionally independent given the Symptoms are conditionally independent given the 
diseasedisease

Thus, if Thus, if 
–– XX11,,……,,XXnn denote whether the symptoms exhibited by the denote whether the symptoms exhibited by the 

patient (headache, highpatient (headache, high--fever, etc.) fever, etc.) 
–– H denotes the hypothesis about the patientH denotes the hypothesis about the patient’’s healths health

then, then, P(XP(X11,,……,,XXnn,H,H) = P(H)P(X) = P(H)P(X11|H)|H)……P(XP(Xnn|H|H)),,
This This nanaïïve ve BayesBayes model allows compact model allows compact 
representationrepresentation

–– It makes strong independence assumptionsIt makes strong independence assumptions

Types of Nodes on a PathTypes of Nodes on a Path

Radio

Battery

SparkPlugs

Starts

Gas

Moves

linear

converging

diverging

Radio

Battery

SparkPlugs

Starts

Gas

Moves

linear

converging

diverging

Given a set E of evidence nodes, two beliefs 
connected by an undirected path are 
independent if one of the following three 
conditions holds:
1. A node on the path is linear and in E
2. A node on the path is diverging and in E
3. A node on the path is converging and 

neither this node, nor any descendant is in E 

Independence Relations in BNIndependence Relations in BN

Radio

Battery

SparkPlugs

Starts

Gas

Moves

linear

converging

diverging

Given a set E of evidence nodes, two beliefs 
connected by an undirected path are 
independent if one of the following three 
conditions holds:
1. A node on the path is linear and in E
2. A node on the path is diverging and in E
3. A node on the path is converging and 

neither this node, nor any descendant is in E
Gas and Radio are independent 
given evidence on SparkPlugs

Independence Relations in BNIndependence Relations in BN
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Radio

Battery

SparkPlugs

Starts

Gas

Moves

linear

converging

diverging

Given a set E of evidence nodes, two beliefs 
connected by an undirected path are 
independent if one of the following three 
conditions holds:
1. A node on the path is linear and in E
2. A node on the path is diverging and in E
3. A node on the path is converging and 

neither this node, nor any descendant is in E

Gas and Radio are independent 
given evidence on Battery

Independence Relations in BNIndependence Relations in BN

Radio

Battery

SparkPlugs

Starts

Gas

Moves

linear

converging

diverging

Given a set E of evidence nodes, two beliefs 
connected by an undirected path are 
independent if one of the following three 
conditions holds:
1. A node on the path is linear and in E
2. A node on the path is diverging and in E
3. A node on the path is converging and 

neither this node, nor any descendant is in E

Gas and Radio are independent 
given no evidence, but they are
dependent given evidence on 

Starts or Moves

Independence Relations in BNIndependence Relations in BN

DAGsDAGs and Topological Orderingand Topological Ordering
Lemma:  a directed graph is a DAG Lemma:  a directed graph is a DAG iffiff it has a it has a 
topological orderingtopological ordering
A topological ordering of a graph is an ordering of its A topological ordering of a graph is an ordering of its 
nodes such that nodes such that each node comes before all nodes each node comes before all nodes 
to which it has edges (or in other words, once a to which it has edges (or in other words, once a 
node appears, all itnode appears, all it’’s parents are already there).s parents are already there).
Proof:  every DAG has a Proof:  every DAG has a ““sinksink””.  Use it as the last .  Use it as the last 
node in the sort.  Remove it from the DAG.  The node in the sort.  Remove it from the DAG.  The 
resulting graph is still a DAG.  Proceed by induction.  resulting graph is still a DAG.  Proceed by induction.  
For the other direction assume the graph has a For the other direction assume the graph has a 
topological order, and yet is not a DAG.  Existence topological order, and yet is not a DAG.  Existence 
of a cycle contradicts topological order.  of a cycle contradicts topological order.  

How is this relevant to Bayesian networks?

Bayesian NetworksBayesian Networks
A simple, graphical notation for conditional A simple, graphical notation for conditional 
independence assertions resulting in a compact independence assertions resulting in a compact 
representation for the full joint distributionrepresentation for the full joint distribution

Syntax:Syntax:

–– a set of nodes, one per variablea set of nodes, one per variable

–– a directed, acyclic graph (link = a directed, acyclic graph (link = ‘‘direct influencesdirect influences’’))

–– a conditional distribution for each node given its parents:     a conditional distribution for each node given its parents:     
P(XP(Xii|Parents(X|Parents(Xii))))


