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BayesBayes IVIV
(Exact Inference in Bayesian (Exact Inference in Bayesian 

Nets)Nets)

Lecture #19Lecture #19
11/06/0811/06/08

AnnouncementsAnnouncements

Programming assignment #2 is now past Programming assignment #2 is now past 
duedue
Late assignments accepted until the 10Late assignments accepted until the 10thth

–– 20% penalty20% penalty

Burglary Earthquake

Alarm

MaryCallsJohnCalls

causes

effects

Directed acyclic graph (DAG)

Intuitive meaning of 
arrow from x to y: 
“x directly influences y”

Nodes are random variables

Review: A Simple NetworkReview: A Simple Network Review: Conditional independenceReview: Conditional independence

Two variables Two variables XX and and YY are are conditionally conditionally 
independentindependent given given Z Z ifif
–– P(X = x|Y = y,Z=z) = P(X = x|Z=z)P(X = x|Y = y,Z=z) = P(X = x|Z=z) for all for all 

values values x,y,zx,y,z
–– That is, learning the values of That is, learning the values of Y Y does not does not 

change prediction of change prediction of X X once we know the once we know the 
value of value of ZZ

–– Notation: Notation: I( X ; Y | Z )I( X ; Y | Z )

Where are we?Where are we?

We know the basics of probability, e.g.We know the basics of probability, e.g.
–– The probability of an event The probability of an event P(eP(e))
–– Conditional independence: Conditional independence: P(e;fP(e;f | x)| x)

We know how to represent networks of We know how to represent networks of 
causal eventscausal events
ButBut…… how do we infer probabilities given a how do we infer probabilities given a 
causal network and a set of observations?causal network and a set of observations?

If Mary calls and John calls, do I believe 
there was a burglary?

Two Steps:Two Steps:

1.1. First, we need to be able to calculate First, we need to be able to calculate 
P(X) for an arbitrary node X in a P(X) for an arbitrary node X in a BayesBayes
Net Net withoutwithout any evidenceany evidence

2.2. Then we will compute P(X|E) = Then we will compute P(X|E) = 
P(X&E)/P(E)P(X&E)/P(E)
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Set E of Set E of evidence variablesevidence variables that are that are observedobserved, , 
e.g., e.g., {{JohnCalls,MaryCallsJohnCalls,MaryCalls}}
Query variableQuery variable X, e.g., X, e.g., BurglaryBurglary, for which we , for which we 
would like to know the posterior probability would like to know the posterior probability 
distribution distribution P(X|EP(X|E))

Distribution conditional to 
the observations made

Inference in BNInference in BN

?TT
P(B|…)MJ

Inference in BNInference in BN

Simplest case:Simplest case:

BA

For Boolean variables:
P(b) = P(b|a)P(a) + P(b|¬a) P(¬a)
P(¬b) = P(¬b|a)P(a) + P(¬b|¬a) P(¬a)

Inference on a chainInference on a chain

BA C
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Inference on a chainInference on a chain

For a chain with For a chain with nn nodes where each node nodes where each node 
has has kk possible values the complexity is possible values the complexity is O(n O(n 
kk22).  ).  

BA C D

Inference on a chainInference on a chain

Summary:

BA C D

Inference on a chainInference on a chain

We can perform variable elimination using a different order:
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Variable EliminationVariable Elimination
Suppose weSuppose we’’re interested in re interested in P(XP(Xkk))
Write query in the formWrite query in the form

IterativelyIteratively
–– Move all irrelevant terms outside of innermost sumMove all irrelevant terms outside of innermost sum
–– Perform innermost sum, getting a new termPerform innermost sum, getting a new term
–– Insert the new term into the productInsert the new term into the product

Inference Ex. 2Inference Ex. 2

RainSprinkler

Cloudy

WetGrass

∑=
C,S,R

)c(P)c|s(P)c|r(P)s,r|w(P)W(P

∑ ∑=
S,R C

)c(P)c|s(P)c|r(P)s,r|w(P

∑=
S,R

C )s,r(f)s,r|w(P )S,R(fC

A More Complex ExampleA More Complex Example

Visit to 
Asia Smoking

Lung CancerTuberculosis

Abnormality
in Chest Bronchitis

X-Ray Dyspnea

The The ““AsiaAsia”” network:network:

V S

LT

A B

X D

),|()|(),|()|()|()|()()( badPaxPltaPsbPslPvtPsPvP

Example (cont)Example (cont)

Suppose we want to compute
P(d)

The form of the joint distribution:

V S

LT

A B

X D

),|()|(),|()|()|()|()()( badPaxPltaPsbPslPvtPsPvP

Eliminate: v

Note: fv(t) = P(t)
In general, result of elimination is not necessarily a probability 
term

Compute: ∑=
v

v vtPvPtf )|()()(

),|()|(),|()|()|()()( badPaxPltaPsbPslPsPtfv⇒

Example (cont)Example (cont)

Need to eliminate: v,s,x,t,l,a,b

V S

LT

A B

X D

),|()|(),|()|()|()|()()( badPaxPltaPsbPslPvtPsPvP

Eliminate: s

Summing on s results in a factor with two arguments fs(b,l)
In general, result of elimination may be a function of several 
variables

Compute: ∑=
s

s slPsbPsPlbf )|()|()(),(

),|()|(),|()|()|()()( badPaxPltaPsbPslPsPtfv⇒

),|()|(),|(),()( badPaxPltaPlbftf sv⇒

Example (cont)Example (cont)

Need to eliminate: s,x,t,l,a,b
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V S

LT

A B

X D

),|()|(),|()|()|()|()()( badPaxPltaPsbPslPvtPsPvP

Eliminate: x

Note: fx(a) = 1 for all values of a.  In fact, every variable that is 
not an ancestor of the query or evidence variables can be ignored!

Compute: ∑=
x

x axPaf )|()(

),|()|(),|()|()|()()( badPaxPltaPsbPslPsPtfv⇒

),|()|(),|(),()( badPaxPltaPlbftf sv⇒

),|(),|()(),()( badPltaPaflbftf xsv⇒

Need to eliminate: x,t,l,a,b

Example (cont)Example (cont)
V S

LT

A B

X D

),|()|(),|()|()|()|()()( badPaxPltaPsbPslPvtPsPvP

Eliminate: t
Compute: ∑=

t
vt ltaPtflaf ),|()(),(

),|()|(),|()|()|()()( badPaxPltaPsbPslPsPtfv⇒

),|()|(),|(),()( badPaxPltaPlbftf sv⇒

),|(),|()(),()( badPltaPaflbftf xsv⇒

),|(),()(),( badPlafaflbf txs⇒

Need to eliminate: t,l,a,b

Example (cont)Example (cont)

V S

LT

A B

X D

),|()|(),|()|()|()|()()( badPaxPltaPsbPslPvtPsPvP

Eliminate: l
Compute: ∑=

l
tsl laflbfbaf ),(),(),(

),|()|(),|()|()|()()( badPaxPltaPsbPslPsPtfv⇒

),|()|(),|(),()( badPaxPltaPlbftf sv⇒

),|(),|()(),()( badPltaPaflbftf xsv⇒

),|(),()(),( badPlafaflbf txs⇒

),|()(),( badPafbaf xl⇒

Need to eliminate: l,a,b

Example (cont)Example (cont)
V S

LT

A B

X D

),|()|(),|()|()|()|()()( badPaxPltaPsbPslPvtPsPvP

Eliminate: a,b
Compute:

∑∑ ==
b

ab
a

xla dbfdfbadpafbafdbf ),()(),|()(),(),(

),|()|(),|()|()|()()( badPaxPltaPsbPslPsPtfv⇒

),|()|(),|(),()( badPaxPltaPlbftf sv⇒

),|(),|()(),()( badPltaPaflbftf xsv⇒

),|()(),( badPafbaf xl⇒
),|(),()(),( badPlafaflbf txs⇒

)(),( dfdbf ba ⇒⇒

Need to eliminate: a,b

Example (cont)Example (cont)

Variable EliminationVariable Elimination

We now understand variable elimination We now understand variable elimination 
as a sequence of as a sequence of rewriting rewriting operationsoperations

Computation depends on order of Computation depends on order of 
eliminationelimination

Dealing with EvidenceDealing with Evidence

How do we deal with evidence?How do we deal with evidence?

Suppose get evidence Suppose get evidence V = t, S = f, D = t V = t, S = f, D = t and and 
want to compute want to compute P(L|V = t, S = f, D = t)P(L|V = t, S = f, D = t)

V S

LT

A B

X D

( ) ( )
( )tDfStVP

tDfStVLPtDfStVLP
===
===

====
,,
,,,,,|
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Dealing with Evidence Dealing with Evidence 

We start by writing the factors:We start by writing the factors:

Since we know that Since we know that V = tV = t, we don, we don’’t need to eliminate t need to eliminate 
VV
Instead, we can replace the factors Instead, we can replace the factors P(V)P(V) and and P(T|V)P(T|V)
withwith

These These ““selectselect”” the appropriate parts of the original the appropriate parts of the original 
factors given the evidencefactors given the evidence
Note that Note that ffp(Vp(V)) is a constant, and thus does not appear is a constant, and thus does not appear 
in elimination of other variablesin elimination of other variables

),|()|(),|()|()|()|()()( badPaxPltaPsbPslPvtPsPvP

V S

LT

A B

X D

)|()()( )|()( tVTPTftVPf VTpVP ====

),()|(),|()()()( ),|()|()|()|()()( bafaxPltaPbflftfff badPsbPslPvtPsPvP

V S

LT

A B

X D

Dealing with Evidence Dealing with Evidence 

Compute P(L, V = t, S = f, D = t )Compute P(L, V = t, S = f, D = t )

Initial factors, after setting evidence:Initial factors, after setting evidence:

),()|(),|()()()( ),|()|()|()|()()( bafaxPltaPbflftfff badPsbPslPvtPsPvP

V S

LT

A B

X D

),()(),|()()()( ),|()|()|()|()()( bafafltaPbflftfff badPxsbPslPvtPsPvP

Dealing with Evidence Dealing with Evidence 

Compute P(L, V = t, S = f, D = t )Compute P(L, V = t, S = f, D = t )

Initial factors, after setting evidence:Initial factors, after setting evidence:

Eliminating X:Eliminating X:

Dealing with Evidence Dealing with Evidence 

Initial factors, after setting evidence:Initial factors, after setting evidence:

Eliminating Eliminating xx, we get, we get

Eliminating Eliminating tt, we get, we get

Eliminating Eliminating a, a, we getwe get

Eliminating Eliminating b, b, we getwe get

),()|(),|()()()( ),|()|()|()|()()( bafaxPltaPbflftfff badPsbPslPvtPsPvP

V S

LT

A B

X D

),()(),|()()()( ),|()|()|()|()()( bafafltaPbflftfff badPxsbPslPvtPsPvP

),()(),()()( ),|()|()|()()( bafaflafbflfff badPxtsbPslPsPvP

),()()( )|()|()()( lbfbflfff asbPslPsPvP

)()()|()()( lflfff bslPsPvP

Variable EliminationVariable Elimination

Compute the probability of Compute the probability of XXkk given values to given values to 
evidence variables Eevidence variables E

Algorithm is same as before, with no need Algorithm is same as before, with no need 
to perform summation with respect to to perform summation with respect to 
evidence variables.evidence variables.

Complexity of inferenceComplexity of inference

ThmThm::
Computing P(X = x) in a Bayesian network Computing P(X = x) in a Bayesian network 
is NPis NP--hardhard
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Approaches to inferenceApproaches to inference

Exact inferenceExact inference
––Variable eliminationVariable elimination
––Join tree algorithmJoin tree algorithm
Approximate inferenceApproximate inference
––Simplify the structure of the network to make Simplify the structure of the network to make 

exact inference efficient (exact inference efficient (variationalvariational methods, methods, 
loopy belief propagation)loopy belief propagation)

Probabilistic methodsProbabilistic methods
––Stochastic simulation / sampling methodsStochastic simulation / sampling methods
––Markov chain Monte Carlo methodsMarkov chain Monte Carlo methods


