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Markov ChainsMarkov Chains

Lecture #21Lecture #21
11/13/0811/13/08

AnnouncementsAnnouncements

Programming Assignment #3 is due Dec. Programming Assignment #3 is due Dec. 
1111thth..
–– not as much time as it seems, given not as much time as it seems, given 

Thanksgiving break.Thanksgiving break.

Any questions?Any questions?

BA C D

Review: Inference on a chainReview: Inference on a chain

Summary:

BA C D

Review: multiple orders workReview: multiple orders work
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Variable EliminationVariable Elimination
Suppose weSuppose we’’re interested in re interested in P(XP(Xkk))
Write query in the formWrite query in the form

IterativelyIteratively
–– Move all irrelevant terms outside of innermost sumMove all irrelevant terms outside of innermost sum
–– Perform innermost sum, getting a new termPerform innermost sum, getting a new term
–– Insert the new term into the productInsert the new term into the product

Dealing with EvidenceDealing with Evidence

How do we deal with evidence?How do we deal with evidence?

Suppose get evidence Suppose get evidence V = t, S = f, D = t V = t, S = f, D = t and and 
want to compute want to compute P(L|V = t, S = f, D = t)P(L|V = t, S = f, D = t)
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Dealing with Evidence Dealing with Evidence 

We start by writing the factors:We start by writing the factors:

Since we know that Since we know that V = tV = t, we don, we don’’t need to eliminate t need to eliminate 
VV
Instead, we can replace the factors Instead, we can replace the factors P(V)P(V) and and P(T|V)P(T|V)
withwith

These These ““selectselect”” the appropriate parts of the original the appropriate parts of the original 
factors given the evidencefactors given the evidence
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Markov chain Monte Carlo Markov chain Monte Carlo 
samplingsampling

Generates events by making random Generates events by making random 
changes to the state variable.changes to the state variable.

The next state is generated by sampling a The next state is generated by sampling a 
value for one of the value for one of the nonevidencenonevidence variables variables 
conditioned on the current values.conditioned on the current values.

Markov chainsMarkov chains
A Markov chain is a random process (infinite A Markov chain is a random process (infinite 
sequence of random variables) sequence of random variables) 
(X(0), X(1),(X(0), X(1),……,X(t),,X(t),……)) that satisfies:that satisfies:

P(X(t) | X(0),P(X(t) | X(0),……X(tX(t--1)) = P(X(t)|X(t1)) = P(X(t)|X(t--1))1))

The probability of a particular state at time The probability of a particular state at time tt
depends only on the state at time depends only on the state at time tt--11
If the transition probabilities are fixed for all If the transition probabilities are fixed for all tt, the , the 
chain is called chain is called homogeneoushomogeneous and is characterized and is characterized 
by a transition matrix T.by a transition matrix T.
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T=

0.7 0.3 0
0.3 0.4 0.3
0 0.3 0.7

Markov chainsMarkov chains
In order for a Markov chain to be useful for In order for a Markov chain to be useful for 
sampling from sampling from P(x)P(x), we require that for any , we require that for any 
starting state starting state x(0)x(0)::

Equivalently, the stationary distribution of the Equivalently, the stationary distribution of the 
Markov chain must be Markov chain must be P(x):P(x):

the transition probability the transition probability to to xx’’

Using a Markov chain to sampleUsing a Markov chain to sample

If the Markov chain indeed converges to If the Markov chain indeed converges to 
the desired distribution from, we can start the desired distribution from, we can start 
in an arbitrary state, use the Markov chain in an arbitrary state, use the Markov chain 
to do a random walk for a while, and to do a random walk for a while, and 
output the output the x(t).x(t).
The resulting state will be sampled from The resulting state will be sampled from 
P(x)P(x)..

Stationary distributionStationary distribution

The stationary distribution of this chain is The stationary distribution of this chain is 
(0.33,0.33,0.33)(0.33,0.33,0.33)

Q =
0.7 0.3 0
0.3 0.4 0.3
0 0.3 0.7
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Markov chains for samplingMarkov chains for sampling

To ensure that the chain converges to a unique To ensure that the chain converges to a unique 
stationary distribution the following conditions stationary distribution the following conditions 
are sufficient:are sufficient:
–– IrreducibilityIrreducibility: every state is eventually reachable from : every state is eventually reachable from 

any start state; for all any start state; for all x,yx,y there exists a there exists a tt such thatsuch that PPt t 
(y) > 0(y) > 0 when starting at when starting at xx

–– AperiodicityAperiodicity: the chain doesn: the chain doesn’’t get caught in cycles.t get caught in cycles.

The process is The process is ergodicergodic if it is both irreducible if it is both irreducible 
and and aperiodicaperiodic

Detailed balanceDetailed balance
To ensure that the stationary distribution of the To ensure that the stationary distribution of the 
Markov chain is Markov chain is P(x)P(x) it is sufficient for it is sufficient for PP and and QQ to to 
satisfy the satisfy the detailed balancedetailed balance ((reversibilityreversibility) condition:) condition:

Given that detailed balance holds:Given that detailed balance holds:

Gibbs samplingGibbs sampling

Idea: To transition from one state (variable Idea: To transition from one state (variable 
assignment) to another by: assignment) to another by: 
–– Pick a variable Pick a variable XXjj,,
–– Sample its value from the conditional Sample its value from the conditional 

distributiondistribution
P(xP(xjj | x| x11,,……xxjj--11,x,xj+1j+1,,……xxnn))

In a Bayesian network In a Bayesian network xxjj depends only on depends only on 
a subset of the variables.a subset of the variables.

Markov BlanketMarkov Blanket
Variables are independent of their nonVariables are independent of their non--
descendents given their parentsdescendents given their parents
Variables are independent of Variables are independent of everything else everything else 
in the network in the network given their given their Markov blanketMarkov blanket..
So, to sample a node, only need to condition So, to sample a node, only need to condition 
on its Markov blanket:on its Markov blanket:
P(xP(xjj | x| x11,,……xxjj--11,x,xj+1j+1,,……xxnn) = ) = 
P(xP(xjj | MB(x| MB(xii))))

The Gibbs sampling algorithmThe Gibbs sampling algorithm
GIBBSGIBBS(X, (X, ee, , bnbn, N) , N) returns estimate ofreturns estimate of P(X|P(X|ee))

NN[x][x] -- counts the number of times each value of counts the number of times each value of 
XX was observedwas observed
xx[j][j] -- the current state of the network the current state of the network xx[0][0]
initialized with random values for the initialized with random values for the 
nonevidencenonevidence variablesvariables
for for j = 1 to Nj = 1 to N dodo

for each for each nonevidencenonevidence variable variable XXii
sample sample XXii from from P(XP(Xii|MB(X|MB(Xii))))
NN[x] = [x] = NN[x] + 1[x] + 1, where , where xx is the is the 

value of value of XX in in xx[j][j]

Convergence of Gibbs samplingConvergence of Gibbs sampling

Gibbs sampling satisfies detailed balance:Gibbs sampling satisfies detailed balance:

denotes the variables other than denotes the variables other than xxii
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Gibbs sampling exampleGibbs sampling example
Consider a 2 variable network:Consider a 2 variable network:

Initialize randomlyInitialize randomly
Sample variables alternatelySample variables alternately
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Practical issuesPractical issues

How many iterations?How many iterations?
When to stop?When to stop?


