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Moving on: (Chapter 5)
 Sieve of Eratosthenes

Sanjay Rajopadhye
Colorado State University

Fall 2008 Week 4

Objectives

 MPI: Beyond the simplest example
 Block data distributions and their analysis
 Function MPI_Bcast
 Performance tuning:

 improving sequential performance
better algorithm
avoiding communication (redundant computation)

Outline

 The problem and a sequential algorithm
 Parallelization strategies
 Data decomposition:

 Cyclic
 Block

 Parallel algorithm development & analysis
 Benchmarking
 Performance tuning

The problem

 Find all the prime numbers up to a given number n
 By Òfiltering outÓ the multiples of known primes
 Many strategies

 Start with a sequential algorithm and systematically
parallelize it using our known and trusted approach

 Think out of the box (a completely different approach)
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Sequential Algorithm

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

32 33 34 35 36 37 38 39 40 41 42 43 44 45 46

47 48 49 50 51 52 53 54 55 56 57 58 59 60 61

2 4 6 8 10 12 14 16

18 20 22 24 26 28 30

32 34 36 38 40 42 44 46

48 50 52 54 56 58 60

3 9 15

21 27

33 39 45

51 57

5

25

35

55

7

49

Complexity: Θ(n ln ln n)

Algorithm (contd)

Create an array of numbers 2 … n, none of which is “marked”
Invariant: the smallest unmarked number is a prime

k ← 2 /* k is the “next” prime number */
repeat
    Mark off all multiples of k as non-primes
    Set k to the next unmarked number (which must be a prime)
 until “done”

Pseudo code

for (i=1; i<=n; i++) marked[i] = 0;
k = index = 2;
marked[0] = marked[1] = 1;
while (k<=n) {
    for (i=2; i<=n; i++) if (i%k == 0) marked[i]=1;
    while (marked[++index]) ; /* do nothing */
    /* now index has the first unmarked number, so … */
    k = index;
}

Analysis & Improvement

 Where does the program spend its time?

 How to improve?
 if x=a*b is a composite number, then at least one of

a or b is less than (or equal to) ! x  (algorithmic
improvement)
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Improved code

for (i=0; i<=n; i++) marked[i] = 0;
k = index = 2;
marked[0] = marked[1] = 1;
while (k*k<=n) { /* outer loop has only sqrt(n) iterations */
    for (i=k*k; i<=n; i++) if (i%k == 0) marked[i]=1;
    while (marked[++index]) ; /* do nothing */
    /* now index has the first unmarked number, so … */
    k = index;
}

Sequential performance first

for (i=1; i<=n; i++) marked[i] = 0;
k = index = 2;
marked[0] = marked[1] = 1;
while (k<=n) {
    /* for (i=k*k; i<=n; i++) if (i%k == 0) marked[i]=1; */
    for (i=k*k; i<=n; i+= k) marked[i]=1;
    while (marked[++index]) ; /* do nothing */
    /* now index has the first unmarked number, so … */
    k = index;
}

Lessons
 Exercise

 Write the three versions of the code and measure the running time for
asymptotically increasing values of n

 Priorities:
 First improve asymptotic running time (better algorithms)
 Next, get constant factor gains (better sequential programs)
 Only then think of parallelization

Parallelization

 Agglomeration (two steps)
 One computational task is a single update (marking) of an array element
  All updates of the same element done by a single process
 Further, there is additional agglomeration (many array elements assigned to the

same process)

 Domain Decomposition: divide the array into pieces
 Cyclic allocation
 Block allocation
 Other allocation
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Break

 Think outside the box

“Streaming” allocation

 Each process is responsible for a prime number

 Data structure:
 not a Boolean array (marked or unmarked);
 but an array of integers to filter

 First number is a prime

 A process filters out the first number it sees (ÒmyprimeÓ)

 And writes out an array with all multiples of myprime deleted.

HW1 Clarification

 First experiment a bit
 find a Òlarge enough nÓ
 running time on one processor is about 100 sec)

 Then, keep n fixed, change the number of processors
 gather running time data
 plot the speedup
 explain what you see
 does it jive with your expectations (hypotheses)

Cyclic vs block allocation

 Cyclic allocation
 simple logic to determine who is responsible for the i-th element
 has load imbalance (similar to the ÒstreamingÓ approach)

 Block allocation
 load balanced
 (Slightly) complicated logic
 What if n is not a multiple of p?
 Each process should get either n/p or n/p elements
 How to distribute them?
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Simplest approach

 Simple Block allocation
 First (p-1) processors get n/p elements

 last one gets whatever remains

 Examples/Problems:
 〈100, 6〉 yields [17 17 17 17 17 15]
 〈100, 9〉 yields [11 11 11 11 11 11 11 11 1]
 〈100, 11〉 yields [10 10 10 10 10 10 10 10 10 10 0]
 〈20, 18〉 yields [2 2 2 2 2 2 2 2 2 2 0 0 0 0 0 0 0 0]

 almost half the processors have no data

 How to resolve?

Basic mapping functions

 Given an element, i, which processor ÒownsÓ it?
 i → p  function
 i → m  function memory location on the local array in p where it is stored.

 Given a processor, p what element(s) does it own?
 p → i  function (relation)
 p → f  and p → l (first and last elements owned by processor p)

 So, what is the i → m  function?
 Compose the i → p  and i → f  functions and use i - f

 m (i) = i - f ( p ( i ))

 Given a processor, p and an address, a what element of the
original array does that hold?
 f ( p ) + a

Block distribution (2)

 First r processors get exactly n/p elements

 Remainder get n/p

 Mapping functions:
 f (p ) = p n/P + min(p, r )

 l (i ) = (p + 1)n/P + min(p, r ) - 1

 i → p  function:  proc (i ) = min(  j / (n/P + 1) ,  ( j - r) / n/P 
 Double floor
 May have to be computed often, dynamically

Block distribution (3)

 ÒReverse engineerÓ from a simple function

 p → f  function:  first (p ) = pn/P

 Everything follows from it

 p → l  function:  last(p ) = (p + 1) n/P - 1
 proc (i) =  (p (i + 1) - 1) / n
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Block distribution (4)

 This is what you should follow
 Variant of the simplest strategy

 First (p-1) processors get n/p elements

 last one gets whatever remains

 Possibly more than the others

 Again, simple mapping functions (see in the code)

Parallelization Strategy

 First processor has n/p elements
 Make sure that this is more than sqrt(n)

 so all primes used to mark off are determined by the first
processor

 First processor informs others of the prime
 Processors mark off their section of the array


