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Optimization & Tiling
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Sanjay Rajopadhye
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Fall 2008 Week 5

Objectives

! Sieve of Eratosthenes: algorithm analysis
! Optimizations:

" Broadcast removal

" Loop interchange (for caches)

" Marking only odd numbers
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Analysis

! Sequential complexity

" Almost linear time complexity
!  

T(n) = O(n ln ln n)

Analysis

! Sequential complexity

" log10 n: Number of digits in decimal representation of n
" log2 n: Number of bits in the binary representation of n
" log log10 n: Digits in decimal representation of that
" log log2 n: bits in the binary representation of that

" Almost linear time complexity

!  

T(n) = O(n ln ln n)
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Parallel program analysis

! Time to mark one cell !
" Sequential execution time: !  n ln ln n

! Number of broadcasts: ! n / ln ! n
! Time for a single broadcast (two models)

" "  log p
" "

! Total execution time

!  

T(n) =
1
p

"  n ln ln n +  2#
n

ln n
 log p

Improving the program

! Avoid broadcasts (homework assignment #1)
" Each process independently compute  all primes up to ! n
"  Each processor independently marks off its section of the

global array
" Processes communicate only once (with MPI_Reduce) to

determine the total number of primes.

! BUT FIRST, SEE WHAT COMPILER CAN DO

" USE OPTIMIZATION FLAGS
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Initial sequential part

for ( i=0; i<=sqrt (n); i++) marked[i] = 0;
k = index = 2; j=0;
marked[0] = marked[1] = 1;
while (k*k <=sqrt (n)) {
    for ( i=k*k;  i<=sqrt (n); i+= k) marked[i]=1;
    while (marked[++index]);
    primes[j++] = k = index;
}
/* loop through marked & store additional values into primes */
numprimes = Òtotal number of primes found Ó;

Parallel part

for ( j=0; j< =numprimes; j++){
    f =  ÒÞrst multiple of primes[j] in my section Ó;
    for ( i=f; i<=mysize; i+= primes[j] ) marked[i]=1;
}

/* code to count  the number of primes and
MPI_Reduce it  to processor 0   */
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Locality Improvement

! Loop blocking/tiling/partitioning
! Typically applied to compute-intensive loops to

optimize
" Communication cost
" Memory locality (register, cache, main-memory, disk)
" parallel machine utilization (processors, cores, etc.)

Matrix multiplication (ideal)
3( )O n Real machine

5( )O n

ÒThe uniform Memory Hierarchy Model of Computation Ó
B. Alpern , L. Carter, E. Feig, T. Selker (Algorithmica 1992)

Tiling the sieve
for ( j=0; j< =numprimes; j++){
    f =  ÒÞrst multiple of primes[j] in my section Ó;
    for ( i=f; i<=mysize; i+= primes[j]) marked[i]=1;
}
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Tiling the sieve
for ( j=0; j< =numprimes; j++){
    f =  ÒÞrst multiple of primes[j] in my section Ó;
    for ( i=f; i<=mysize; i+= primes[j]) marked[i]=1;
}

for ( j=0; j <=numprimes; j++ ){
    f = ÒÞrst multiple of primes[j] in my section Ó;
    start = Òlargest multiple of BKSIZE leq f Ó;
    for (ii=start; ii <= mysize, ii += BKSIZE){
        f Õ = Þrst multiple of primes[j] geq ii;
        for ( i=fÕ; i<=min(ii+BKSIZE-1,mysize); i+=primes[j] ){
            marked[i]=1 ;
         }
    }
}

Tiling the sieve

This changes nothing in the code: all iterations are
executed in exactly the same order as before.  Only,
with a more complicated loop structure.

for ( j=0; j <=numprimes; j++ ){
    f = ÒÞrst multiple of primes[j] in my section Ó;
    start = Òlargest multiple of BKSIZE leq f Ó;
    for (ii=start; ii <= mysize, ii += BKSIZE){
        f Õ = Þrst multiple of primes[j] geq ii;
        for ( i=fÕ; i<=min(ii+BKSIZE-1,mysize); i+=primes[j] ){
            marked[i]=1 ;
         }
    }
}
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Pull the ii loop outside the j loop

for ( j=0; j< =numprimes; j++){
    f = ÒÞrst multiple of primes[j] in my section Ó;
    start = Òlargest multiple of BKSIZE leq f Ó;
    for (ii=start; ii <= mysize, ii += BKSIZE){
        f Õ = Þrst multiple of primes[j] geq ii;
        for ( i=fÕ; i<=min(ii+BKSIZE-1,mysize); i+=primes[j]){
            marked[i]=1;
         }
    }
}

Pull the ii loop outside the j loop

for ( j=0; j< =numprimes; j++){
    f = ÒÞrst multiple of primes[j] in my section Ó;
    start = Òlargest multiple of BKSIZE leq f Ó;
    for (ii=start; ii <= mysize, ii += BKSIZE){
        f Õ = Þrst multiple of primes[j] geq ii;
        for ( i=fÕ; i<=min(ii+BKSIZE-1,mysize); i+=primes[j]){
            marked[i]=1;
         }
    }
}
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But is this legal?

! ThatÕs the trick

! You need to ensure that the code correctly does
what the original one did.

Performance
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Performance

Benchmarking & Performance
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Summary

! More involved problem
! Reductions and Broadcasts
! Block Distribution
! Sequential Performance is crucial

" Key to high performance computing


