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Abstract

Videos can be naturally represented as multidimensional
arrays known as tensors. However, the geometry of the ten-
sor space is often ignored. In this paper, we argue that
the underlying geometry of the tensor space is an impor-
tant property for action classification. We characterize a
tensor as a point on a product manifold and perform clas-
sification on this space. First, we factorize a tensor re-
lating to each order using a modified High Order Singu-
lar Value Decomposition (HOSVD). We recognize each fac-
torized space as a Grassmann manifold. Consequently, a
tensor is mapped to a point on a product manifold and the
geodesic distance on a product manifold is computed for
tensor classification. We assess the proposed method us-
ing two public video databases, namely Cambridge-Gesture
gesture and KTH human action data sets. Experimental re-
sults reveal that the proposed method performs very well on
these data sets. In addition, our method is generic in the
sense that no prior training is needed.

1. Introduction

Human-computer interaction has attracted considerable
attention in recent years [16]. Action classification is one
key aspect of human-computer interaction, and a variety of
methods have been proposed to construct action classifiers.
Bissacco et al. [2] employed an ARMA model for human
gait recognition. Schiildt et al. [19] combined local fea-
tures and SVMs for human action classification. Turaga et
al. [21] applied Procrustes distances on special manifolds
for activity recognition. Recently, Laptev et al. [11] pro-
posed a method using spatio-temporal bag-of-features com-
bined with multi-channel SVMs for action classification.
Despite these efforts, reliable action classification remains a
hard problem because of the complexity of human motions.
To address this concern, more powerful tools are needed,

and one such tool is multilinear algebra.

Multilinear algebra is a mathematical framework for
high order tensors which capture multiple factor variations
and interactions. Tensor computing has been successfully
applied to many computer vision applications such as face
recognition [23], visual tracking [13], and action classifi-
cation [22, 8]. However, the advantages of representing a
tensor on a product manifold in the context of classifica-
tion have not been explored. In this paper, we represent a
video as a 3rd order tensor and demonstrate that the geomet-
ric structure of the tensor space is discriminative for action
classification.

It is known that multidimensional data can be considered
as a high order tensor. Previous methods [23, 22, 8] often
learn a projection to characterize a lower dimensional tensor
subspace and apply discriminant analysis. Such techniques
are usually complicated due to the nature of the learning
algorithms. In addition, they require a large amount of
training data and may suffer from a generalization problem.
With so much effort paid to the learning algorithms, com-
paratively little work has investigated the underlying geom-
etry of the tensor space.

The method proposed in this paper employs tensors to
perform action classification from a different perspective.
First, it is a non-trained method, and so avoids training data
and generalization problems. Second, we focus attention on
the geometric structure of the tensor space, and this in turn
provides insight into the existing multilinear algebra, its un-
derlying geometric interpretation, and how this geometry
provides a robust basis for classification.

Our approach begins by abstracting an N order tensor
as a point on a product manifold where the number of fac-
tors is given by the order of the tensor. Because each factor
of the tensor can be characterized as an orthogonal matrix
via a decomposition procedure, it is represented on a Grass-
mann manifold. However, traditional Higher Order Singu-
lar Value Decomposition (HOSVD) [12] does not factorize



a space which preserves the geodesic distance in the con-
text of video classification. It is therefore helpful to modify
the common definition of HOSVD, and with the modified
HOSVD, each factor manifold is related to a single order
of the tensor spanned by the column space. As such, an NV
order tensor yields NV factor manifolds.

Our approach then draws upon the fact that the geodesic
on a product manifold is equivalent to the Cartesian prod-
uct of geodesics from multiple factor manifolds. In other
words, elements of a product manifold are from the set of
all elements on factor manifolds. Action classification is
then performed on the basis of geodesic distance on a prod-
uct manifold associated with an action video.

The most important contribution of this paper is the pre-
sentation of a new way of relating tensors on a product man-
ifold for action video classification. Using geodesic dis-
tance on a product manifold to compare videos, we demon-
strate that a simple nearest neighbor classifier can perform
very well: comparable with the best highly trained algo-
rithms in the literature.

The rest of this paper is organized as follows: Related
works are summarized in Section 2. Tensor algebra and
geodesic distances are reviewed in Section 3. The formula-
tion of the proposed product manifold is presented in Sec-
tion 4. Experimental results are reported in Section 5. Fi-
nally, discussion and conclusions are given in Section 6 and
Section 7, respectively.

2. Related Works

Many researchers have investigated various practical ap-
plications of product spaces in recent years. We summarize
some of this past work here.

Ma et al. [15] estimated 3D motion from a sequence of
images. The motion parameters are represented on an es-
sential manifold which is a set of 3 x 3 rotation matrices
on a Lie group. The essential manifold is viewed as a prod-
uct of Stiefel manifolds. As such, the parallel transport and
geodesics are computed on each factor manifold. Newton’s
method is employed for optimization.

Shaji et al. [20] formulated the structure from motion
problem on a product manifold. The underlying parame-
ter space is constrained from the product manifold. The
Gauss-Newton method is used for optimization over a N-
fold product manifold of a special Euclidean group.

Schoenemann et al. [18] performed image segmentation
in product spaces. The product space is spanned by the
image and the prior contour. The contour of an image is
considered as the shortest path found by minimizing the
geodesic energy. Then, the joint space of an image and con-
tour are used for segmentation.

Eldén and Savas [7] presented a method to approximate a
3rd order tensor. Newton optimization is exploited to search
the orthogonal matrices on a product manifold represented

YZ
X Ax)
2 ZX
yl Y Aw)
Xy
Z Az)

Figure 1. An example of matrix unfolding of a 3rd order tensor.

by three Grassmann manifolds. The authors computes the
gradient directions on three tangent spaces of Grassmann
manifolds.

Datta et al. [5] modeled the nonlinear motion manifold
as a collection of local linear models. This method learns
a selection of mappings that are used to encode the motion
manifold. The mappings are collected on a product space
as a motion manifold.

3. Mathematical Background

In this section, we briefly review the background math-
ematics used in this paper, i.e., elements of tensor algebra
and geodesic distance on Grassmann manifolds.

3.1. Tensor Representation

A video can be naturally represented as a third order ten-
sor € RX*Y*Z where X, Y, and Z are the image width,
image height, and video length, respectively. Tensors can
be regarded as a multilinear mapping over a set of vector
spaces. Generally, useful information can be extracted us-
ing tensor decompositions. In particular, a Higher Order
Singular Value Decomposition (HOSVD) [12] is considered
in this paper. A recent review paper on tensor decomposi-
tions can be found in [10]. Before we describe HOSVD, we
illustrate a building block operation called matrix unfold-
ing.

3.1.1 Matrix Unfolding

Let A be an order N tensor € RI1*12x-xIn A can
be converted to a set of matrices via a matrix unfold-
ing operation. Matrix unfolding maps a tensor A to a
set of matrices A(l), A(Q), R A(N), where A(k) S
RI X (Txx o1 x D1 X IN) jg 3 mode-k matrix of A. An
example of matrix unfolding of a 3rd order tensor is given in
Figure 1, where the rows are represented by a single order
of the tensor and the columns are composed by two orders
of the tensor.



3.1.2 HOSVD

Just as a matrix can be factorized using a Singular Value
Decomposition (SVD), a tensor can also be factorized using
HOSVD. HOSVD operates on the unfolded matrices Ay,
and each is factored as follows:

Ay = U®E Rk ET (1)

where ©(%) is a diagonal matrix, U(®) is an orthogonal
matrix spanning the column space of A ;) associated with
nonzero singular values, and V(*) is an orthogonal matrix
spanning the row space of A ;) associated with nonzero sin-
gular values. Then, an N order tensor can be factorized
using HOSVD as follows:

A=8 x; UWx, UP %, UM 2)

where § € RUrxI2xxIN) jq g core tensor, UV, U2, . ..,
U™ are orthogonal matrices spanning the column space
described in Equation (1), and X denotes mode-k multi-
plication. The core tensor signifies the interaction of mode
matrices and is generally not diagonal when the tensor order
is greater than two.

3.2. Geodesic Distance on Grassmann Manifolds

A Grassmann manifold [6] G,, ,, is a set of p-dimensional
linear subspaces of R™ (p-planes in R™). Every point on an
Gn,p represents a subspace spanned by the column space of
an n X p orthogonal matrix. In addition, points are viewed
as being equivalent if there exists a p x p orthogonal matrix
@, which maps one point into the other. i.e.,

V] = {yQp 1Qp € @p} 3)

where | )| is an element on a Grassmann manifold G, ,.

Geodesic distances on a G, ,, can be characterized in
terms of canonical angles [6, 14] and can be recursively
computed as follows [3]:

0, = min cos— 1 (zTy) = cos— (2T A
g ze|X],yelY] (@ y) (7% yr) 4)
subject to
lzll = llyll = 1
.’ETl'i = O, yTyi:(L i:lw'.,k_l

The space of a Grassmann manifold is curved, and the
shortest path between two points on a manifold is geodesic.
In this paper, we employ chordal distance [4] as our mea-
sure of geodesic distance. It is defined as:

de([X ], [V]) = [ sin 6 [| Q)

where | X'] and || are p-dimensional linear subspaces in
R™. The chordal distance considers the curved nature of
Grassmannian spaces, describing the geodesic distance be-
tween two spanning sets, and is differentiable everywhere.

4. Product Manifolds

A product manifold can be recognized as a complex
compound object in a high dimensional space. For example,
a line in R! x a circle in R? becomes an infinite cylinder
in R%. The product manifold may be viewed as the cross
section of an lower dimensional object. Formally, let M,
Moy, ..., M, be a set of manifolds. The set M; x My
X ... X My is called the product of the manifolds where
the manifold topology is equivalent to the product topology.
Thus, a product manifold is defined as:

M=Mi x My x---x M, (6)

where x denotes the Cartesian product and M, represents
a factor manifold.

4.1. Factorization in Product Spaces

As discussed in Section 3.1, HOSVD is built up from
the unfolded matrices (modes) via matrix unfolding. The
variation of each mode is captured by HOSVD. However,
as we are about to make clear, the traditional formulation of
HOSVD will cause difficulties for us as we attempt to use
HOSVD to relate a tensor on a product manifold.

The column of every unfolded matrix A ) is composed
by multiple orders from the original tensor. This fact can
also be observed in Figure 1. Let m be the dimension of the
columns, Iy X ... [ X Iy - - - X I, and n be the dimen-
sion of the rows, Iy, for an unfolded matrix A ). We can
then assume that the dimension of the columns is greater
than the dimension of the rows, i.e. m > n. This implies
that the unfolded matrix A ;) only spans n dimensions.

According to the SVD Equation (1), U®) € R™*" is
the orthogonal matrix spanning the column space associated
with nonzero singular values. Because m > n, U®) is actu-
ally a point on a special orthogonal group SO(n) and there
is no closed-form solution for computing the geodesic dis-
tance on SO(n). Furthermore, the geodesic distance would
always be zero when we view points on SO(n) as Grass-
mannian. This is due to the fact that Grassmannian can
be represented as the quotient space of SO(n). In other
words, we can always find a rotation matrix (a mapping) to
rotate a point to the other in SO(n). As such, traditional
HOSVD employed U %) for factorization is not the appro-
priate choice to form a product manifold.

On the other hand, V*) in Equation (1) is the orthogo-
nal matrix spanning the row space associated with nonzero
singular values and it only spans n dimensions. Therefore,
V(k) can be represented by an m x n orthogonal matrix
and it is a point on a Grassmann manifold. This observation
motivates us to form a product manifold by modifying the
HOSVD.

The modification for the existing HOSVD is simple.
Since the V(¥) is the orthogonal matrix spanning the row



space, all we need is to make it span the column space
because a point on a Grassmann manifold represents a
subspace spanned by the column space of an orthogonal
matrix. To do so, we can simply take the V(*) from
Equation (1). Alternatively, we can change the matrix
unfolding of Ay from R xlk—ixlipaxIn) o
RUrx X Do X1 IN) X1k Therefore, we need to trans-
pose the unfolded matrix and the modified HOSVD can then
be written as:

A=8 x; VWx, v@ xy vV (7)

where the dimension of the core tensor S is
R(I2><IS><"'><IN)><(II ><13~--><IN)><---><(Il><12><...I(N,1))'

One can easily verify that the core tensor S along with
V(%) would perfectly reconstruct the tensor A.

Because V' (¥) is an orthogonal matrix, every such matrix
has an associated point on a Grassmann manifold. Further-
more, a set of orthogonal matrices V1, V2 V)
forms a set of Grassmann manifolds M, Ms, ..., My
where the dimension of each factor manifold is different. In
other words, V(¥) is the component for a product manifold.

Using the modified HOSVD, we factorize each order
of the tensor into a factor manifold. Each factor manifold
spans one order of a tensor in a column space whereas the
traditional HOSVD spans multiple factors. Hence, the mod-
ified HOSVD can have a one-to-one factorization between
the order of a tensor and a factor manifold.

4.2. Geodesic Distance on Product Manifolds

It is known that the geodesic in a product manifold M is
the product of geodesics in M1, My, ..., My [15, 1].
As such, for any differentiable curve - parametrized by
t, we have y(t) = (v;(t),7;(t)) where ~; and ~; are the
geodesics on M; and M respectively. From this obser-
vation, a geodesic distance on a product manifold can be
formulated as:

dp (A, B) = || sin © || ®)

where A and B are N order tensors, and © = (61, 0o, ...,
6 ) where the canonical angle 8;, € M, is computed sepa-
rately on each Grassmann (factor) manifold.

This development of geodesic distance on the product
manifold can be related back to our cylinder example where
a circle in R? and a line in R! form an open cylinder in R3
in a product space. Recall that a Grassmann manifold is a
set of p-dimensional linear subspaces. In analogous fash-
ion, the product of a set of py, po, ..., py linear subspaces
forms a set of product subspaces whose dimension is (p; +
P2 + ... + pn). The product subspaces are the elements
on a product manifold. This observation is consistent with
the © in Equation (8) where the number of canonical an-
gles agrees with the dimension of product subspaces on the
product manifold.

Note that canonical angles ) are measured between
Vy) and Vék) where each is an orthogonal matrix span-
ning the row space associated with nonzero singular val-
ues from a mode-k matrix. As such, an N order tensor in
R xT2xXIN would span N row spaces in Iy, Io, ..., I,
respectively, and the dimension of product subspaces on a
product manifold is the sum of each order of a tensor, i.e.,
(Zili1=11+12+... +1In).

4.3. Classification on Product Manifolds

Putting all the components together for video classifica-
tion, we employ a simple nearest neighbor classifier. Let A
and BB, be 3rd order tensors where A4 is a query video and B3;
is a target video. Then, the classification can be performed
as follows:

J* = argmind (A, B;) 9
j Etarget

The tensor representation on a product manifold for a video
models the variations in both space and time. Each video is
explicitly formulated as multiple effects and the geometry
of the space is properly considered. The geodesic distance
on a product manifold is not only geometrically sound, but
is also, as we will now demonstrate, very useful.

5. Experimental Results

We will test our method on the Cambridge-Gesture
database [8] ' and the KTH human action database [19] 2.
The Cambridge-Gesture database includes nine gesture
types. The video frame size is 320 x 240 and video lengths
are diverse. The KTH human action database has six types
of actions and is the largest action data set publicly avail-
able. Each video frame is scaled to 160 x 120 and the num-
ber of frames for each video sequence also varies.

5.1. Gesture Action Classification

The Cambridge-Gesture database includes 900 video se-
quences, 100 for each of nine gestures. Each of the 100
videos per gesture class is further broken down into five il-
luminations (Setl, Set2, Set3, Set4, and Set5) and ten mo-
tions from each of two subjects. Examples of these gestures
are given in Figure 2.

All video sequences are resized to 20 x 20 x 32. To stan-
dardize the video length, we collect the middle 32 frames
from a video sequence. Furthermore, no space-time align-
ment is performed on this data set.

Following the experimental protocol of [8], the data set
is partitioned into a number of illumination sets where Setl,
Set2, Set3, and Set4 are the test sets, and Set5 is the train-
ing set. Furthermore, the training set is randomly divided

!ftp://mi.eng.cam.ac.uk/pub/CamGesData/
Zhttp://www.nada.kth.se/cvap/actions/
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Figure 2. Each row depicts a class of hand gesture actions. (Flat-
Leftward (FL), Flat-Rightward (FR), Flat-Contract (FC), Spread-
Leftward (SL), Spread-Rightward (SR), Spread-Contract (SC), V-
Shape-Leftward (VL), V-Shape-Rightward (VR), and V-Shape-
Contract (VC)).

Our Method TCCA [§] DCCA [9]
Setl 89% 81% 63%
Set2 86% 81% 61%
Set3 89% 78% 65%
Set4 87% 86% 69%
Total 88% 82% 65%

Table 1. Classification rates for gesture action classification on the
Cambridge-Gesture database.

into training and validation sets (10 sequences for training
and the other 10 sequences for validation). Since we do not
perform prior training, we discard the validation set.

The classification results are reported in Table 1 and
our method outperforms the current state-of-the-art meth-
ods, tensor CCA (TCCA) [8] and discriminative CCA
(DCCA) [9], on all illumination data sets’>. The classifi-
cation results for our method and TCCA are further divided
into categories and presented in confusion matrices in Fig-
ure 3. Each cell in the confusion matrix is the average clas-
sification rate from four illumination sets. The confusion
matrices show that our method and TCCA handle individual
gestures differently, with our method doing better on 5 ac-
tions and TCCA doing better on 4 actions. Furthermore, the
worst TCCA performance for a gesture is 68%, compared
to 78% for our method. The best performance of TCCA for
a gesture is 98%, compared to 96% for our method.

5.2. Human Action Classification

The KTH human action data set [19] has six types of
human actions including walking, running, jogging, box-
ing, handwaving, and handclapping. Examples are shown

3We do not include Wong and Cipolla’s results [24] here because their
results were reported using the leave-one-out cross validation protocol.

Our Method TCCA [8]
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Figure 4. Rows from top to bottom are examples of walking, run-
ning, jogging, boxing, handwaving and handclapping.

in Figure 4. Each type of human actions is performed
by 25 people with four different scenarios: outdoors (s1),
outdoors with scale variation (s2), outdoors with different
clothes (s3), and indoors (s4). Similar to Kim and Cipolla’s
settings [8], we first perform space-time alignment (loca-
tion and frame cropping) on the human action videos man-
ually #. Next, all video sequences are resized to 20 x 20 x 32.
In order to standardize to a length of 32 frames, we take
the middle 32 for longer sequences, and recycle frames for
videos shorter than 32 frames.

To facilitate comparison with prior work, performance
on human action classification is evaluated using two proto-
cols. The first is proposed by Schiildt et al. [19]. The KTH
human action data set is divided into three subsets with dif-
ferent people: training set (8 persons), validation set (8 per-
sons), and test set (9 persons). Like the gesture experiment,
we discard the validation set because no prior training is re-
quired for the proposed method. The training set is further
divided into four groups of {s1}, {s1, s4}, {s1, s3, s4}, and
{s1, 82, s3, s4}. The test set is always {s1, s2, s3, s4}.

4The action is repeated several times on each original video.
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Figure 5. Confusion matrices for human action classification (Schiildt’s protocol): Left (Our Method), Middle (BOF + SVM) [11], Right

(LF + SVM) [19].

Our Method TCCA [8§] DCCA[9] STIP[24] STW [17]

Walking 98% 99% 100% 88% 82%
Jogging 99% 90% 80% 75% 53%
Running 97% 88% 68% 77% 88%
Boxing 97% 98% 97% 92% 98%
Handclapping 98% 100% 99% 100% 86%
Handwaving 95% 97% 99% 88% 93%
Total 97% 95% 90% 87% 83%

Table 2. Classification rates for human action classification on the KTH human action database (Leave-one-out cross validation).

The results are presented in the confusion matrices
shown in Figure 5. Each cell in the confusion matrix
is the average result from the four training groups. Our
results are in the left confusion matrix, and the bag-of-
features SVM (BOF + SVM) [11] and the local feature
SVM (LF+SVM) [19] are presented in middle and on the
right, respectively. As Figure 5 demonstrates, our method
improves the classification accuracies in all categories ex-
cept walking and boxing. Overall, our approach achieves
96% average classification rate whereas the BOF+SVM ob-
tains 91.8% and the LF+SVM gets 71.7%.

The second experiment protocol, used by [8, 24, 17], is
leave-one-out (LOO) cross validation. The classification re-
sults using LOO for the KTH human actions are reported in
Table 2. The first thing to note in Table 2 is that no algo-
rithm is universally best. In terms of top classification rates,
DCCA, TCCA, and our method are each best for two of the
six actions. However, when our method is better, it is typi-
cally by a larger amount, and this is reflected in the higher
overall average classification rate of 97% versus 95% for
TCCA and 90% for DCCA.

Looking at the results for both protocols on the KTH
human action data set, our method achieves the highest
overall classification rate. Interestingly, it is notable that
the two actions most commonly confused by the other ap-
proaches [11, 19, 8, 9, 24, 17] are jogging and running, and
our method is able to reduce this ambiguity greatly.

6. Discussion

The methods tested in this paper can be logically di-
vided into two categories. They are feature-based meth-
ods [11, 19, 24, 17], and pixel-based methods [8, 9]. Our
approach is pixel-based. Conceptually, pixel-based meth-
ods are simpler because they do not need additional human
intervention and/or machine learning algorithms to identify
the features, and a feature detector to locate the landmarks.
Therefore, they are arguably easier to apply to new action
classification problems.

All the algorithms that we compared in Section 5 require
prior training. Note the LOO protocol in particular, as ex-
emplified by the results in Table 2, works strongly in fa-
vor of highly trained methods by maximizing the available
training data. Of course, in practice large amounts of train-
ing data are not always available. Whenever training is uti-
lized, the opportunity arises for performance to degrade if
there is a mismatch between training and operational data.
Because our method depends upon the intrinsic geometry
of the videos expressed through product manifolds, no prior
training is involved.

Like many other pixel-based methods, our method may
be sensitive to background clutter. There are algorithms for
segmenting moving objects from cluttered background, and
future work will evaluate our method in conjunction with
video segmentation.



7. Conclusions

This paper demonstrates that the underlying geometry
of a video is an important feature for action classification.
We represent a video as a 3rd order tensor and map it to
a product manifold where each component is a Grassman-
nian. The realization of points on these Grassmannians is
achieved by applying the modified HOSVD to a tensor rep-
resentation of the action video. A natural metric is inherited
from the factor manifolds since the geodesic on the prod-
uct manifold is given by the product of the geodesic on the
Grassmann manifolds.

This composite geodesic distance is formulated and ap-
plied to the problem of action classification. Experimental
results show that our method performs very well on two
public video data sets and hence underscores the practical
importance of the product manifold geometry. Finally, our
method is generic insofar as no prior training is required,
and no parameters need tuning. The matching time is also
fast. With a non-optimized MATLAB implementation, each
match takes about 8 milliseconds on a standard modern
computer.

The proposed approach provides a basic metric for video
classification and it is easy to combine with more advanced
classifiers. Our future work will extend the product man-
ifold representation to other video recognition problems
such as gait recognition.
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