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A transitive orientationof a graphis an orientationof the edgesthat producesa transitive digraph. The modular
decompositionof a graphis a canonicalrepresentationof all of its modules. Finding a transitive orientationand
�nding themodulardecompositionarein somesensedualproblems.In thispaper, wedescribeasimpleO

�

n � mlogn�

algorithm that usesthis duality to �nd both a transitive orientationand the modulardecomposition.Thoughthe
runningtime is notoptimal,thisalgorithmis muchsimplerthanany previousalgorithmsthatarenotW

�

n2
� . Thebest

known time boundsfor theproblemsareO
�

n � m� , but they involve sophisticatedtechniques.
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1 Motivation
Computingthe modular decompositionof an undirectedgraphanda transitiveorientation, whenone
exists, areproblemsthat comeup in a large numberof combinatorialproblemson perfectgraphsand
othergraphclasses.In this paper, we show how bothproblemsreducequiteeasilyto a procedurecalled
vertex partitioning. TheresultingalgorithmhasanO � n � mlogn� time bound,wheren is thenumberof
vertices,andm is thenumberof edges.Vertex partitioningis theonly obstacleto a lineartime bound.If
no transitive orientationexists,the resultstill givesthemodulardecomposition.Neitherof theseresults
is optimal,sincetheseproblemscanbesolvedin linear time [9], but thelinear-time algorithmsarequite
involvedandchallengingto understand.

A reductionof modulardecompositionandtransitive orientationto vertex partitioningwas�rst given
in an unpublishedwork that was circulatedin 1985 [13]. The simpli�ed reductionwe give hereis a
combinationof ideasfrom thatpaper, andfrom [4]. It wascirculatedasan unpublishedresultin 1994.
The linear time boundof transitive orientationof [9] wasan outgrowth of it. Othersubsequentpapers
haveadoptedits approach[7, 8]. In the�nal section,wediscussits somewhatweakerroleof theapproach
in theparallelandsequentialalgorithmsof [2, 3]. Becauseit is not themainfocusof any of thesepapers,
the simplicity of the basicapproachhasnot beenexplainedpublicly. As we explain below, we believe
thattheunderlyinginsightsstill hold promisefor futureprogressin thearea.
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Fig. 1: A graphandits modules.A moduleis a setX of verticessuchthatfor eachy � V
�

G��� X, eithery is adjacent
to everyelementof X, or y is nonadjacentto every elementof X.

2 Introduction
We view anundirectedgraphasa specialcaseof a directedgraph,whereeachundirectededge � x � y� is
composedof two directedarcs � x � y� and � y� x� . A digraphis transitiveif, removal of exactlyoneof � x � y�

or � y� x� for eachundirectededge � x � y� . A transitiveorientation is onewherethe resultingdigraphis
transitive. Comparability graphsaretheclassof graphsthathavea transitiveorientation.

A moduleof G is a setX of nodessuchthatfor any nodex not in X, eitherx is adjacentto every node
of X, or x is nonadjacentto every nodeof X. V � G� andits singletonsubsetsarethetrivial modules. All
graphshave thetrivial modules;agraphis primeif it hasnonontrivial modules.Figure1 depictsa graph
andits modules.Thefollowing is easilyveri�ed:

Theorem2.1 If X andY are disjoint modulesof a graph, theneithereveryelementof X is adjacentto
everyelementof Y, or noelementof X is adjacentto anyelementof Y.

Thus,any pairof disjointmodulescanbeclassi�edas“adjacent”or as“nonadjacent.” It followsthatif
P is apartitionof thenodesof G suchthateachmemberof P is a module,theadjacency relationshipsof
themembersof P to eachotheris itself describedby a graph,asshown in Figure2. This graphis called
thequotientG

�

P, andP is calledacongruencepartition. Notethatif X is asetobtainedby selectingone
representativenodefrom eachmemberof P, thenG � X is isomorphicto G

�

P. Theoremsaboutquotients
canbeappliedto inducedsubgraphsof this type,a factthatwe will occasionallyusein our proofs.

The quotientG
�

P completelyspeci�es thoseedgesof the graphthat are not in any subgraphG � X
inducedby any X � P. Thus,the quotient,togetherwith the subgraphsinducedby the membersof P,
givesacompleterepresentationof theoriginalgraph.

Themodulardecompositionis a way to representcompactlyall modulesof a graph.Two modulesX
andY overlapif they intersect,but neithercontainstheother. A strongmoduleis a modulethatoverlaps
no other. Thedecompositionis a rootedtree.Thenodesof this treearethestrongmodulesof thegraph,
andthetransitive reductionof thecontainmentrelationon thestrongmodulesgivestheedgesof thetree.
By MD � G� , we denotethemodulardecompositionof G.

An equivalentde�nition of themodulardecompositionis thefollowing recursiveone.Notethatat least
oneof G andits complementis connected.
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Fig. 2: A quotienton thegraphof Figure1. For any pair
�

X � Y � of disjoint modules,eitherevery elementof X � Y
is anedgeor noneis. Thus,X andY maybeviewedasadjacentor nonadjacent. If P is a partitionof theverticesa
graphinto modules,theadjacenciesof membersof P canbedescribedby aquotientgraphG� P. Thequotientgraph
andthesubgraphsinducedby membersof P completelyspecifyG.
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1. (parallel case)If G is disconnected,its connectedcomponentsarea congruencepartition, every
unionof componentsis a module,andno moduleoverlapsa component.Thus,themodulesof G
canbedividedinto two sets:thosethatarea unionof componentsandthosethatarea subsetof a
singlecomponent.Thosethatarea subsetof a componentC canbefoundby recursiononG � C.

2. (seriescase)If thecomplementof G is disconnected,applystep1 to thecomplement.

3. (primecase)Otherwise,let thehighestsubmodulesbethosemodulesthatarenot containedin any
othermoduleexceptV � G� . WhenbothGandits complementareconnected,thehighestsubmodules
areacongruencepartition.Themodulesof GareV � G� andthosemodulesthataresubsetsof highest
modules.Thosethatarea subsetof a highestsubmoduleM maybefoundby recursiononG � M.

At eachstepof therecursion,this algorithm�nds a congruencepartition. Therecursiontree,together
with thequotientsinducedby thesecongruencepartitions,uniquelyspecifyG. Figure3 givesanexample.

If X is a nodeof thetreeandY is its children,thechild quotientis � G � X �

�

Y . Thenameof theprime
caseof themodulardecompositionis derivedfrom thefactthatif X is aprimenodethenits child quotient
is prime.

Thenumberof modulesof a graphmaybeexponential,asin thecaseof a completegraph.However,
it is easyto seefrom Theorem3.1, below, that a setof verticesis a moduleof G if andonly if it is a
nodeof the decompositiontreeor a union of childrenof a seriesor parallelnode. Thus, the modular
decompositiongivesanimplicit representationof themodulesof G.

A directedgraphis transitiveif, whenever � a � b� and � b � c� arearcs, � a � c� is alsoanarc.An orientation
of anundirectedgraphis a directedgraphobtainedby assigninga directionto eachundirectededge.A
graphis a comparability graphif thereexistsanorientationthatis transitive. A transitiveorientationcan
be found in O � n � m� time [11], but this algorithmis dif�cult to understand.Cographs,andthe com-
plementsof interval graphsareexamplesof comparabilitygraphs.Thefastestalgorithmfor recognizing
permutationgraphstakesadvantageof the fact thata graphis a permutationgraphif andonly if it both
thegraphandits complementarecomparabilitygraphs.[11].

3 Strategy of the algorithm
It haslong beenrecognizedthat thereis a typeof duality betweenthemodulesof a comparabilitygraph
and its transitive orientations[5]. In particular, the orientationof one edgein a transitive orientation
dictatestheorientationof anotherif andonly if nomodulecontainstheendnodesof oneof thetwo edges,
but not of theother. Most approachesto transitive orientationcomputethemodulardecomposition�rst.
On theotherhand,themodulardecompositioncanbeconstructedeasilyif it is known whichedgesforce
orientationsof eachother. Theapproachof ouralgorithmis to solve thesedualproblemsconcurrently.

Thefollowing two theorems,whicharewidely known, arefundamental[12]:

Theorem3.1 If X is a moduleof G, thenthemodulesof G thataresubsetsof X are themodulesof G � X.

Theorem3.2 If P is a congruencepartition on G, thenX is a moduleof G
�

P if and only if
�

X is a
moduleof G.

Let G beanundirectedgraphandlet v bea vertex. A maximalmoduleof G that doesnot containv is
a moduleX suchthatX doesnot containv, but for everymoduleY suchthatX is a propersubsetof Y, Y
containsv. Let P � G � v� be � v � andthemaximalmodulesof G thatdonot containv.
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Fig. 3: Themodulardecompositionof thegraphof Figure1. The leavesaretheverticesof thegraph.The internal
nodesare the strongmodules,and their membersare their leaf descendants.An internalnodeis a parallel node
(labeled0) if the set it denotesinducesa disconnectedgraph,andits childrenareits connectedcomponents.It is
a seriesnode(labeled1) if the complementof the graphit inducesis a disconnectedgraph,and its children are
theconnectedcomponentsof thecomplement.It is a primenodeif it inducesa graphthat is connectedandwhose
complementis connected;its childrenarethemaximalmodulesit contains.A setof verticesis a moduleif andonly
if it is a nodeof thetreeor a unionof childrenof asingleparallelor degeneratenode.
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Lemma 3.3 A setis a memberof P � G � v� if andonly if oneof thefollowingapplies:

1. It is � v � ;

2. It is a child of a primeancestorof � v � in thedecompositiontreethatdoesnot containv;

3. It is theunionof thosechildrenof a seriesor parallel ancestorof v thatdonot containv.

Proof: This is immediatefrom thefactthata setis a moduleif andonly if it is a child of a primenode,
or any unionof oneor morechildrenof adegeneratenode.

�

Thus,P � G � v� is a partitionof theverticesof G, hencea congruencepartition.
Thenodesof thedecompositiontreearethestrongmodules.However, thecontainmentrelationon the

nodesis still a treeif weaddaweakmoduleto thenodes.Thismoduleis aunionof asetX of childrenof
aseriesor parallelnode;thecontainmentrelationdictatesthatit becomesachild of thisnode,andthatthe
membersof X becomeits children. If Y is thenew nodeandZ is theparent,G � Y is disconnectedif and
only if G � Z is,andG � Y is disconnectedif andonly if G � Z is. Thus,Y is aparallel(series)nodeif andonly if
Z is. In thiscase,wesaythatY is super�uous, sinceit is notneededto representthemodulesof G. Adding
super�uousnodesincrementallyyields a treewith multiple super�uousnodes;this treegivesa type of
modulardecomposition,but it is not in reducedform. We will call sucha treean unreducedmodular
decompositionif it is notnecessarilyin reducedform. It hasall thenodesof themodulardecomposition,
in additionto a (possiblyempty)setof super�uousnodes.Givenanunreduceddecomposition,it is trivial
to derivethereducedmodulardecomposition,by deletingseries(parallel)nodesthatarechildrenof series
(parallel)nodesin postorder. Thus,in theremainderof thepaper, weconsideronly theproblemof how to
produceanunreduceddecomposition.

Let P be a congruencepartition. Let T
�

be a modulardecompositionof G
�

P that is not necessarily
in reducedform, andlet TX denotea modulardecompositionof G � X for X � P that is not necessarilyin
reducedform. EachX � P is a leaf of T

�

. T
�

givesall modulesof G thatareunionsof membersof P,
while eachTX givesthemodulesof G thatarecontainedin a memberof P. We canobtaina singletree
thathasall of this informationby performingthecompositionof this trees.This is obtainedby visiting
eachleaf � X � of T

�

andattachingTX asasubtree.To beprecise,thecompositionof T
�

and � TX : X � P �

is givenby �

�

Y : Y � T
�

��� � TX : X � P � .

Lemma 3.4 Let P bea congruencepartition on an arbitrary graphG, let T
�

bean unreducedmodular
decompositionof G

�

P, andlet TX bean unreducedmodulardecompositionof G � X for X � P. Thenthe
compositionof T

�

and � TX : X � P � is anunreducedmodulardecompositionof G.

Proof: If M is a strongmodule,then it overlapsno memberof P, by de�nition. Thus,M is either
containedin a memberof P or is a unionof membersof P. If it is containedin a memberX of P, then
it is a strongmoduleof G � X, by Theorem3.1, so it appearsasa nodeof TX, henceasa nodeof the
composition.If M is a unionof a setM � P, thenM is a strongmoduleof G

�

P, by Theorem3.2,and
appearsasa nodeof T

�

. It follows that M appearsasa nodeof the composition. Thus,every strong
moduleof G is anodeof thecomposition,from which theresultfollows.

�

Ourstrategy, whichissummarizedbyAlgorithm1, is to �nd anunreduceddecompositionof G
�

P � G � v� ,
�nd anunreduceddecompositionof G � X for eachX � P � G � v� , andreturnthecompositionof thesetrees.
Theverticesmaybenumberedarbitrarilywith distinct integers.
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Algorithm 1: UMD(G) Strategy for computingmodulardecomposition.
Let v bethelowest-numberedvertex of G;
if G hasonlyonevertex then return � � v � � ;
else

Let T
�

bethemodulardecompositionof G
�

P � G � v� ;
foreachmemberY of P � G � v� do TY : � UMD � G � Y � ;
return thecompositionof T

�

and � TY : Y � P � G � v� � .

Thecorrectnessis immediatefrom Lemma3.4.Thishigh-levelstrategy wasemployedby thealgorithm
of [4]. However thatalgorithmhadanO � n2

� bound,andfor sometime it wasnot clearhow to improve
thebound.

4 Data structures
We representa linear orderon a setV by labelingthe elementsof V with uniqueinteger keys, which
neednot be consecutive. SortingV in ascendingorderof theselabelsgivesthe representedorder. The
restrictionof p to X � V, denotedp � X, is just asortof X in ascendingorderof theselabels.

Let a moduletreebeany setof moduleswherethetransitive reductionof thecontainmentrelationis a
tree,andwheretherootisV andtheleavesareits singletonsubsets.Thecanonicalmodulardecomposition
is oneexampleamongmany. Themoduletreeis ordered if thereis a left-to-right orderon thechildren
of eachinternalnode.If X � V � G� , let therestrictionof a moduletreeT to X, denotedT � X, have asits
nodestheset � Y

�

X : Y is a nodeof T � . The transitive reductionof thecontainmentrelationgivesthe
parentrelation. If T is an orderedmoduletree,thentherestrictionto X, is alsoordered;this is donein
theuniqueway thatits leaves � � x � : x � X � havethesamerelativeorderthatthey do in T. This is always
possible,sinceany nodeof T is a setthatis consecutiveon theleaf orderof T, henceany nodeof T � X is
alsoconsecutive in its leaf order.

To implementamoduletree,we let anO � 1� -sizenodestandfor eachnode.Thisnodecarriesadoubly-
linkedlist of pointersto its children. If thenodeis a leaf, it carriesa pointerto thecorrespondingvertex
of G. Thesetcorrespondingto aninternalnodeis thenjust givenby its leaf descendants.

Usingthis representation,weobtainthefollowing:

Lemma 4.1 Thecompositionstepof Algorithm1 takesO � � P � G � v� � � time.

Proof: Thecompositionis obtainedby replacingeachleaf � Y � of thedecompositionof G
�

P � G � v� with
thetreeTY. This requiresonepointeroperation.Thedecompositionof G

�

P � G � v� hasoneleaf for each
memberof P � G � v� .

�

Bucket sortinga list of m itemsby integerkeys in therangefrom 1 to n takesO � n � m� time, even if
aninitialized setof bucketsis provided. However, if oneonly wishesto grouptheitemsinto groupsthat
have identicalkeys, theoperationmaybecarriedout in O � m� time if the initialized bucketsarealready
available. While insertingthe itemsto buckets,onemustsimply maintaina list of nonemptybuckets.
Whenall itemsareinserted,thelist maybeusedto visit only thenonemptybuckets,retrieving onegroup
at eachof them. Theoperationtakesonly O � m� time. To distinguishthis operationfrom bucket sorting,
wewill call it bucketgrouping. Similarly, if a list of m itemsmustbesortedby a pairof keys in therange
from 1 to n, this takesO � n � m� time by a radix sort that makesonecall to bucket sort for eachof the
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keys [1]. If onewishesonly to partitiontheitemsinto groupsthatshareidenticalpairsof keys, thecalls
to bucket sortmaybereplacedby bucket groupings,andthepartitiontakesO � m� time. We will call this
operationradixgrouping.

The datastructurefor the graphis an adjacency-list representation,wherethe verticesarenumbered
from 1 to n, andwherethe adjacency lists aredoubly-linked lists. The adjacency list associatedwith
vertex x haseacharcof theform � x � y� . Eachsucharc � x � y� , in turn,hasa pointerto theoccurrenceof its
“twin” � y� x� in theadjacency list of y. We alsokeepa partitionP of thevertices.Eachpartitionclassof
P is implementedwith adoubly-linkedlist, andeachvertex hasapointerto its occurrencein oneof these
lists,aswell asa pointerto thebeginningof this list.

5 The Gamma relation
An undirectedgraphmay be viewedasa specialcaseof a (symmetric)digraph,whereeachedge � x � y�

is representedby two arcs, � x � y� and � y� x� . An orientationof thegraphis a choiceof onearc from each
suchpair.

Let Gbe a relationon thearcsof a digraph,where � u � w� G� x � y� if andonly if u � x andw andy are
nonadjacent,or w � y andu andx arenonadjacent[5, 6, 12]. Let G

�

bethetransitive re�exiveclosureof
G. It is easyto seethat � u � w� G� x � y� in a comparabilitygraph,thenin eachtransitive orientation, � u � w�

and � x � y� areeitherboth presentor both absent.Transitively, it follows that � u � w� G
�

� x � y� implies this
also. SinceG

�

is anequivalencerelation,this partitionstheedgesinto groupssuchthat for eachgroup,
eitherevery memberof thegroupis includedin a transitive M orientationor noneis. Thesegroupsare
theimplicationclasses.

If I isasetof arcs,let I � 1 denotetheclass� � y� x� : � x � y� � I ��� By symmetry, wheneverI isanimplication
classin anarbitrarygraph,I � 1 is alsoanimplicationclass.

It is easyto seethat,in any undirectedgraph,eitherI � 1 � I or I � 1 is disjoint from I. Let a color class
beI � I � 1 for animplicationclassI . Thecolorclassesareapartitionof theundirectededgesof G. A graph
is a comparabilitygraphonly if every implicationclassI is disjoint from I � 1; otherwisenoorientationof
thegraphcancontaintheimplicationclass.In fact,thischaracterizescomparabilitygraphs:anundirected
graphis a comparabilitygraphif andonly if for eachimplicationclassI , I is disjoint from I � 1 [6]. We
alsomakeuseof thefollowing well-known result,whichcanbefoundin [12]:

Theorem5.1 If all edgesof G arein a singlecolor class,thenall nontrivialmodulesof G areindependent
sets.

6 Computing G
�

P � G � v� and its modular decomposition
Wenow describeaprocedurecalledvertex partitioning, whichweuseto computeP � G � v� in Algorithm 1.
Theinput to theprocedureis apartitionof thevertices,andit �nds a re�nementof thepartitionthatgives
themaximalmodulesof G thataresubsetsof oneof theoriginalpartitionclasses.

Themostbasicoperationin vertex partitioningis thepivot. An input is a partitionP of theverticesof
thegraph,a vertex x, andtheedgesfrom x to somesubsetQ of membersof P. Theoperationproduces
a re�nementP

�

suchthatevery modulethat is a subsetof a classin P is alsoa subsetof a classof P
�

,
and,in addition,any classof P

�

that is a subsetof a memberof Q consistsonly of neighborsor only of
non-neighborsof x.
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To implementapivot, let X betheclassof P thatcontainsx. For eachneighbory of x in amemberof Q,
identify thesetY � P thatcontainsy, andmovey to atwin list Y

�

for Y. Startanew list for Y
�

if Y doesn't
alreadyhave a twin list. In the process,keepa list of the membersof P in which this happens.When
this is �nished, Y containsonly non-neighborsof x, andits twin Y

�

containsonly neighbors.EstablishY
andY

�

asclassesin there�nementP
�

. If therearek edgesfrom x to membersof Q, this operationtakes
O � 1 � k � time.

We now describewhatwe will call thesplit operation,which we will denoteSplit � X � P � . Let P bea
partitionof thevertices,andlet X � P. GiventhearcsE

�

thathaveoneendin X andtheotherin V � X, we
mayusethemto subdivideX andthemembersof P �

� X � to obtainare�nementP
�

of P. Thisre�nement
hasthepropertythat for any x � X, eachclassY of P

�

containedin V � G�

� X consistsonly of neighbors
or only of non-neighborsof X, andfor any z � V � G�

� X, eachclassZ of P
�

containedin X consistsonly
of neighborsor only of non-neighborsof z.

To implementthesplit operation,we bucketgroupall arcs � x � y� in E
�

by startingvertex x. Eachgroup
gives the neighborsof somex � X in V � G�

� X. We performa pivot on x to split up thosemembers
of P that aresubsetsof V � G�

� X. This re�nes P. Pivots on the othergroupsgive further successive
re�nementsof P. After this hasbeendone,eachclassof P thatis a subsetof V � G�

� X hastherequired
properties.We thenusethe twin pointersof arcsin E

�

to �nd thearcsin � V � G�

� X �

� X, andperform
the foregoing stepson themto re�ne X. Whenwe aredone,eachclassof P that is a subsetof X has
the desiredproperties.The procedurereturnsthe re�ned partition, listing thoseclassesthat aresubsets
of X separtelyfrom thosethat arenot. If the arcsE

�

� E
�

� X �

� V � G�

� X � � aregiven, the operation
takesO � 1 � � E

�

� � . If they arenot given,it takesO � � X � � deg � X � � , wheredeg � X � is thesumof degreesof
membersof X, sincetheadjacency lists of membersof X mustbesearchedto �nd themembersof E

�

.
Thevertex partitioningalgorithmis givenby Algorithm 2.

Algorithm 2: Partition � G � P � , Vertex partitioning.
if � P �

� 1 then return P;
else

Let X beamemberof P thatis not largerthanall others;
Let E betheedgesof G in X �

� V � G�

� X � ;
P

�

� Split � X � P � ;
G : � G � E;
Let Q betheclassesof P

�

containedin X;
Let Q

�

betheclassesof P
�

containedin V � G�

� X;
return Partition � G � X � Q � � Partition � G � X � Q

�

� ;

To prove the correctness,we show that every memberof the returnedpartition is a module. Since
re�nementsarecausedby pivotsandno pivot cansplit up a module,it follows thatthereturnedpartition
consistsof themaximalmodulesof G thataresubsetsof a classin theinitial partition. As a basecase,if

� P �

� 1, its solemember, V � G� , is trivially a modulein G. Otherwise,assumeby inductionthatthe �rst
recursivecall returnsapartitionof X whosepartitionclassesaremodulesin G � X andsubsetsof classesin
Q. If Y is oneof thereturnedpartitionclasses,everynodeof X � Y is eithera neighborof everyelement
of Y or a non-neighborof every elementof Y. If Z is thememberof Q thatcontainsY, thenbecauseof
thecall to Split, eachelementof V � G�

� X is eitheraneighborof everyelementof Z or anon-neighborof
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everyelementof Z, hencethesamecanbesaidaboutY. Thus,Y is amodulein G. A symmetricargument
showsthateachpartitionclassreturnedby thesecondrecursivecall is amodule.

For the time bound,notethat thecall to Split takesO � � X � � deg � X � � time, sincetheedgesfrom X to
V � G�

� X arenot supplied.We chargethecostof this by assessingO � 1� to eachmemberof X andeach
edgeincidentto X. Since � X �

�

� V � G� �

�

2, avertex andits edgesarechargedonly if its partitionclasshas
atmosthalf of theverticespassedby thecall to theprocedure.Sincethis is alsotruein therecursivecalls,
thenext time x � X andits incidentedgesarechargedchargedin a recursive call, thepartitionclassthat
containsit will have sizeat most � X �

�

2. We concludethatno elementof thegraphis chargedmorethan
log2n times,which givesanO � � n � m� logn� time bound.An O � � n � m� logn� boundcanbereducedto
anO � n � mlogn� boundby spendingO � n � m� preprocessingtime �nding theconnectedcomponentsof
G, applyingthealgorithmon eachcomponent,andcombiningtheresultsin a trivial way, usingthe fact
thatany unionof componentsis amodule.

6.1 Ordered vertex partition
Recallthata graphis primeif it hasonly trivial modules.We maytransitively orientprimecomparability
graphsandrecognizearbitraryprimegraphsby revising theaboveapproachsothat it keepsthepartition
classesin anorderedlist asthey arere�ned. Algorithm 3 givesanimportantsubroutine,which appeared
in [10].

Algorithm 3: OVP � G � P �

RunAlgorithm 2, with thefollowing changes.A linearorderon themembersof P is giveninitially.
Maintain a linear orderon P as it is re�ned, using the following rule: Whena pivot on a vertex
p � Y � P splitsX � P into a setXa of adjacentverticesanda setXn of nonadjacentvertices,make
Xa andXn consecutiveat theformerpositionof X in thelinearorder, with Xn thenearerof thetwo to
Y in thelinearorder. Returnthe�nal partitionandits linearorder.

The signi�cance of this orderingwill soonbecomeclear. The initial parameterP will always be
� � v � � V �

� v � � for a vertex v, which we call the seed. To facilitate the computationof the ordering,
we maintainlabelson thepartitionclassesso thata classY is labeledwith � i � j � , wherei is oneplus the
sumof cardinalitiesof classesthatprecedeY and j is onelessthanthesumof cardinalitiesof classesthat
follow; theselabelsaretrivial to updateduringapivot, andthey allow oneto �nd outquickly whetherthe
pivot'sclassprecedesor followsY. This allowsusto �nd thecorrectrelativeorderfor Xa andXn in O � 1�

time,sothetimeboundfor OVP is thesameasthatfor Partition, O � n � mlogn� .

Algorithm 4: ComputeG
�

P � G � v� .
Algorithm 2, henceAlgorithm 3 explicitly removesthoseedgesthatarenotcontainedin amemberof
P � G � v� . Let m

�

bethenumberof removededges.Thedatastructuresof Section4 for implementing
a partitionallow us to �nd which partitionclassa vertex belongsto in O � 1� time. Radixgroupthe
removededgesaccordingto the two partition classes.This takesO � m

�

� time. Discardall but one
representativeedgein eachgroup;therepresentativeedgesgive theedgesof G

�

P � G � v� . Theentire
operationtakesO � m

�

� time, in additionto thetimerequiredby thecall to OVP.

Let theedgesexposedby apartitionof verticesbethoseedgesthatarenotcontainedin asinglepartition
class.SupposethatP is orderedsothatall arcsthatgo from earlierto latermembersof P arein a single
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implicationclass.In this case,we saythattheorderingon P is consistentwith a transitive orientationof
G. Using this asan inductive hypothesis,it is easyto verify that whena classis split accordingto the
above orderingrules,there�nementof P andits orderingis alsoconsistentwith a transitive orientation:
if a pivot p splitsX into a setXa of adjacentvertices,andXn of nonadjacentvertices,thenall members
of � p �

� Xa arein oneimplicationclass,andtheseforceall membersof Xn
� Xa thatareedgesinto this

implicationclass.The inductive hypothesiscontinuesto hold after theclasssplits. It follows that if the
initial orderingof P is consistentwith a transitive orientation,thensois the �nal ordering.Thus,if G is
prime andv is a sourcevertex in a transitive orientation,thencalling the algorithmwith initial ordered
partition � � v � � V � G�

�

� v � � givesa linearextensionof thetransitiveorientation[10].
Theproblemof transitively orientinga primecomparabilitygraphthusreducesto identifying a source

vertex in atransitiveorientation.SupposeP is orderedsothatfor eachvertex x in thelastclassX, all edges
of � x �

� V � G�

� X arein oneimplicationclass.Thenif a an argumentsimilar to theoneabove shows
that if a pivot p splitsX into Xa andXn, all edgesof � x �

�

� V � G�

� Xa � arein oneimplicationclass.By
induction,if theorderedpartitioningalgorithmis calledwith initial orderedpartition � � v � � V � G�

�

� v � �

for arbitraryv, thelastpartitionclassin the�nal orderingis a sourcein a transitiveorientation.
Algorithm 5 summarizesthe procedurefor �nding a transitive orientationof a prime comparability

graph[10]:

Algorithm 5: TO(G)Transitiveorientationof a primecomparabilitygraph.
Let v beanarbitraryvertex ;
P : � OVP � G � � � v � � V � G�

�

� v � � � ;
Let � w � betherightmostclassin P ;
return OVP � G � � � w � � V � G�

�

� w � � � .

Wenow show thatthesamealgorithmrecognizeswhetheranarbitrarygraphis prime[10]. Performing
thesetwo vertex partitionswithout encounteringa nontrivial moduleprovesthat all edgesof the graph
arein a singlecolorclass.By Theorem5.1,this impliesthatany nontrivial modulesareindependentsets.
The�rst vertex partition�nds a nontrivial moduleif oneis a subsetof V � G�

� v. Thesecond�nds oneif
oneis a subsetof V � G�

� w. Thus,any nontrivial modulescontainbothv andw. However, w is adjacent
to v, sinceit wasrightmostin the�nal partition,hencewasamongtheneighborsof v, whichweremoved
to theright whenthepivot onv split V �

� v � . Thus,any nontrivial moduleis anindependentset,andany
nontrivial modulecontainstheedges� w� v� . Therecanbenonontrivial module.

6.2 Finding the modular decomposition of G
�

P � G � v�

We have shown how to computeP � G � v� andto computethecompositionof unreducedmodulardecom-
positiontrees.Theonly remainingproblemin Algorithm 1 is computingthemodulardecompositionof
G

�

P � G � v� .
Let a graphG benestedif all nontrivial modulesareancestorsof a particularvertex v in MD � G� . We

call v andits siblingstheinnermostvertices.

Lemma 6.1 For anyundirectedgraphG andanyvertex v, G
�

P � G � v� is nested,and � v � is an innermost
vertex in it.

Proof: If M is a nontrivial moduleof G
�

P � G � v� that doesnot contain � v � , then
�

M is a nontrivial
moduleof G thatdoesnot containv, by Theorem3.2. No memberof M is a maximalmoduleof G not
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containingv, which contradictsthede�nition of P. If A andB areoverlappingmodulesof G
�

P � G � v� ,
theneitherA, B, or ADB is a nontrivial moduleof G

�

P � G � v� thatdoesnot contain � v � , which we have
just seencannothappen.Thus,all modulesof G

�

P arestrongandcontain � v � , from which the result
follows.

�

Thus,the remainingstepof Algorithm 1 reducesto computingthe modulardecompositionof nested
graphs.

Algorithm 5 simultaneouslyrecognizesprimegraphsandtransitively orientsthemif they arecompa-
rability graphs.Recognizinga primegraphcanbe viewedasa specialcaseof �nding modulardecom-
position,whichworksonly if thegraphis prime.We generalizeit sothatit simultaneouslycomputesthe
modulardecompositionof nestedgraphs,and�nds a transitive orientationwhenthey arecomparability
graphs.

We usea variantof OVP, which is given by Algorithm 6. This procedureappliesitself recursively
insideeachof themodulesfoundby OVP. Theverticesof G areassumedto benumbered;thisdetermines
selectionof theseedverticesin callsto OVP.

Algorithm 6: ROP� G� , recursiveapplicationof OVP (Algorithm 3)
if G hasan isolatedvertex then let w bethatvertex;
elselet w bethehighestnumberedvertex;
if G hasonlyonevertex then return � w � ;
else

� X1 � X2 � � � � � Xk � : � OVP � G � � � w � � V � G�

�

� w � � � ;
Let T bea moduletreewith onenodeV � G� ;
foreachsetXi do Let ROP� G � Xi � betheith child of V � G� ;
return T

Lemma 6.2 TheROPalgorithmtakesO � � n � m� logn� time.

Proof: Usingthedatastructureof Section4, it takesO � 1� time to attacheachchild to V � G� . Sincethe
�nal treehasn leavesandevery internalnodehasat leasttwo children,this steptakeshasO � n� , all steps
exceptthe calls to OVP contributeO � n� to the runningtime of ROP. The runningtime for the calls to
OVP is boundedby thetimespendonpivotsin Algorithm 2 insidethesecalls. In thisprocedure,nopivot
on a vertex x occursunlessit is in a classthat is at mosthalf aslarge asthe classthat containedit the
last time a pivot wasperformedon x in Algorithm 2 andin a classthat is half as large as theclassthat
containedit at thebeginningof thecall to Algorithm2. Fromthis lastobservation,wemayconcludethat
whenever a pivot is performedon v, it is in a classthat is half aslargeastheclassthat containedit the
previoustime a pivot occurredon it in any call to OVP generatedby ROP. Sincethecostof thepivot is
O � 1 � d � v� � thetotal costof all pivotsin all callsto OVP is O � � n � m� logn� .

�

Corollary 6.3 Thetotal timespentin UMD (Algorithm1) bycalls it makesto OVP is O � � n � m� logn� .

Proof: Thesearethesameasthecallsto OVP generatedby a call to ROP.
�

Algorithm 7 �nds themodulardecompositionin nestedgraphs,if aninnermostvertex v is given.
Wenow demonstratethecorrectness.Sinceall modulesof G containv, thecall to OVP � G � � � v � � V � G�

�

� v � � simply assignsanorderingto theverticesof G via theorderingof thereturnedsingletonsets.This
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Algorithm 7: Chain� G � v� , Modulardecompositionin a nestedgraph.
P : � OVP � G � � � v � � V � G�

�

� v � � ;
Numbertheverticesof G in orderof their appearancein P;
return ROP� G� .

orderingis notunique,sinceit dependsonchoicesof pivotsduringexecutionof thealgorithm.However,
not all permutationsarepossible. Let us saythat an orderingis a valid result for the call if thereis a
sequenceof pivot choicesthatcausesit to producethatordering.

Lemma 6.4 If all nontrivial modulesof G containvertex v, X is a modulethat containsv, andp is the
orderingof verticesproducedby a call to OVP � G � � � v � � V � G�

�

� v � � � , thenp � X is a valid resultof a call
to OVP � G � X � � � v � � X �

� v � � � .

Proof: A vertex y � V � G�

� X is adjacentto all membersof X or nonadjacentto all of them. Thus,
duringa call to OVP � G � � � v � � V � G�

�

� v � � � , if two membersof X arein a singlepartitionclassbeforea
pivot on y, they remainin a singleclassafter the pivot, so thepivot on y hasno effect on their relative
order. The�nal orderingof X is determinedexclusively by pivotsonmembersof X andtheiradjacencies
in G � X. Theproductionof thisorderingcanthusbesimulatedby a call to OVP � G � X � � � v � � X �

� v � � � .
�

In the modulardecompositionof a nestedgraph,eachinternalnodeof the decompositiontreehasat
mostonenon-singletonchild, namely, theonethatcontainsv. Also, a seriesor parallelnodehasexactly
two children; otherwisethe union of two that do not containv resultsin a nontrivial modulethat does
not containv. Let w

�

be the seedvertex selectedto �ll the role of w in the main call to ROP that is
generatedin Chain. If the root of the treeis a parallelnode,thenV � G� hastwo children,oneof which
is an isolatednode,andw

�

is selectedto be this node. If the root is a seriesnode,thenV � G� hastwo
children,oneof which is an isolatednodein thecomplementof G. Theorderingrule in thecall to OVP
ensuresthat this nodewill receive the highestnumberof any node,andw

�

is selectedto be this node.
Otherwise,the rightmostclassin the numberingproducedby OVP is a singletonclass � w � . As in the
proofof Algorithm 5, all edgesoutof � w � arein thesameimplicationclass,andw is adjacentto v. Thus,
all nontrivial modulesthatcontainw containv. It follows that � w � is againa child of theroot, sinceall
nontrivial modulescontainv. The call to OVP � G � � � w

�

� � V � G�

�

� w
�

� � � generatedin this highest-level
call to ROP then�nds themaximalmodulesthatdo not containw

�

, andsince � w
�

� is a child of theroot,
this call to OVP just returnsthechildrenof theroot.

We now show thattherecursivecall generatedinsideROP�nds theremainderof thetree.Algorithm 7
obviously works correctlywhenG hasonly onevertex. Adopt asan inductive hypothesisthat G is a
nestedgraphwith n verticesandthealgorithmworkson nestedgraphsgraphswith fewervertices.Let X
bethenon-singletonchild of V � G� , theonethatcontains� v � . By Theorem3.1,G � X is nestedwith v as
aninnermostvertex, soa call to Chain on G � X couldbeusedto computetherestof thetree.Sucha call
would �rst call OVP to assignan orderingto X, andthencall ROP on G � X. By Lemma6.4, thevertex
numberingof X is alreadyavailablein thenumberingof verticesof X, sothecall to ROP onG � X returns
exactly whatsuchcall to Chain on G � X would. By the inductive hypothesis,this is theremainderof the
modulardecompositionof G, namely, thesubtreerootedatX.

Lemma 6.5 Chaincanberun in O � � n � m� logn� time.

Proof: This is immediatefrom thefactthatOVP andROPbothhavethis timebound.
�
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7 Ef�cient implementation of Algorithm 1
Thefollowing givesanef�cient implementationof Algorithm 1.

Algorithm 8: Finalmodulardecompositionalgorithm.
ImplementUMD � G� asfollows:
ComputeP � G � v� with a call to Algorithm 3;
ComputeG

�

P � G � v� with acall to Algorithm 4;
Computethemodulardecompositionof G

�

P � G � v� with acall to Algorithm 7.

Lemma 7.1 Algorithm8 takesO � n � mlogn� .

Proof: The setof instancesof Step1 over all recursive calls to UMD is just the setof calls to OVP
generatedby asinglecall to ROP. Sincethatalgorithmis O � n � mlogn� , Step1 contributesO � n � mlogn�

to therunningtimeof UMD.
By Lemma4, computingG

�

P � G � v� in themaincall takesO � 1� time for eachedgeof G notcontained
in a memberof P � G � v� . We charge this cost to theseedges.The edgeschargedin recursive calls are
disjoint from these,sothetotal contributedby step2 to therunningtimeof UMD is O � m� .

A call to Algorithm 7 on a nestedgraphwith n
�

verticesandm
�

edgestakesO � � n
�

� m
�

� logn
�

� time.
G

�

P � G � v� hasat mostoneedgefor every edgeof G not containedin a memberof P � G � v� . We may
chargethecostof this to O � logn� setcostsfor eachmemberof P � G � v� , andO � logn� edgecostsfor each
edgenot containedin oneof its members.Theedgeschargedaredisjoint from thosechargedin recursive
calls,soStep3 contributesO � mlogn� edgecharges.Thecontainmentrelationonsetsincurringasetcost
in somerecursivecall of UMD is a tree,sothereareO � n� of them.Thetotal contributedby Step3 to the
runningtimeof UMD is O � � n � m� logn� .

Computingthecompositionof thetreestakesO � 1� for eachmemberof P � G � v� , by Lemma4.1. This
contributesanadditionalO � 1� costto eachsetincurringa setcostin Step3. Computingcompositionsof
treesthuscontributesO � n� to therunningtimeof thealgorithm.

Thetotal runningtime is O � � n � m� logn� . However, this boundfor any modulardecompositionalgo-
rithm canbe reducedto an O � n � mlogn� boundby spendingO � n � m� preprocessingtime to �nd the
connectedcomponents,andif therearek � 1 of themapplyingthealgorithmseparatelyto eachcompo-
nent,andmakingtheresultingk treeschildrenof V � G� .

�

8 Conclusions
Anotherclosely-relatedvariantof this algorithmis to performorderedvertex partitioning,and thento
performit recursively insideeachnontrivial modulethat is found. The �nal result is an orderingof the
vertices. A linear extensionof a transitive orientationis obtainedby performinga secondpassof this
recursive algorithm,exceptthat in eachrecursive call on a setX of vertices,theinitial pivot vertex must
be the rightmostmemberof X in the orderingproducedby the �rst pass.Every strongmoduleof G is
identi�ed asa modulein oneof the two passes.Every modulethat is found in oneof thepassesandis
not strongis foundto overlapa modulefound in theotherpass.It is thereforea simplematterto obtain
themodulardecompositionby discardingthosemodulesfrom thetwo passesthatoverlap. Theproof of
correctnessis quitesimilar to theonewegiveabove.
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Anotherpromisingideais to try to obtaintheresultof thevertex partitioningstepwithoutactuallyper-
forming vertex partitioning.This is theapproachof theparallelandsequentialalgorithmsof [2, 3]. This
elegantstrategy, which is dueto Dahlhaus,makesrecursive callson subgraphinducedby theneighbors
of v and the subgraphinducedby the non-neighborsof v, and thendeletesportionsof thesetwo trees
to obtain the membersof P � G � v� and their modulardecompositions.However, up until now, turning
this ideainto an O � n � ma � m� n� � algorithmrequiresconceptuallydif�cult tricks, suchasletting some
parentpointersin the treeget out of date,andmaintaininga union-�nd datastructureto help simulate
them. It alsorequirescarefulcharging argumentsto prove the time bound.The linear-time variantuses
sophisticatedunion-�nd datastructures.

One of the importantpoints illustratedby the algorithm is that �nding a simple linear-time vertex
partitioningalgorithmwould give simplelinear-time solutionsto modulardecompositionandtransitive
orientation. Thereis reasonto hopethat onemight exist. In the �rst place,the basisof the dif�cult
transitive orientationalgorithmof [11] is a (dif�cult) linear-time implementationof Algorithm 6. Thus,
thereis no inherentbarrierto a lineartime bound.It is alsoworth notingthatthealgorithmwe give here
is actuallylinearon many classesof graphs.For instance,on graphswith �x eddegreeboundk, it is easy
to verify that,atany pointduringacall to OVP � G � � v � � V � G �

� v � � , only onepartitionclasscanhavesize
greaterthanc. Theproofof this is by inductionon thenumberof pivotsperformedsofar. In theproofof
ROP, we saw thateachtime a pivot occursona vertex, it is in a classthatis half aslargeastheclassthat
containedit theprevioustime it wasa pivot. This givesanO � � n � m� logk�

� O � n � m� boundfor ROP.
SinceROPis thebottleneckfor thetimeboundof Algorithm 8, thisgivesa lineartimeboundin thiscase.

A similar argumentshows that on graphswherethe ratio of the maximumdegreek to the minimum
degreek

�

is at mostc, the time boundis linear. Supposek
�

is theminimumdegree. Let ussaya vertex
is con�ned if it is in a classof sizeat mostk

�

2, anda pivot is con�ned if thepivot vertex is con�ned at
thetime. Considera con�ned pivot ona vertex p. TheOVP algorithmremovesall edgesfrom p to other
classesduringa pivot. Let d bethenumberedgesstill incidentto p, andlet j bethesizeof theclassthat
currentlycontainsit. If d � j thenthecostof thepivot is O � j � . If d � j , we chargeO � d � j � of theO � d �

costof thepivot to thed � j edgesthrown outof G duringthepivot, atO � 1� perdeletededge.Thetotalof
chargedcostsoverall con�ned pivotson p is O � 1� for eachedgeoriginally incidentto p. Theuncharged
costof thepivot is O � j � . Sincethevalueof j dropsby a factorof two eachtime a pivot occurson p, the
unchargedcostof pivotson p after it is con�ned is O � k

�

�

2 � k
�

�

4 � k
�

�

8 � � � � � 2 � 1�

� O � k
�

� , which is
O � 1� for eachedgeoriginally incidentto p. Thus,con�ned pivotscontributeO � m� time to the running
timeof ROP. Sincethesizeof aclasscontainingp dropsby afactorof two eachtime it is usedasapivot,
andno pivot occurson it whenit is in a classlargerthank, thereareO � logk

�

k
�

� uncon�nedpivotson p.
Eachpivot takesO � 1� timefor eachedgeincidentto p, sothetotalcontributionof uncon�nedpivotsto the
runningtime of ROP is O � mlogk

�

k
�

�

� O � m� for graphswheretheratio k
�

k
�

of maximumto minimum
degreeis boundedby a constant.
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