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A transitive orientationof a graphis an orientationof the edgesthat producesa transitve digraph. The modular
decompositiorof a graphis a canonicalrepresentatiomf all of its modules. Finding a transitve orientationand
nding themodulardecompositiorarein somesenselualproblems.n this paperwe describeasimpleO n - mlogn
algorithm that usesthis duality to nd both a transitve orientationand the modulardecomposition. Thoughthe
runningtime is not optimal, this algorithmis muchsimplerthanary previousalgorithmsthatarenotW n? . Thebest
known time boundsfor the problemsareO n - m , but they involve sophisticatedechniques.
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1 Motivation

Computingthe modular decompositiorof an undirectedgraphand a transitive orientation, whenone
exists, are problemsthat comeup in a large numberof combinatorialproblemson perfectgraphsand
othergraphclassesin this paper we shav how both problemsreducequite easilyto a procedurecalled
vertex partitioning. TheresultingalgorithmhasanO n mlogn time bound,wheren is the numberof
vertices,andm is the numberof edges.Vertex partitioningis the only obstacleto a lineartime bound. If
no transitive orientationexists, the resultstill givesthe modulardecomposition Neitherof theseresults
is optimal, sincetheseproblemscanbe solvedin lineartime [9], but the lineartime algorithmsarequite
involvedandchallengingio understand.

A reductionof modulardecompositiorandtransitive orientationto vertex partitioningwas rst given
in an unpublishedwork that was circulatedin 1985[13]. The simpli ed reductionwe give hereis a
combinationof ideasfrom that paper andfrom [4]. It wascirculatedasan unpublishedesultin 1994.
The linear time boundof transitive orientationof [9] wasan outgravth of it. Othersubsequenpapers
have adoptedts approacH7, 8]. In the nal sectionwe discussts somevhatwealerrole of theapproach
in the parallelandsequentiahlgorithmsof [2, 3]. Becausat is notthe mainfocusof ary of thesepapers,
the simplicity of the basicapproacthasnot beenexplainedpublicly. As we explain below, we believe
thatthe underlyinginsightsstill hold promisefor future progressn thearea.
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Fig. 1: A graphandits modules. A moduleis asetX of verticessuchthatforeachy V G X, eitheryis adjacent
to every elementof X, ory is nonadjacento every elemenif X.

2 Introduction

We view anundirectedgraphasa specialcaseof a directedgraph,whereeachundirectededge x y is
composedf two directedarcs x y and y x . A digraphis transitiveif, removal of exactly oneof xy
or yx for eachundirectededge x y . A transitiveorientationis onewherethe resultingdigraphis
transitve. Compaambility graphsarethe classof graphshathave a transitive orientation.

A moduleof G is asetX of nodessuchthatfor ary nodex notin X, eitherx is adjacento every node
of X, or x is nonadjacento every nodeof X. V G andits singletonsubsetsarethetrivial modules All
graphshave thetrivial modules;agraphis primeif it hasno nontrivial modules Figure1 depictsagraph
andits modules.Thefollowing is easilyveri ed:

Theorem2.1 If X andY are disjoint modulesof a graph, theneitherevery elemenif X is adjacentto
everyelemenbfY, or no elemenbf X is adjacentto anyelemenbfY.

Thus,ary pair of disjoint modulescanbe classi edas“adjacent’or as“nonadjacent. It follows thatif
P is apartition of the nodesof G suchthateachmemberof P is amodule,the adjaceny relationshipof
thememberof P to eachotheris itself describedyy a graph,asshown in Figure2. This graphis called
thequotientG P, andP is calleda congruencepartition. Notethatif X is a setobtainedby selectingone
representatie nodefrom eachmemberof P, thenG X is isomorphicto G P. Theoremsaboutquotients
canbeappliedto inducedsubgraph®f thistype,afactthatwe will occasionallyusein our proofs.

The quotientG P completelyspeci es thoseedgesof the graphthat are not in any subgraphG X
inducedby ary X P. Thus,the quotient,togethemwith the subgraphsnducedby the membersf P,
givesacompleterepresentationf the original graph.

The modulardecompositioris a way to representompactlyall modulesof a graph. Two modulesX
andY overlapif they intersectput neithercontainstheother A strongmoduleis a modulethatoverlaps
no other Thedecompositiorns arootedtree. The nodesof this treearethe strongmodulesof the graph,
andthetransitve reductionof the containmentelationon the strongmodulesgivesthe edgef thetree.
By MD G , we denotethe modulardecompositiorof G.

An equivalentde nition of themodulardecompositions thefollowing recursve one.Notethatatleast
oneof G andits complements connected.
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{A..l}; Members of congruence partition P

G/P:

Fig. 2: A quotientonthe graphof Figurel. Forary pair X Y of disjoint modulesgitherevery elementof X Y
is anedgeor noneis. Thus,X andY may be viewed asadjacentor nonadjacent|f P is a partitionof the verticesa
graphinto modulesthe adjacenciesf memberof P canbedescribedy aquotientgraphG P. Thequotientgraph
andthe subgraphénducedby memberof P completelyspecifyG.
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1. (parallelcase)lf G is disconnectedits connecteccomponentsare a congruenceartition, every
union of componentss a module,andno moduleoverlapsa component.Thus,the modulesof G
canbedividedinto two sets:thosethatarea unionof componentandthosethatarea subsebf a
singlecomponentThosethatarea subsebf acomponen€ canbefoundby recursionon G C.

2. (seriecase)lf thecomplemenbdf G is disconnectedapply stepl to the complement.

3. (prime case)Otherwise Jet the highestsubmodule®e thosemodulesthatarenot containedn ary
othermoduleexceptV G . WhenbothG andits complemenareconnectedthehighestsubmodules
areacongruenceartition. Themoduleof GareV G andthosemoduleghataresubset®f highest
modules.Thosethatarea subsebf a highestsubmoduleM maybefoundby recursionon G M.

At eachstepof therecursionthis algorithm nds a congruenceartition. Therecursiontree,together
with thequotientanducedby thesecongruencegartitions,uniquelyspecifyG. Figure3 givesanexample.

If X is anodeof thetreeandY is its children,the child quotientis G X Y. Thenameof the prime
caseof themodulardecompositions derivedfrom thefactthatif X is aprimenodethenits child quotient
is prime.

The numberof modulesof a graphmay be exponential,asin the caseof a completegraph. However,
it is easyto seefrom Theorem3.1, below, thata setof verticesis a moduleof G if andonly if it is a
nodeof the decompositiortree or a union of childrenof a seriesor parallelnode. Thus, the modular
decompositiorgivesanimplicit representationf the modulesof G.

A directedgraphis transitiveif, whenerer a b and b ¢ arearcs, a ¢ isalsoanarc. An orientation
of anundirectedgraphis a directedgraphobtainedby assigninga directionto eachundirectededge. A
graphis acompaability graphif thereexistsanorientationthatis transitve. A transitive orientationcan
befoundin O n m time [11], but this algorithmis dif cult to understand.Cographsandthe com-
plementsf interval graphsareexamplesof comparabilitygraphs.The fastesialgorithmfor recognizing
permutationgraphstakesadvantageof the factthata graphis a permutationgraphif andonly if it both
thegraphandits complementarecomparabilitygraphs{11].

3 Strategy of the algorithm

It haslong beenrecognizedhatthereis a type of duality betweerthe modulesof a comparabilitygraph

andits transitive orientations[5]. In particular the orientationof one edgein a transitve orientation

dictateghe orientationof anotheiif andonly if no modulecontaingheendnodesf oneof thetwo edges,

but not of the other Most approacheso transitive orientationcomputethe modulardecompositionrst.

Ontheotherhand,the modulardecompositiorcanbe constructecasilyif it is known which edgedorce

orientationsf eachother Theapproachof ouralgorithmis to solve thesedualproblemsconcurrently
Thefollowing two theoremswhich arewidely known, arefundamentaf12]:

Theorem 3.1 If X is amoduleof G, thenthemodulef G that are subset®f X are themodulesof G X.

Theorem3.2 If P is a congruencepartition on G, then X is a moduleof G P if andonlyif Xisa
moduleof G.

Let G beanundirectedgraphandlet v bea vertex. A maximalmoduleof G that doesnot containv is
amoduleX suchthatX doesnot containv, but for every moduleY suchthatX is a propersubsebfY,Y
containsv. LetP G v be v andthemaximalmodulesof G thatdonotcontainv.
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Fig. 3: Themodulardecompositiorof the graphof Figurel. Theleavesarethe verticesof the graph. Theinternal
nodesare the strongmodules,and their membersare their leaf descendantsAn internalnodeis a parallel node
(labeled0) if the setit denotesnducesa disconnectedjraph,andits childrenareits connecteccomponents.lt is
a seriesnode (labeledl) if the complementf the graphit inducesis a disconnectedyraph,andits children are
the connecteccomponent®f the complement.It is a prime nodeif it inducesa graphthatis connectecandwhose
complements connectedits childrenarethe maximalmodulest contains.A setof verticesis amoduleif andonly
if it is anodeof thetreeor a unionof childrenof asingleparallelor degenerateode.
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Lemma 3.3 A setisamembenf P G v if andonlyif oneof thefollowing applies:
1. Itis v ;
2. It isachild of a primeancestorof v inthedecompositiotreethat doesnot containv;

3. It istheunionof thosechildrenof a seriesor parallel ancestorof v thatdo not containv.

Proof: Thisis immediatefrom thefactthata setis amoduleif andonly if it is a child of a prime node,
or ary unionof oneor morechildrenof adegenerateode.

Thus,P G v is apartitionof theverticesof G, hencea congruencgartition.

Thenodesof thedecompositiorireearethe strongmodules.However, the containmentelationonthe
nodess still atreeif we addaweakmoduleto thenodes.This moduleis aunionof asetX of childrenof
aseriewr parallelnode;thecontainmentelationdictateghatit becomes child of this node,andthatthe
memberf X becomeits children. If Y is the new nodeandZ is the parent,G Y is disconnected and
onlyif G Zis,andG Y is disconnected andonlyif G Zis. Thus,Y is aparallel(seriesnodeif andonly if
Zis. Inthiscasewe saythatY is super uous sinceit is notneededo representhemodulesof G. Adding
super uousnodesincrementallyyields a treewith multiple super uousnodes;this tree givesa type of
modulardecompositionput it is not in reducedform. We will call sucha tree an unreducedmodular
decompositiofif it is not necessarilyin reducedorm. It hasall the nodesof the modulardecomposition,
in additionto a (possiblyempty)setof super uousnodes.Givenanunreducealecompositionit is trivial
to derivethereducednodulardecompositionby deletingserieqparallel)nodeshatarechildrenof series
(parallel)nodesn postorderThus,in theremaindeof the paperwe consideronly the problemof how to
produceanunreducedlecomposition.

Let P be a congruencepartition. Let T be a modulardecompositiorof G P thatis not necessarily
in reducedorm, andlet Tx denotea modulardecompositiorof G X for X P thatis not necessarilyn
reducedorm. EachX Pisaleafof T . T givesall modulesof G thatareunionsof membersf P,
while eachTx givesthe modulesof G thatarecontainedn amemberof P. We canobtainasingletree
thathasall of this informationby performingthe compositionof this trees. This is obtainedby visiting
eachleaf X of T andattachingTx asasubtreeTo beprecisethecompositionof T and Tx:X P
isgivenby Y:Y T Tx: X P.

Lemma 3.4 Let P bea congruencepartition on an arbitrary graph G, let T be an unreducedmodular
decompositiomf G P, andlet Tx bean unreducednodulardecompositiomf G X for X  P. Thenthe
compositiorof T and Tx:X P isanunreducednodulardecompositionf G.

Proof: If M is a strongmodule,thenit overlapsno memberof P, by de nition. Thus, M is either
containedn amemberof P or is a unionof membersf P. If it is containedn amemberX of P, then
it is a strongmoduleof G X, by Theorem3.1, soit appearsasa nodeof Ty, henceasa nodeof the
composition.If M is aunionof asetM P, thenM is a strongmoduleof G P, by Theorem3.2,and
appearsasa nodeof T . It follows that M appearsasa nodeof the composition. Thus, every strong
moduleof G is anodeof the compositionfrom which the resultfollows.

Ourstrateyy, whichis summarizedby Algorithm 1,isto nd anunreducedlecompositionfG P G v,
nd anunreducediecompositiorof G X for eachX P G v, andreturnthecompositionof thesetrees.
Theverticesmaybe numberedarbitrarily with distinctintegers.
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Algorithm 1: UMD(G) Strateyy for computingmodulardecomposition.
Letv bethelowest-numberedertex of G;
if G hasonlyonevertecthenreturn v ;
else
Let T bethemodulardecompositiomfG P G v ;
foreachmembeiy of P Gv do Tvy: UMD GY ;
return thecompositiorof T and Ty:Y P Gv

Thecorrectness immediatefrom Lemma3.4. Thishigh-level stratgy wasemployedby thealgorithm
of [4]. HoweverthatalgorithmhadanO n?> bound,andfor sometime it wasnot clearhow to improve
thebound.

4 Data structures

We represent linear orderon a setV by labelingthe elementsof V with uniqueinteger keys, which
neednot be consecutie. SortingV in ascendingrderof theselabelsgivesthe representedrder The
restrictionof pto XV, denoted X, is justasortof X in ascendingrderof theseabels.

Let amoduletreebe ary setof moduleswherethe transitve reductionof the containmentelationis a
tree,andwheretherootisV andtheleavesareits singletonsubsetsThecanonicamodulardecomposition
is oneexampleamongmary. The moduletreeis orderedif thereis a left-to-right orderon the children
of eachinternalnode.If X V G, let therestrictionof amoduletreeT to X, denotedTl X, have asits
nodestheset Y X :Y isanodeof T . Thetransitive reductionof the containmentelationgivesthe
parentrelation. If T is anorderedmoduletree,thentherestrictionto X, is alsoordered;this is donein
theuniquewaythatitsleaves x :x X havethesamerelative orderthatthey doin T. Thisis always
possible sinceany nodeof T is a setthatis consecutie ontheleaf orderof T, henceary nodeof T X is
alsoconsecutiein its leaf order

To implementamoduletree,weletanO 1 -sizenodestandfor eachnode.This nodecarriesa doubly-
linkedlist of pointersto its children. If the nodeis a leaf, it carriesa pointerto the correspondingertex
of G. Thesetcorrespondingo aninternalnodeis thenjust givenby its leaf descendants.

Usingthis representationye obtainthe following:

Lemma 4.1 Thecompositiorstepof Algorithm1takesO P Gv time

Proof: Thecompositionis obtainedoy replacingeachleaf Y of thedecompositiomfG P G v with
thetreeTy. Thisrequiresonepointeroperation.The decompositiorof G P G v hasoneleaffor each
membenfP G v .

Bucket sortinga list of m itemsby integerkeysin therangefrom 1 to ntakesO n  m time, evenif
aninitialized setof bucketsis provided. However, if oneonly wishesto grouptheitemsinto groupsthat
have identicalkeys, the operationmay be carriedoutin O m time if theinitialized bucketsarealready
available. While insertingthe itemsto buckets, one mustsimply maintaina list of nonemptybuckets.
Whenall itemsareinsertedthelist maybe usedto visit only the nonemptybuckets,retrieving onegroup
at eachof them. The operationtakesonly O m time. To distinguishthis operationfrom bucket sorting,
we will call it bucketgrouping Similarly, if alist of mitemsmustbe sortedby a pair of keysin therange
from 1 to n, thistakesO n  m time by a radix sortthatmakesone call to bucket sortfor eachof the
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keys[1]. If onewishesonly to partitiontheitemsinto groupsthatshareidenticalpairsof keys, the calls
to bucket sortmay be replacedy bucket groupingsandthe partitiontakesO m time. We will call this
operatiorradix grouping

The datastructurefor the graphis an adjaceng-list representationwherethe verticesare numbered
from 1 to n, andwherethe adjaceng lists are doubly-linked lists. The adjaceng list associatedvith
vertex x haseacharcof theform x y . Eachsucharc x y , in turn, hasa pointerto the occurrencef its
“twin” y x in theadjaceny list of y. We alsokeepa partition P of the vertices.Eachpartition classof
P isimplementedvith adoubly-linkedlist, andeachvertex hasa pointerto its occurrencen oneof these
lists, aswell asa pointerto the beginning of this list.

5 The Gamma relation

An undirectedgraphmay be viewed as a specialcaseof a (symmetric)digraph,whereeachedge x y
is representedly two arcs, x y and y x . An orientationof the graphis a choiceof onearcfrom each
suchpair.

Let Gbearelationon the arcsof a digraph,where uw Gx y if andonlyif u xandw andy are
nonadjacentorw y andu andx arenonadjacen(s, 6, 12]. Let G bethetransitive re exive closureof
G It is easyto seethat u w G x y in a comparabilitygraph,thenin eachtransitive orientation, u w
and x y areeitherboth presentor both absent. Transitively, it followsthat uw G xy impliesthis
also. SinceG is anequialencerelation,this partitionsthe edgesinto groupssuchthat for eachgroup,
eitherevery memberof the groupis includedin a transitve M orientationor noneis. Thesegroupsare
theimplicationclasses

If | isasetofarcsletl 'denotegheclass yx : xy | Bysymmetrywheneerl isanimplication
classin anarbitrarygraph,| !is alsoanimplicationclass.

It is easyto seethat,in ary undirectedgraph,eitherl * 1 orl !isdisjointfrom|. Letacolor class
bel | !foranimplicationclassl. Thecolorclassesreapartitionof theundirectededgef G. A graph
is acomparabilitygraphonly if everyimplicationclassl is disjointfrom | 1; otherwiseno orientationof
thegraphcancontaintheimplicationclass.In fact,this characterizesomparabilitygraphs:anundirected
graphis a comparabilitygraphif andonly if for eachimplicationclassl, | is disjointfrom | 1 [6]. We
alsomake useof thefollowing well-known result,which canbefoundin [12]:

Theorem5.1 If all edgesof G arein a singlecolor class thenall nontrivial modulef G areindependent
sets.

6 Computing G P G v and its modular decomposition

We now describea procedurealledvertex partitioning, whichwe useto computeP G v in Algorithm 1.
Theinputto the procedures a partitionof theverticesandit nds are nementof the partitionthatgives
themaximalmodulesof G thataresubset®f oneof theoriginal partitionclasses.

Themostbasicoperationin vertex partitioningis the pivot. An inputis a partition P of the verticesof
the graph,a vertex x, andthe edgesfrom x to somesubsefQ of membersf P. The operationproduces
are nementP suchthatevery modulethatis a subsetf a classin P is alsoa subsetf aclassof P ,
and,in addition,ary classof P thatis a subsebf a memberof Q consistsonly of neighborsor only of
non-neighborsf x.
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Toimplementapivot, let X betheclassof P thatcontainsx. For eachneighboty of xin amembeof Q,
identify thesetY P thatcontainsy, andmoveyto atwin listY forY. Startanew list forY if Y doesnt
alreadyhave a twin list. In the processkeepa list of the membersof P in which this happens.When
thisis nished, Y containsonly non-neighbor®f x, andits twin Y containsonly neighbors EstablishY
andY asclassesn there nementP . If therearek edgesfrom x to memberf Q, this operationtakes
O1 k time.

We now describewhatwe will call the split operationwhich we will denoteSplit X P . Let P bea
partitionof theverticesandlet X P. GiventhearcsE thathaveoneendin X andtheotherinV X, we
mayusethemto subdvide X andthememberof P X toobtainare nementP of P. Thisre nement
hasthe propertythatfor any x X, eachclassY of P containednV G X consistsonly of neighbors
or only of non-neighboref X, andforanyz V G X, eachclassZ of P containedn X consistonly
of neighborsor only of non-neighborsf z.

To implementthe split operationwe bucketgroupall arcs x y in E by startingvertex x. Eachgroup
givesthe neighborsof somex X inV G X. We performa pivot on x to split up thosemembers
of P thataresubsetofV G X. Thisre nes P. Pivots on the othergroupsgive further successie
re nementsof P. After this hasbeendone,eachclassof P thatis asubsebfV G X hastherequired
properties.We thenusethe twin pointersof arcsin E to nd thearcsin V G X X, andperform
the foregoing stepson themto re ne X. Whenwe are done,eachclassof P thatis a subsetof X has
the desiredproperties. The procedurereturnsthe re ned partition, listing thoseclasseghat are subsets
of X separtelyfrom thosethatarenot. If thearcse E X V G X aregiven,theoperation
takesO 1 E . If they arenotgiven,it takesO X deg X ,wheredeg X isthesumof degreesof
memberof X, sincethe adjaceny lists of membersf X mustbesearchedo nd thememberof E .

Thevertex partitioningalgorithmis givenby Algorithm 2.

Algorithm 2: Partition G P , Vertex partitioning.
if P 1thenreturnP;
else
Let X beamemberof P thatis notlargerthanall others;
LetE betheedgeofGinX V G X
P Split X P;
G: G E;
Let Q betheclasse®f P containedn X;
LetQ betheclasse®f P containednV G  X;
return Partition GX Q Partition G X Q ;

To prove the correctnessywe shav that every memberof the returnedpartition is a module. Since
re nementsarecausedy pivotsandno pivot cansplit up amodule,it follows thatthe returnedpartition
consistsof the maximalmodulesof G thataresubset®of a classin theinitial partition. As a basecase jf

P 1,itssolememberV G, is trivially amodulein G. Otherwise assumedy inductionthatthe rst
recursve call returnsa partitionof X whosepartitionclassearemodulesn G X andsubset®f classesn
Q. If Y is oneof thereturnedpartition classesevery nodeof X Y is eitheraneighborof every element
of Y or anon-neighbowof every elementof Y. If Z is the memberof Q thatcontainsY, thenbecausef
thecall to Split, eachelemenbfV G X is eitheraneighborof every elemeniof Z or anon-neighboof
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everyelemenbf Z, hencehesamecanbesaidaboutY. Thus,Y isamodulein G. A symmetricargument
shavs thateachpartition classreturnedby thesecondecursie call is amodule.

For thetime bound,notethatthe call to Split takesO X deg X time, sincethe edgesrom X to
V G X arenotsupplied.We chagethe costof this by assessin® 1 to eachmemberof X andeach
edgeincidentto X. Since X  V G 2, avertex andits edgesarechagedonly if its partitionclasshas
atmosthalf of theverticespassedby thecall to theprocedureSincethisis alsotruein therecursve calls,
thenexttimex X andits incidentedgesarechagedchagedin arecursve call, the partition classthat
containsit will have sizeatmost X 2. We concludethatno elementof the graphis chagedmorethan
log, n times,whichgivesanO n m logn timebound.An O n m logn boundcanbereducedo
anO n mlogn boundby spending® n m preprocessingime nding the connectedcomponentsf
G, applyingthe algorithmon eachcomponentandcombiningthe resultsin a trivial way, usingthe fact
thatany unionof componentss amodule.

6.1 Ordered vertex partition

Recallthata graphis primeif it hasonly trivial modules We maytransitvely orientprime comparability
graphsandrecognizearbitraryprime graphsby revising the above approactsothatit keepsthe partition
classesn anorderedist asthey arere ned. Algorithm 3 givesanimportantsubroutinewhich appeared
in [10].

Algorithm 3: OVP G P
RunAlgorithm 2, with thefollowing changesA linearorderonthe memberof P is giveninitially.
Maintain a linear orderon P asit is re ned, usingthe following rule: Whena pivot on a vertex
p Y PsplitsX P intoasetX, of adjacenwerticesanda setX, of nonadjacenverticesmake
Xa andX, consecutie attheformerpositionof X in thelinearorder, with X, the nearerof thetwo to
Y in thelinearorder Returnthe nal partitionandits linearorder

The signi cance of this orderingwill soonbecomeclear The initial paramete® will always be

v V v for avertex v, which we call the seed To facilitate the computationof the ordering,
we maintainlabelson the partition classesothata classy is labeledwith i j , wherei is oneplusthe
sumof cardinalitiesof classeshatprecedéy andj is onelessthanthe sumof cardinalitiesof classeshat
follow; thesdabelsaretrivial to updateduringa pivot, andthey allow oneto nd outquickly whetherthe
pivot's classprecede®r follows Y. Thisallowsusto nd thecorrectrelative orderfor X5 andX,in O 1
time, sothetime boundfor OV P is the sameasthatfor Partition,O n  mlogn .

Algorithm 4: ComputeG P G v .
Algorithm 2, henceAlgorithm 3 explicitly removesthoseedgedhatarenotcontainedn amembetrof
P G v . Letm bethenumberof remosededges.The datastructureof Section4 for implementing
a partitionallow usto nd which partition classa vertex belongsto in O 1 time. Radixgroupthe
removed edgesaccordingto the two partition classes.This takesO m time. Discardall but one
representativeedgein eachgroup;therepresentatie edgesgivetheedgesof G P G v . Theentire
operationtakesO m time, in additionto thetime requiredby the call to OV P.

Lettheedgesxposedy apartitionof verticesbethoseedgeghatarenotcontainedn asinglepartition
class.SupposehatP is orderedsothatall arcsthatgo from earlierto latermemberof P arein a single
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implicationclass.In this casewe saythatthe orderingon P is consistentvith a transitive orientationof
G. Usingthis asaninductive hypothesisijt is easyto verify thatwhena classis split accordingto the
above orderingrules,there nementof P andits orderingis alsoconsistentvith a transitive orientation:
if a pivot p splits X into a setX, of adjacentertices,and X, of nonadjacenvertices thenall members
of p Xgarein oneimplicationclass,andtheseforceall membersof X, X, thatareedgesnto this
implication class. The inductive hypothesicontinuego hold after the classsplits. It follows thatif the
initial orderingof P is consistentvith a transitive orientation thensois the nal ordering. Thus,if G is
prime andyv is a sourcevertex in a transitive orientation,thencalling the algorithmwith initial ordered
partition v V G v givesalinearextensionof thetransitve orientation[10].

The problemof transitively orientinga prime comparabilitygraphthusreducego identifying a source
vertex in atransitive orientation.Supposé® is orderedsothatfor eachvertex x in thelastclassX, all edges
of x V G X arein oneimplicationclass. Thenif a anargumentsimilar to the oneabove showvs
thatif apivot p splits X into X5 andX,, all edgesof x V G X arein oneimplicationclass.By
induction,if the orderedpartitioningalgorithmis calledwith initial orderedpartition v V G %
for arbitraryv, thelastpartitionclassin the nal orderingis a sourcein atransitive orientation.

Algorithm 5 summarizeghe procedurefor nding a transitve orientationof a prime comparability
graph[1Q]:

Algorithm 5: TO(G) Transitve orientationof a prime comparabilitygraph.
Letv beanarbitraryvertex ;
P: ovPG v VG v oo
Let w betherightmostclassin P ;
returnOVP G w V G w

We now shav thatthe samealgorithmrecognizesvhetheranarbitrarygraphis prime[10]. Performing
thesetwo vertex partitionswithout encounteringa nontrivial moduleprovesthatall edgesof the graph
arein asinglecolor class.By Theorem5.1,thisimpliesthatany nontrivial modulesareindependensets.
The rst vertex partition nds a nontrivial moduleif oneis asubsebfV G  v. Thesecondnds oneif
oneis asubsenfV G  w. Thus,ary nontrivial modulescontainbothv andw. However, w is adjacent
to v, sinceit wasrightmostin the nal partition,hencewasamongthe neighborsof v, whichweremoved
to theright whenthepivotonv splitV v . Thus,arny nontrivial moduleis anindependenset,andary
nontrivial modulecontainsgheedges w v . Therecanbe no nontrivial module.

6.2 Finding the modular decompositionof G P G v

We have shovn how to computeP G v andto computethe compositionof unreducednodulardecom-
positiontrees. The only remainingproblemin Algorithm 1 is computingthe modulardecompositiorof
GPGv.

Let agraphG benestedf all nontrivial modulesareancestor®f a particularvertex vin MD G . We
call v andits siblingstheinnermostvertices.

Lemma 6.1 For anyundirectedgraphG andanyvertexv,G P G v isnestedand v isaninnermost
vertexin it.

Proof: If M is anontrivial moduleof G P G v thatdoesnot contain v , then M is anontrivial
moduleof G thatdoesnot containv, by Theorem3.2. No memberof M is a maximalmoduleof G not
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containingv, which contradictsthe de nition of P. If A andB areoverlappingmodulesof G P G v,
theneitherA, B, or ADB is anontrivial moduleof G P G v thatdoesnot contain v , which we have
just seencannothappen. Thus, all modulesof G P arestrongandcontain v , from which the result
follows.

Thus, the remainingstepof Algorithm 1 reducego computingthe modulardecompositiorof nested
graphs.

Algorithm 5 simultaneouslyecognizeprime graphsandtransitively orientsthemif they arecompa-
rability graphs.Recognizinga prime graphcanbe viewed asa specialcaseof nding modulardecom-
position,whichworksonly if thegraphis prime. We generalizet sothatit simultaneouslyomputeghe
modulardecompositiorof nestedgraphs,and nds a transitive orientationwhenthey arecomparability
graphs.

We usea variantof OVP, which is given by Algorithm 6. This procedureappliesitself recursiely
insideeachof themoduledfoundby OVP. Theverticesof G areassumedo benumberedthis determines
selectionof theseedverticesin callsto OVP.

Algorithm 6: ROP G , recursie applicationof OVP (Algorithm 3)
if G hasanisolatedvertex then let w bethatvertex;
elselet w bethe highesthumberedrerte;
if G hasonly onevertexthenreturn w ;
else

X1 X X : OVPG w VG w o

Let T beamoduletreewith onenodeV G ;
foreachsetX; do LetROP G X; betheit" childofV G
return T

Lemma 6.2 TheROP algorithmtakesO n mlogn time

Proof: Usingthe datastructureof Section4, it takesO 1 time to attacheachchildtoV G . Sincethe
nal treehasn leavesandevery internalnodehasat leasttwo children,this steptakeshasO n , all steps
exceptthe callsto OVP contritute O n to the runningtime of ROP. The runningtime for the callsto

OVP is boundedyy thetime spendon pivotsin Algorithm 2 insidethesecalls. In this procedureno pivot

on a vertex x occursunlessit is in a classthatis at mosthalf aslarge asthe classthat containedt the
lasttime a pivot wasperformedon x in Algorithm 2 andin a classthatis half aslarge asthe classthat
containedt at the bgginningof the call to Algorithm?2. Fromthis lastobsenation,we may concludethat
wheneer a pivot is performedonv, it is in a classthatis half aslarge asthe classthat containedt the
previoustime a pivot occurredon it in ary call to OVP generatedy ROP. Sincethe costof the pivot is
O 1 dv thetotalcostof all pivotsin all callstoOVPisO n m logn .

Corollary 6.3 Thetotal timespentin UMD (Algorithm1) by callsit malesto OVPisO n m logn .

Proof: Thesearethesameasthecallsto OVP generatedby a call to ROP.
Algorithm 7 nds themodulardecompositionn nestedgraphsjf aninnermostvertex v is given.
We now demonstratéhecorrectnessSinceall modulesof G containv, thecalltoOVP G v V G
v simply assignsaanorderingto theverticesof G via the orderingof thereturnedsingletonsets.This
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Algorithm 7: Chain G v , Modulardecompositiorin a nestedgraph.

P: OWPG v VG v ;
Numbertheverticesof G in orderof theirappearanci P;
return ROP G .

orderingis notunique,sinceit depend®n choicesof pivotsduring executionof the algorithm.However,
not all permutationsare possible. Let us saythat an orderingis a valid resultfor the call if thereis a
sequencef pivot choiceghatcausest to producethatordering.

Lemma 6.4 If all nontrivial modulesof G containvertex v, X is a modulethat containsv, andp is the
orderingof verticesproducedbyacalltoOVP G v V G v ,thenp X isavalid resultof a call
toOVP GX v X v

Proof: Avertexy V G X is adjacento all membersof X or nonadjacento all of them. Thus,
duringacalltoOVP G v V G v, if two memberf X arein a singlepartition classbeforea
pivot ony, they remainin a single classafterthe pivot, sothe pivot on y hasno effect on their relative
order The nal orderingof X is determinedxclusively by pivotson membersf X andtheir adjacencies
in G X. Theproductionof this orderingcanthusbesimulatecdby acalltoOVP GX v X v

In the modulardecompositiorof a nestedgraph,eachinternalnodeof the decompositiortree hasat
mostonenon-singletorchild, namely the onethatcontainsv. Also, a seriesor parallelnodehasexactly
two children; otherwisethe union of two that do not containv resultsin a nontrivial modulethat does
not containv. Let w be the seedvertex selectedto Il the role of w in the main call to ROP thatis
generatedn Chain. If theroot of thetreeis a parallelnode,thenV G hastwo children,oneof which
is anisolatednode,andw is selectedo be this node. If theroot is a seriesnode,thenV G hastwo
children,oneof which is anisolatednodein the complemenbf G. The orderingrule in the call to OVP
ensureghat this nodewill receve the highestnumberof ary node,andw is selectedo be this node.
Otherwise the rightmostclassin the numberingproducedby OVP is a singletonclass w . As in the
proof of Algorithm 5, all edgesoutof w arein thesamemplicationclass,andw is adjacento v. Thus,
all nontrivial modulesthat containw containv. It followsthat w is againa child of theroot, sinceall
nontrivial modulescontainv. ThecalltoOVP G w V G w  generatedn this highest-leel
call to ROP then nds the maximalmodulesthatdo not containw , andsince w is achild of theroot,
this call to OV P justreturnsthe childrenof theroot.

We now show thattherecursve call generatednsideROP nds theremaindeiof thetree. Algorithm 7
obviously works correctlywhen G hasonly onevertex. Adopt asan inductive hypothesighatG is a
nestedgraphwith n verticesandthe algorithmworks on nestedgraphsgraphswith fewer vertices.Let X
bethe non-singletorchild of V G , theonethatcontains v . By Theorem3.1,G X is nestedwith v as
aninnermostvertex, soacall to Chain on G X couldbe usedto computethe restof thetree. Sucha call
would rst call OVP to assignanorderingto X, andthencall ROP on G X. By Lemma6.4, the vertex
numberingof X is alreadyavailablein the numberingof verticesof X, sothecallto ROPon G X returns
exactly whatsuchcall to Chain on G X would. By the inductive hypothesisthis is the remainderof the
modulardecompositiorof G, namely the subtreerootedat X.

Lemma 6.5 ChaincanberuninO n m logn time

Proof: Thisis immediatefrom thefactthatOVP andROP bothhave this time bound.
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7 Efcient implementation of Algorithm 1

Thefollowing givesanef cient implementatiorof Algorithm 1.

Algorithm 8: Finalmodulardecompositioralgorithm.
ImplementUMD G asfollows:
ComputeP G v with acallto Algorithm 3;
ComputeG P G v with acall to Algorithm 4;
Computethemodulardecompositiomf G P G v with acall to Algorithm 7.

Lemma 7.1 Algorithm8takesO n mlogn .

Proof: The setof instancef Stepl over all recursie callsto UMD is just the setof callsto OVP
generatetby asinglecall to ROP. SincethatalgorithmisO n  mlogn , Stepl contritutesO n  mlogn
to therunningtime of UMD.

By Lemmad4, computingG P G v in themaincalltakesO 1 time for eachedgeof G notcontained
in a memberof P G v . We chage this costto theseedges. The edgeschagedin recursve calls are
disjointfrom these sothetotal contributedby step2 to therunningtime of UMD isO m .

A call to Algorithm 7 on a nestedgraphwith n verticesandm edgestakesO n m logn time.
G P G v hasat mostoneedgefor every edgeof G not containedin a memberof P G v. We may
chagethecostof thisto O logn setcostsfor eachmemberof P G v , andO logn edg costsfor each
edgenot containedn oneof its membersTheedgeshagedaredisjointfrom thosechagedin recursve
calls,so Step3 contributesO mlogn edgechages.Thecontainmentelationon setsincurringa setcost
in somerecursve call of UMD is atree,sothereareO n of them.Thetotal contributedby Step3 to the
runningtimeof UMD isO n m logn .

Computingthe compositionof the treestakesO 1 for eachmemberof P G v , by Lemma4.1. This
contritutesanadditionalO 1 costto eachsetincurringa setcostin Step3. Computingcompositionsf
treesthuscontributesO n to therunningtime of thealgorithm.

Thetotal runningtimeis O n m logn . However, this boundfor ary modulardecompositioralgo-
rithm canbereducedto anO n mlogn boundby spendingD n m preprocessingime to nd the
connectedcomponentsandif therearek 1 of themapplyingthe algorithmseparatelyo eachcompo-
nent,andmakingtheresultingk treeschildrenof V G .

8 Conclusions

Another closely-relatedvariant of this algorithmis to perform orderedvertex partitioning, andthento
performit recursvely inside eachnontrivial modulethatis found. The nal resultis anorderingof the
vertices. A linear extensionof a transitve orientationis obtainedby performinga secondpassof this
recursve algorithm,exceptthatin eachrecursve call on a setX of vertices theinitial pivot vertex must
be the rightmostmemberof X in the orderingproducedby the rst pass.Every strongmoduleof G is
identi ed asa modulein oneof the two passesEvery modulethatis foundin oneof the passesandis
not strongis foundto overlapa modulefoundin the otherpass.lt is thereforea simplematterto obtain
the modulardecompositiorby discardingthosemodulesfrom the two passeshatoverlap. The proof of
correctnesss quite similar to the onewe give above.
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Anotherpromisingideais to try to obtaintheresultof the vertex partitioningstepwithout actuallyper
forming vertex partitioning. This is the approachof the parallelandsequentiahlgorithmsof [2, 3]. This
elggantstrateyy, which is dueto Dahlhausmakesrecursve calls on subgraphinducedby the neighbors
of v andthe subgraphinducedby the non-neighborf v, andthendeletesportionsof thesetwo trees
to obtainthe membersof P G v andtheir modulardecompositions.However, up until now, turning
thisideaintoanO n ma mn algorithmrequiresconceptuallydif cult tricks, suchasletting some
parentpointersin the tree get out of date,and maintaininga union- nd datastructureto help simulate
them. It alsorequirescarefulchaging agumentgo prove thetime bound. The lineartime variantuses
sophisticatedinion- nd datastructures.

One of the importantpointsillustrated by the algorithmis that nding a simple lineartime vertex
partitioningalgorithmwould give simple lineartime solutionsto modulardecompositiorandtransitve
orientation. Thereis reasonto hopethat one might exist. In the rst place,the basisof the dif cult
transitive orientationalgorithmof [11] is a (dif cult) lineartime implementatiorof Algorithm 6. Thus,
thereis noinherentbarrierto alineartime bound.lt is alsoworth notingthatthe algorithmwe give here
is actuallylinearon mary classe®f graphs.For instancepn graphswith x eddegreeboundk, it is easy
to verify that,atary pointduringacalltoOVP G v V G v ,onlyonepartitionclasscanhave size
greaterthanc. Theproofof thisis by inductionon the numberof pivots performedsofar. In the proof of
ROP, we saw thateachtime a pivot occurson avertex, it is in a classthatis half aslarge asthe classthat
containedt the previoustime it wasa pivot. ThisgivesanO n mlogk O n m boundfor ROP.
SinceROP is the bottleneckfor thetime boundof Algorithm 8, this givesalineartime boundin this case.

A similar agumentshaows that on graphswherethe ratio of the maximumdegreek to the minimum
degreek is at mostc, the time boundis linear. Supposek is the minimum degree. Let us saya vertex
is con nedif it is in a classof sizeatmostk 2, anda pivot is con ned if the pivot vertex is con ned at
thetime. Considera con ned pivot on a vertex p. The OVP algorithmremovesall edgesrom p to other
classegluringa pivot. Let d bethe numberedgesstill incidentto p, andlet j bethesizeof the classthat
currentlycontaingt. If d  j thenthecostof thepivotisO j . Ifd j,wechageOd | oftheOd
costof thepivottothed j edgeghrown outof G duringthepivot,atO 1 perdeletededge.Thetotal of
chagedcostsoverall con ned pivotson pis O 1 for eachedgeoriginally incidentto p. Theunchaged
costof thepivotis O j . Sincethevalueof j dropsby afactorof two eachtime a pivot occurson p, the
unchagedcostof pivotson p afteritisconnedisOk 2 k 4 k 8 2 1 Ok ,whichis
O 1 for eachedgeoriginally incidentto p. Thus,con ned pivots contribute O m time to the running
time of ROP. Sincethesizeof aclasscontainingp dropsby afactorof two eachtimeit is usedasa pivot,
andno pivot occurson it whenit is in aclasslargerthank, thereareO logk k uncon nedpivotson p.
EachpivottakesO 1 timefor eachedgeincidentto p, sothetotal contributionof uncon nedpivotsto the
runningtime of ROP is O mlogk k O m for graphswheretheratiok k of maximumto minimum
degreeis boundedby a constant.
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