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Abstract

This paper gives an O(n?) incremental algorithm for computing the modular
decomposition of 2-structure [1, 2]. A 2-structure is a type of edge-colored graph,
and its modular decomposition is also known as the prime tree family. Modular
decomposition of 2-structures arises in the study of relational systems. The
modular decomposition of undirected graphs and digraphs is a special case,
and has applications in a number of combinatorial optimization problems. This
algorithm generalizes elements of a previous O(n?) algorithm of Muller and
Spinrad [3] for the decomposition of undirected graphs. However, Muller and
Spinrad’s algorithm employs a sophisticated data structure that impedes its
generalization to digraphs and 2-structures, and limits its practical use. We
replace this data structure with a scheme that labels each edge with at most
one node, thereby obtaining an algorithm that is both practical and general to
2-structures.

Keywords: modular decomposition, substitution decomposition, prime tree
family, graph decomposition, 2-structures.



1 Introduction

A module of a graph G = (V, E) is a set X of nodes such that for every node
z € V — X, either all members of X are adjacent to z or no element of X
is adjacent to z. The trivial modules are the empty set, V, and the singleton
subsets of V. A graph is prime if it has at least three nodes but no nontrivial
modules.

Modules and the partitions they induce on the nodes of a graph have strong
algebraic properties [4, 5]. The modular decomposition of a graph is a unique
linear-space representation of the modules the graph, whose number may be
exponential in the number of nodes. It is given as a tree whose leaves are
the nodes of the graph. It makes possible the efficient solution of some im-
portant combinatorial problems on certain classes of graphs, such as compara-
bility graphs, partial orders, and non-prime graphs. Examples include finding
maximum-weighted cliques and independent sets, maximum-weighted match-
ings, minimum colorings, finding the dimension of a partial order, finding the
partial orders with a given comparability graph, and solving scheduling prob-
lems when jobs are subject to certain types of precedence constraints. Mohring
[6] gives a comprehensive review of the literature.

The modular decomposition and its algebraic properties have been extended
to to any class of structures where a definition of a module may be given that
satisfles certain basic properties [4, 5]. In particular, in [1, 2] the definition of a
module satisfying these properties is given for 2-structures. A 2-structure is a
complete graph with an equivalence relation on its edges.

The subject of this paper is an O(n?) algorithm for modular decomposition
of 2-structures. Since modular decomposition of graphs and digraphs is a spe-
cial case of modular decomposition of 2-structures, the algorithm solves those
problems within the same time bound. In addition, 2-structures model systems
of binary relations and their modules [7], so the algorithm also computes the
modular decomposition for such systems.

The modular decomposition of graphs was first described by Gallai [8], and
has since been rediscovered independently by different researchers. Kelly [9]
gives a survey of the history of the idea. It is also called substitution decompo-
sttion [6] and X-join decomposition [10], while modules are also known as closed
sets 8], clans [1], autonomous sets [6], partitive sets [11], clumps [12], stable sets
[13], and intervals [7]. The modular decomposition in the case of 2-structures
has been known as the prime tree family [2], but we will use the term “modular
decomposition” for consistency with prior terminology on graphs. The cotree
decomposition of cographs [14], and the series-parallel decomposition of General
Series-Parallel partial orders [15] are the special cases of the decomposition on
these graph classes. A definition of a module that satisfies the requirements
of the algebraic model of [5] exists for Boolean functions, set systems, k-ary
relations [5] and k-structures [16], so a modular decomposition exists for these
structures as well. The decomposition is also closely related to the split decom-



position of Cunningham and Edmonds [17], which has been generalized to k-ary
relations by Wagner [18].

James, Stanton, and Cowan [19] give an early O(n*) algorithm for computing
the modular decomposition for the case of undirected graphs. Various O(n®)
and O(nm) algorithms for partial orders and graphs have been given [8, 10, 20,
21, 22, 23, 24]. Algorithms with O(n?) [3], O(n+ mlogn) [25], O(n +ma(m,n))
[26], and O(n+ m) [27] time bounds have recently been developed for arbitrary
undirected graphs. Maurer [28] gives an O(n*) algorithm for arbitrary directed
graphs. Ehrenfeucht, Harju, and Rozenberg [29] give an O(n®) incremental
algorithm for arbitrary 2-structures, while Ehrenfeucht, et. al. [30] give an
O(n?) divide-and-conquer algorithm for arbitrary 2-structures.

Our algorithm is incremental in the same sense as those given in [3, 29].
That is, let g be a substructure, and let g’ be the larger substructure that is
obtained by adding some node z to g. Given the modular decomposition for g,
the algorithm computes the modular decomposition for g’. Since the modular
decomposition for a one-node 2-structure is trivial, the modular decomposition
for an arbitrary 2-structure may be obtained by a series of such incremental
steps.

A similar time bound is obtained by Ehrenfeucht et. al. [30], but that algo-
rithm is not incremental. The o(n?) algorithms of [25], [26], [27] are based on
the O(n + m) cograph recognition algorithm of [14], which is specific to undi-
rected graphs, and no O(n?) generalization of these decomposition algorithms
to arbitrary digraphs or 2-structures has been found.

To get an incremental algorithm for 2-structures, we take the basic ap-
proach given in [3] for undirected graphs. That paper gives a characterization
of the change to the modular decomposition when a new node is added to a
finite graph whose modular decomposition is known. A similar characteriza-
tion, for arbitrary 2-structures, is given in [29]. Using three devices, which we
call M(g',2), Z,, and DL(X,g’, z), we characterize the incremental change for
finite 2-structures succinctly and on an abstract level that is general to finite
k-structures and k-ary relations. Z, is a node of the modular decomposition
before the update, M(g’, 2) is the family of maximal modules of g that are
also modules in ¢, and DL(Z,, ¢', z) is a particular member of MD(g') which
is either the parent of {z} or equal to {z}. Theorem 5.3, below, says that all
nontrivial changes to the decomposition tree occur in the subtree rooted at Z,.
Theorem 5.8 characterizes those changes in terms of M(g’, z) and DL(Z,, ¢, 2).

M(g',z) and DL(Z,,g’,z) are easily computed. For generalizing the algo-
rithm of [3] to 2-structures without degrading the the O(n?) time bound, the
primary obstacle is generalizing the complex data structure used in that paper
for finding Z, quickly. This data structure, called an N representation, allows
one to traverse efficiently from parent to child in the modular decomposition,
seeking out Z,. The N representation is specific to undirected graphs. It must
also be incrementally updated, and its update is considerably more complex
than the one for the modular decomposition itself. This limits both the gener-



ality and the practical usefulness of the decomposition algorithm.

The primary contribution of the current paper is the demonstration that the
N representation may be replaced by a simple scheme that involves labeling some
of the edges of the graph with a node, called a split node. This gives a practical
algorithm for undirected graphs, and the labeling scheme is general to directed
graphs and 2-structures, thereby allowing the algorithm to be generalized. In
this scheme, each edge is labeled at most once over all incremental updates,
and the edges that must be labeled after an update are easily identified and
labeled in constant time per edge. Thus, maintaining the labels requires O(n?)
time over all updates. The disadvantages of this scheme are that the algorithm
requires (n?) space in the worst case, and that the time bound is an amortized
one, since 2(n?) edges might require labeling after a particular update.

2 Background

All graphs and 2-structures will be assumed to be finite in this paper. Two sets
X and Y overlapif X NY, X — Y, and Y — X are nonempty.

A poini-partitive hypergraph [31] on a universe U is any set family satisfying
the following properties:

1. U and its singleton subsets are members of the family;

2. If X and Y are overlapping members of the family, then X NY, X UY,
X —Y and Y — X are members of the family.

Theorem 2.1 [4, 5]: Let F' be the members of a point-partitive hypergraph
F that overlap no other. The transitive reduction of the containment relation
imposes a tree on F'. Every member of F is a union of siblings in this tree.
Each member of the tree is of one of the following types:

1. degenerate: the union of every subfamily of its children is a member of F;

2. prime: the only proper subfamilies of its children whose unions are mem-
bers of F are those that consist of only one child.

3. linear: there is a linear order on the children such that the union of a
subfamily is a member of F if and only if the members of the subfamily
are consecutive.

The modules of a graph or digraph G = (V, E) are a point-partitive hyper-
graph on V, and the modular decomposition is precisely the tree of Theorem 2.1.

Let D be a set and let E5(D) denote the set {(z,y) : z,y € Dandz # y}.
A 2-structure g consists of a set D and an equivalence relation on E3(D). D is
the domain of the 2-structure, and is denoted dom(g). The members of D are
the nodes of the 2-structure, and the members of E(D) are its edges.



For notational convenience, we will view a 2-structure as an edge-colored
complete directed graph, where the color of an edge gives the equivalence class
to which it belongs. This also makes it possible to associate equivalence classes
in two 2-structures, by coloring them the same color. The substructure induced
by X C dom(g), denoted g|X, is the 2-structure on domain X where each
(z,y) € Ea(X) is the same color as it is in g.

Let u,v, and w be three nodes of a 2-structure g. We will say that u distin-
guishes v and w if (u,v) and (u,w) are different colors, or if (v, u) and (w,u)
are different colors. A module in a 2-structure g is a set X of nodes in a 2-
structure that are not distinguished by any node in dom(g) — X. The empty set
is clearly a module, but all modules referred to in this paper will be assumed to
be nonempty unless otherwise indicated.

Theorem 2.2 [1]: The modules of a 2-structure g are a poini-partitive hyper-
graph on dom(g).

By Theorems 2.2 and 2.1, the modular decomposition is defined for 2-
structures. MD(g) denotes the modular decomposition of g. The strong mod-
ules are those modules that overlap no other; these are the modules that make
up the nodes of MD(g). Thus, we may say X € MD(g) if X is a strong mod-
ule in g. If X is a non-singleton strong module, then children,(X) denotes its
children in MD(g).

Note that if X and Y are disjoint modules, all edges of X x Y are the same
color. A congruence partition is a partition P of the nodes such that whenever
X and Y are two distinct partition classes of P, all edges of X x Y are the
same color. A partition of dom(g) is a congruence partition iff the partition
classes are modules. The guotient g/P is the 2-structure whose nodes are the
members of P, and where the color of (X,Y) in g/P is given by the color of the
edges in X x Y in g. A factor is the substructure induced by a member of P.
The quotient gives the colors of all edges not in any factor, so the congruence
partition and the factors together uniquely specify the 2-structure.

For the purposes of this paper, a 2-structure g is considered to be isomorphic
to a 2-structure h if there exists a bijection ¢ from dom(g) to dom(h) such that
for every (u,v) € Ez(dom(g)), (u,v) is the same color in g as (¢(u), ¢(v)) is in
h.

If F is a family if disjoint sets, then a set S is a system of representatives
from Fif S C|YUF and |SN X| =1 for each X € F.

Theorem 2.3 [1]: If P is a congruence partition on a 2-structure g and S is
a system of representatives from P, then g/P is isomorphic o g|S.

Every family of disjoint modules is a subset of a congruence partition. Thus,
if U,V, and W are three disjoint modules of a 2-structure g, we may say that
U distinguishes V and W if for arbitrarily selected u € U, v € V and w € W,
u distinguishes v and w. W is uniform with respect to U if W is a module



in ¢g|(U UW). We may mix nodes and modules in these expressions, saying,
for example, that “u distinguishes V and w” in order to avoid the the more
cumbersome “{u} distinguishes V' and {w}.”

Theorem 2.4 [1, Thm. 4.10]: Let g be a 2-structure, and let X be a module of
g. Then the modules of g| X are those modules of g that are subsets of X. The
strong modules of g|X that are proper subsets of X are those strong modules of
g that are proper subsets of X.

Let g be a 2-structure. Let P be a congruence partition on g. If X C dom(g),
then the image of X in g/P is the set {Y : Y € PandY NX # 0}. If F C
dom(g/P), then the inverse image of F in g is | J F.

Theorem 2.5 [1, Thm 4.17]: Let g be a 2-structure, and let P be a congruence
partition on g.

1. If X be a module of g, then its tmage in g/P is a module in g/P. If X 1s
a strong module in g, then its image is a strong module in g/P.

2. Conversely, if F is a module of g/ P, then ils inverse image is a module of
g. If the members of P are strong modules in g and F 1s a strong module
in g/P, then its inverse tmage is a strong module in g.

Theorem 2.6 [1, Thm 4.10]: If X is a module of g and Y C dom(g), then
X NY is a (possibly empty) module of g|Y .

A 2-structure g is prime if it has only trivial modules and has at least three
nodes . It is degenerate if |dom(g)| > 2, and all edges of g are the same color. It
is linear if |dom(g)| > 2, its edges are each colored one of two colors, say, a and b,
and there exists a linear ordering of its edges such that each (z,y) € E;(dom(g))
is colored @ if z precedes y, and colored b otherwise. In this case, there are
actually two such orders, where one is the reverse of the other, but the “linear
order” on dom(g) will refer to one of these two orders, selected arbitrarily.

Let X be an arbitrary non-singleton module of a 2-structure g, and let
F be the maximal strong modules of g that are proper subsets of X. Theo-
rems 2.1, 2.4, and 2.5 imply that (g|X)/F is prime, degenerate, or linear. Thus,
we may classify any module, not just the strong modules, as prime, degenerate,
or linear.

If D denotes the nodes of an ordinary graph or digraph, then the graph gives
a partition of E(D) into two equivalence classes: the members of E3(D) that are
edges, and the members of E3(D) that are not. A graph thus corresponds to a 2-
structure, and all results about 2-structures in this paper apply immediately to
graphs and digraphs as a special cases. In addition, consider a system of binary
irreflexive relations {R;, Ry, ..., R} defined on a set D. The 2-structure given
by the equivalence relation on E;(D) where (z,y), (v, v) € Ez(D) are equivalent
iff forallz:1 <1< k,uRv & zR;y. 2-structures obtained in this way and
their modules were studied in [7], and in [32], where they are called skeletons.



3 Additional Definitions

Let X and Y be nonempty disjoint subsets of dom(g). An edge connects X and
Y if it is a member of X X Y or a member of Y x X. An edge is internal to X
if it is a member of Ey(X).

Prefixes, suffixes, and intervals of linear orders have the expected definitions:

if (v1,v2,...,v,) is a linear ordering of dom(g), then (v1,va,...,v;) is a prefix
of the linear ordering, (v, Vk41,...,vn) is a suffix, and (v;, viy1,...,v;) is an
interval.

Let Y be a module in a 2-structure, g, and let F be a congruence partition on
g|Y, where |F| > 1. Then F is a prime familyiff (g|Y)/F is prime, a degenerate
family iff (g|Y)/F is degenerate, and a linear family iff (g|Y)/F is linear. In
the case of a linear family, the linear ordering of the members of F is given by
the linear ordering of (g|Y)/F.

Let a and b be two not-necessarily distinct edge colors in a 2-structure g,
and let 2,y € dom(g). Let R, ; be the relation where 2R, 3y iff (2, y) is colored
a and (y,z) is colored b. If X and Y are disjoint subsets of the domain of g,
then by XR,;Y we denote that every edge in X x Y is colored a and every
edge in Y x X is colored b.

4 The Algorithm

We will assume that the modular decomposition of a 2-structure g is represented
by a tree that has one node for each nonempty strong module of g. The leaves
correspond to the singleton modules, and the edges of the tree are given by the
transitive reduction of the containment relation on the strong modules. Each
node of the tree is labeled with an arbitrary member of the module it represents,
so that the color of the edges of g that connect two disjoint modules may be
determined in constant time. Clearly, the module represented by any node may
be retrieved by collecting the labels of its leaf descendants. In addition, the
nodes are labeled prime, degenerate, or linear, as appropriate.

Any action on MD(g) referred to in the algorithm will be assumed to be
implemented as the obvious analogous action on this data structure.

In the rest of this paper, unless otherwise stated, g denotes a substructure
whose modular decomposition is known, and z is a node to be added to g to get
a larger substructure g’. To get an O(n?) incremental algorithm, it suffices to
show how to compute MD(g') from MD(g) in O(n) time.

DEeFINITION: M(g’,2) is the family of maximal-cardinality modules of ¢’
that are contained in dom(g’) — {z}. (M(¢’,2) is a partition of dom(g) [30].)
Z, is the smallest-cardinality member Z of MD(g) such that Z U {z} is a
member of MD(g'). DL(X,g’,z) denotes a minimum-cardinality Y C dom(g’)
such that ¥ = {2} U (|JF) for some F C childreny(X) and such that {Y} U
(childrengy(X)—F) is a degenerate or linear family. (Note that 7 may be empty,



in which case DL(X,g',2z) = {2}.) If no such set Y exists, DL(X,¢’,2) = X.
The following gives the algorithm for the incremental update.
Algorithm 4.1 Compute MD(g') from MD(g).
1. Find Z, in MD(g)
2. Compute DL(Z,,¢',z) and M(g', z)
3. Create a new node corresponding to DL(Z,, ¢', z) and add it as a child

of Z, in MD(g). For each U € childreny(Z,) that is contained in
DL(Z,,q',z), remove U from the list of children of Z,.

4. Let {z} and the members of M(g’, z) that are contained in DL(Z,, ¢’, z)
be the children of DL(Z,, ¢, z).

5. For each V € M(g', z) that is contained in DL(Z,,g¢’,2), V is a union
of siblings in MD(g); move the subtrees rooted at these siblings in
MD(g) so that they are the children of V.

6. Collapse out of the tree any internal nodes that now have only one child
so that chains of nodes do not develop.

The correctness of the algorithm follows from Theorems 5.3 and 5.8, below,
which are general to k-structures. As stated, Algorithm 4.1 is thus general to
k-structures. However, to execute the six steps in O(n) time, we assume a
2-structure whose edge colors are given in an adjacency array.

Like the algorithm of [3], our algorithm begins by identifying which strong
modules of g are uniform with respect to z and which are not. This is accom-
plished by labeling each leaf z of MD(g) with the colors of (z, z) and (z,z) in
g'. Then, using the obvious postorder traversal of MD(g), each internal node
is labeled either with a pair of colors, or else as nonuniform with respect to z,
depending on the labelings of its children.

Given the labeling of members of MD(g) as uniform or nonuniform with
respect to z, it is easy to find M(g’, z) in O(n) time from MD(g). The approach
follows from the fact that each member of M(g’, 2z) is a maximal module of g
whose members are not distinguished by z, hence, a maximal union of siblings
in MD(g) that is a module and not distinguished by z. Since this approach
computes this set of siblings for each member of M(g’, 2), steps 4 and 5 are
trivial operations.

DL(X,g¢', z) may be computed in O(|children,(X)|) time using elementary
arguments involving which children of Z, are uniform with respect to z, and
the colors of edges connecting z with the uniform children.

The only difficult step to carry out in O(n) time is finding Z,. As with the
algorithm of [3], we find Z, by traversing the ancestors of Z, from the root. If
X is an ancestor, we find whether there is a child Z of X in MD(g) such that
ZU{z} is the child of X U{z} in MD(g’). If there is no such child, then Z, = X.
Otherwise Z is an ancestor of Z,, so let X := Z and repeat the operation. If
X is degenerate or linear in g, this step reduces to finding DL(X,¢’, 2) and
checking whether it contains only one child of X in MD(g) (Lemma 5.6).



The main problem is performing this operation in constant time per child
of X when X is prime. This is the reason for the N representation of [3].
Instead of using that data structure, we note the following. Since U UV is not
a module in g, U and V are distinguished by a third child X of the prime node,
by Theorems 2.4 and 2.5. We assume that all edges connecting U and V are
labeled with a split node w € W for some W satisfying the definition of X.

Given such a labeling, it is easy to find if there is a unique child Z such that
Z U{z}is a module in g in constant time per child. Retrieve an edge connecting
U and V in order to find its split node w. Since w distinguishes U and V, it
must either distinguish z and U or z and V. This means that U U{z} or VU{z}
is not a module in g’. Thus, in constant time, we may exclude either U or V
in the search for Z. Repeating this operation on pairs of remaining candidate
children eventually leaves only one child Z as a candidate. Z U {z} is a module
in ¢’ iff Z and {z} are not distinguished by any sibling of Z, which may be
found in constant time per sibling of Z.

This takes care of finding Z, in O(n) time. In section 7 , we give the
algorithm for updating the labeling of edges with split nodes. The key point for
the time bound of that algorithm is that once an edge is labeled with a split
node, this label is still valid after all subsequent updates (Lemma 7.2), so it
never needs to be relabeled. It is easy to identify those edges that need a split
label and that don’t already have one (Lemma 7.3), and to compute appropriate
labels for them, in constant time per edge. This gives an amortized O(n?) time
bound for updating split node labels. However, when the algorithm runs on a
prime 2-structure, all edges are eventually labeled, so it requires (n?) space in
the worst case.

5 Proof of Correctness of Algorithm 4.1

In this section, we make use only of Theorems 2.2, 2.4, 2.5, 2.3, and 2.6 to prove
the correctness of Algorithm 4.1. Because the corresponding theorems are true
for k-structures [16] and k-ary relations [5], Algorithm 4.1 is applicable to those
structures also, though not within the O(n?) time bound. However, because the
algebraic model of [5] requires only Theorems 2.2, 2.4, and 2.5, the proof is not
general to all structures encompassed by that model. In particular, it does not
apply to Boolean functions or set systems.

Lemma 5.1 Z, exists and is unique.

Proof: Since dom(g) is a strong module of g and dom(g) U {z} is a strong
module of g/, there exists a minimum-cardinality strong module X of g such
that X U{z} is a strong module of g’. Suppose U and V are two such modules.
Then UU{z} and VU{z} are overlapping strong modules of ¢’, a contradiction.
O



Lemma 5.2 Let Z U {2z} be a module of ¢’ such that Z # 0.

1. X is a module of g’ that is disjoint from Z U {z} iff X is a module of g
that is disjoint from Z. X U {z} is a module of g’ that contains Z U {z}
iff X is ¢ module of g that contains Z.

2. X is a strong module of ¢’ that is disjoint from Z U {z} iff X is a sirong
module of g that is disjoint from Z.

Proof: Z isa module of g by Theorem 2.6. Let P be the congruence partition
on g consisting of Z and the singleton subsets of dom(g) — Z. Let P’ be the
congruence partition on g’ consisting of Z U {z} and the singleton subsets of
dom(g)—Z. g/P is isomorphic to g’ /P’ by Theorem 2.3, since P and P’ share a
system of representatives. Each pair of corresponding sets mentioned in Part 1
consists of the inverse images in g and g’ of a common set of nodes of this
quotient. Part 1 thus follows from Theorem 2.5.

For part 2, if X is a module of ¢’ that is not strong, then it overlaps a module
W of g’. The inverse image in g of the image of W in g/P is a module of g, by
Theorem 2.5, and it overlaps X. Thus, X is not strong in g. By the symmetric
proof, if X is a module of g that is not strong, it is not strong in g’. O

Theorem 5.3 A member of MD(g) that is disjoint from Z, is ¢ member of
MD(g"). Adding z to a member of MD(g) that contains Z, gives a member of
MD(g"). All other members of MD(g’) not given by this rule are contained in
Z, U{z}.

Proof: Follows immediately from Lemma 5.2. O

Lemma 5.4 If X € MD(g) for a 2-structure g and F is ¢ degenerate or linear
family that partitions X, then:

1. Each member of F is a union of one or more members of children,(X).

2. U € F is a member of childreny(X) iff there is no partition F' of U such
that (F — {U}) UF' is a degenerate or linear family.

Proof: (1) X is degenerate or linear. Whether F is degenerate or linear,
there exists a linear ordering of F such that the union of any family of con-
secutive members of F is a module of g|X, hence of g, by Theorem 2.4. If
some member of F overlaps a member of children,(X) or is a proper subset of
childreny(X), then some union of consecutive members of F (%.e. a module of
g) overlaps a member of childreny(X), contradicting the fact that the members
of childreny(X) are strong modules in g. Part (2) then follows from the fact
that children,(X) is a degenerate or linear family. O

Lemma 5.5 Let X C dom(g’), let z € X, let F be a congruence partition on
g|X, end let Z € F.
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1. If Z— {2} #0, then (F — Z)U(Z — {z}) is a degenerate or linear family
iff F is.

2. If |F| > 3 and F is a degenerate or linear family, then F — {Z} is a
degenerate or linear family.

Proof: IfZ — {2} #0,let 7/ = (F —{Z}) U{Z — {z}}. F' is congruence
partition on X — {z} by Theorem 2.6. (¢'|(X — {2}))/F’ is isomorphic to
(¢’'|X)/F by Theorem 2.3, so either both of these quotients are degenerate or
linear or neither one is, proving part 1. If |F| > 3, let 7/ = F — {Z}. For any
module W # Z of (¢’| X) that is a union of members of members of 7, W — Z
is a module of (¢'| [ JF") by Theorem 2.6. Thus, if F is a degenerate or linear
family, so is F”. O

Lemma 5.6 If X € MD(g), X U {2z} € MD(¢’), and X — DL(X,g',2) is
nonempty, then the members of childreny (X U {z}) are DL(X,g',2) and the
members of childreny(X) that are disjoint from DL(X, ¢, z).

Proof: X U{z}is a degenerate or linear, since X — DL(X, ¢, z) is nonempty.
Let Y be the member of children, (X U{z}) that contains z. If Y # {2}, then
(childreng (X U {z}) — {Y}) U {Y — {2}} is a degenerate or linear family that
partitions X, by Lemma 5.5. Y is a union of {z} and one or more members of
childreny(X), by Part 1 of Lemma 5.4, so the lemma follows from the definition
of DL(X,¢', z), Part 2 of Lemma 5.4, and Lemma 5.2.

Suppose Y = {z}. If |childreng (X U{z})| = 2, then DL(X,¢',2) = X U{z}
by Theorem 2.1, and X — DL(X,¢’, z) is empty, contradicting the assumption
of the lemma. Thus, |childreny (X U {z})| > 3. childrenyg (X U {z}) — {{z}}
is a degenerate or linear family that partitions X, by Lemma 5.5. Thus, each
member of children, (X U{z}) other than {z} is a union of one or more members
of childreny,(X) by Lemma 5.4. Whether X U {z} is degenerate or linear,
there exists a linear ordering of childrengy, (X U {z}) such that the union of
any consecutive subfamily is a module of g’. If {z} is neither at the beginning
nor at the end of this ordering, then for each U € childreny (X U {z}) - {{2}},
there is a module W that is a union of members of childreny, (X U {z}), where
{z} W C(XU{z})—U. By Lemma 5.2, U € children,(X). If {z} is at the
beginning or end of the linear ordering, then X is a non-prime module of g/, and
the maximal prime modules of g'| X = g|X that are proper subsets of X are given
by childreny(X). By Theorem 2.4, childreng, (X U{z}) = {{z}}Uchildren,(X),
and DL(X,q¢',2z) = {z}. O

Lemma 5.7 If DL(Z,,q',2) # {2}, then let P’ denote the members of M(g', z)
that are contained in DL(Z,,g',2). childreny (DL(Z,,¢',2)) = P'U{{z}}, and
either |childreny, (DL(Z,,9¢',2))| = 2, or DL(Z,,¢',2) is prime in g'.

Proof: Suppose there is a module Y of ¢’ such that {2} C Y C DL(Z,, ¢, 2).
Y —{z} is amodule of g, so Y —{2} may not overlap any member of children,(Z,).
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Thus, it consists of one or more members of children,(Z,) or is contained in
a member of childreny(Z,). If Y — {2} consists of one or more members of
childreny(Z,), then Y and the members of children,(Z,) that are disjoint from
it are a degenerate or linear family by Lemmas 5.2, 5.4, and Part 1 of Lemma 5.5.
DL(Z,,q',z) =Y by the definition of DL(Z,, ¢, z).

If Y is a proper subset of V € childreny(Z,), then V U {z} is a module of
g’ by Lemma 5.2. In this case DL(Z,,g¢',z) = V U{z}, again, by Lemma 5.2.
Thus, V U{z} is strong in ¢, and V is strong in g, so Z, C V by the definition
of Z,, a contradiction.

There is no module Y of ¢’ such that {2} CY C DL(Z,, ¢, 2), so {2} is a
child of DL(Z,,¢',2) and DL(Z,,g’, z) either has two children or is prime. In
either case, the siblings of {z} in MD(g’) are the members of M(g’, z) that are
contained in DL(Z,, ¢’,z) by Theorem 2.1. O

Theorem 5.8 A subset of Z, U {2} is a sirong module in ¢’ if and only if it is
one of the following:

1. {2} or Z, U {z};
2. DL(Z,,¢, 2);
3. A descendant of Z, in MD(g) that is disjoint from DL(Z,,¢q’, 2);

4. A member X of M(g',z) that is contained in DL(Z,,g’,2) or a member
of MD(g) contained in such an X.

Proof: We first prove that each named set is a strong module in ¢’, and then
show that no other set can be a strong module in g’.

(1) {z} is trivially strong in ¢, and Z, U{z} is strong in g’ by the definition
of Z,.

(2 & 3) By Lemma 5.6, DL(Z,, ¢’, z) is either Z,U{z} or a child of Z,U{z} in
MD(g"). In either case, DL(Z,,g’, z) is astrong module in ¢’. If DL(Z,,¢',2) #
Z, U {z}, then by Lemma 5.6, the members of children,(Z,) that are disjoint
from DL(Z,,g’, z) are the other members of children, (Z, U {z}). By Theo-
rem 2.4, the subtrees of MD(g') rooted at these children are the same as the
subtrees of MD(g) that are rooted at them.

(4) By Lemma 5.7, childreny, (DL(Z,,g’, 2)) is given by {z} and the mem-
bers of M(g’, z) contained in DL(Z,, ¢, z). If V is a such a member of M(g’, 2),
then V is a module of g’. Since it is a module of ¢’ and does not contain z, it is
a module of g by Theorem 2.6. By Theorem 2.4, the strong modules of g that
are proper subsets of V give the strong modules of g’ that are proper subsets of
V.

Since all of MD(g’) is specified by the proofs of statements (1) through (4),
there can be no other strong modules. O

The correctness of Algorithm 4.1 follows from Theorems 5.3 and 5.8
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6 Implementation of Algorithm 4.1 on 2-Structures

Proposition 6.1 Suppose X and Y are members of MD(g) that are known to
be uniform with respect to z. It may be determined whether z distinguishes X
and Y by determining whether z distinguishes any z € X and y € Y. Since the
nodes for X and Y in the date structure for MD(g) are labeled with such an z
and y, this operation takes constant time.

Algorithm 6.2 Determine which members of MD(g) are uniform with re-
spect to z.

A member of MD(g) is uniform with respect to z if and only if all
of its children are uniform with respect to z and not distinguished
by z. The labeling of members of MD(g) as uniform or nonuniform
with respect to z may be accomplished by starting at the leaves of
MD(g) and inductively labeling each internal node according to this
rule once all of its children are labeled.

This requires constant time per member of MD(g), by Proposition 6.1, hence
O(n) time.

Algorithm 6.3 Compute DL(X, g, 2) for some X € MD(g).

Suppose all nodes of MD(g) have been labeled as uniform or nonuni-
form with respect to z, using Algorithm 6.2. If X is prime, DL(X, ¢',2) =
X. If X is degenerate, suppose the edges connecting its children in g
are colored a. Let F = {Y: Y € childreny,(X), Y is uniform with re-
spect to z, and YR, ,{2}}. DL(X,¢',2) = {2} U(U(children,(X)—
F)). If X is linear, suppose the edges from earlier to later children
in the linear order are labeled a, and the edges from later children
to earlier children are labeled b. Let F; be the maximal prefix of
the linear order on children,(X) such that for each member ¥ of
F1, Y is uniform with respect to z and Y R, 3{z}. Symmetrically,
let F; be the maximal suffix such that for each member Y of 7,
Y is uniform with respect to z and Y Ry o{2}. Let F = F; U Fa.
DL(X,q', z) = {2z} U (U(childreny,(X) — F)).

Note that DL(X,¢’, 2) is amodule in ¢’'|(X U{z}),so DL(X,¢',z)—{z} isa
module in g|X. If X is linear, then the children of X contained in DL(X, ¢', 2)
are consecutive in the linear ordering of the children of X. The correctness of Al-
gorithm 6.3 is thus immediate. By Proposition 6.1, it runs in O(|children,(X)|)
time.

Lemma 6.4 Either DL(Z,,q',2) = {2z} or DL(Z,,q’,z) contains more than
one member of childreny(Z,).
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Proof: Suppose DL(Z,,g’, z) contains exactly one member V of childreny(Z,).
Since DL(Z,,¢',2) = V U {z} is strong in ¢’, Z, is not a minimum-cardinality
member ¥ of MD(g) such that Y U {z} is strong in ¢, a contradiction. O

The following shows how to implement Steps 1-6 of Algorithm 4.1 in O(n)
time.

Step 1 Find Z, in MD(g)

dom(g) is a (not necessarily proper) ancestor of Z,. Given an ancestor X of
Z,, determine either that Z, = X or else find Z € children,(X) that is also an
ancestor of Z,, and iterate with X = Z.

To accomplish this if X is degenerate or linear, compute DL(X, ¢’, z) using
Algorithm 6.3. By Theorem 5.3 and Lemma 6.4, if DL(X,¢’,2) contains a
unique Z € childreny(X), then Z is an ancestor of Z,; otherwise X = Z,. If X
is prime. Use the following algorithm:

Algorithm 6.5 If X is prime in g and X U {2} is a module in ¢', find
whether there exists Y € childreny(X) such that Y U {z} is a module of ¢'.

Let U and V be two members of children,(X). The split node label
of any edge in U x V gives a node that distinguishes U and V. This
node thus distinguishes either z and U or z and V. Without loss of
generality, suppose it distinguishes z and U. U U{z} is not a module
of g. We repeat the process on the members of children,(Z,) - U,
and terminate when only one child Y is left. We may determine
whether ¥ U {2z} is a module of ¢’ by finding whether any other
member of X distinguishes ¥ and {z}.

By Proposition 6.1, Algorithm 6.5 takes O(|childreny(X)|) time. If X is
degenerate or linear, Algorithm 6.3 takes O(|children,(X)|) time to compute
DL(X,g',z). There is one iteration for each ancestor X of Z, in MD(g), so
Step 1 takes O(n) time.

Step 2: Find DL(Z,,4',2) and M(g',2)

Use Algorithm 6.3 to find DL(Z,,g’,z). To compute M(g’,z), use the fol-
lowing:

Algorithm 6.6 Compute M(g’,z).

Each member of M(g’, z) is a maximal module of g that is uniform
with respect to z. Let Y be a member of MD(g) that is not uniform
with respect to z, but which has children that are uniform with
respect to z. By Theorem 2.1, if Y is prime, then each uniform
child is a member of M(g’, z). If Y is degenerate, the union of each
maximal set of uniform children that are not distinguished by z is
a member of M(g’, z); these may be found with a radix sort on the
children of Y that are uniform with respect to z, using the colors of
edges connecting them with z as the sort key. If Y is linear, then the
union of each maximal interval of children that are not distinguished
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by z on the linear ordering of ¥’s children is a member of M(g’, 2);
these may be found with a single

Algorithm 6.6 clearly requires only constant time per child at each internal
node Y of MD(g), so it is O(n).

Step 3: Create ¢ new node corresponding to DL(Z,,q¢',2) and add it as
a child of Z, in MD(g). For each U € childreny(Z,) that is contained in
DL(Z,,9¢',z), remove U from the list of children of Z,.

The members of childreny(Z,) that are contained in DL(Z,, ¢', z) are found
during computation of DL(Z,, ¢', ), so this step is trivial.

Step 4: Let {2z} and the members of M(g’', 2) that are contained in DL(Z,,g’, 2)
be the children of DL(Z,,q', 2).

It is easily determined in O(n) time which members of MD(g) are subsets
of DL(Z,,4',z), by marking those members of {Z,} U children,(Z,) that are
found to be subsets of DL(Z,,¢’, z) during computation of DL(Z,,¢',z), and
then marking all descendants of these marked sets in MD(g). It is then trivially
determined during Algorithm 6.6 which members of AM(g’, z) are contained in
DL(Z,,¢',z). They are prime, degenerate, or linear if they are prime, degen-
erate, or linear, respectively, in g, which is again trivially determined from the
way they are computed in Algorithm 6.6. DL(Z,,d’,z) is labeled prime iff it
has at least three children, by Lemma 5.7, and may be labeled degenerate if the
edges connecting its children are all one color and linear if they are two colors.

Step 5: For each V € M(g', z) that is contained in DL(Z,,¢',2), V is a
union of siblings in MD(g); move the subirees rooted at these siblings in MD(g)
so that they are the children of V.

The siblings in MD(g) whose union is V are found when V is computed in
Algorithm 6.6. This step is thus trivial.

Step 6 is clearly trivially accomplished in O(n) time.

7 Updating split-node labels

We have shown how to do the incremental update from MD(g) to MD(g’) in
O(n) time. However, Step 1 of Algorithm 4.1 requires that each prime edge be
labeled with a split node. This label will be called a split label. Recall from
Section 2 that an edge (u,v) is prime in g if the least common ancestor of u
and v in MD(g) is a prime node X, and a split node is a node w that lies in a
different child of X from uw and v and that distinguishes v and v.

The key elements of the algorithm are that once an edge becomes prime,
it remains prime over all subsequent increments, and its initial split-node label
remains valid over all subsequent increments (Lemma 7.2). Thus, an edge needs
to be labeled at most once over all increments. The edges that first become
prime after a particular increment are easy to identify (Lemma 7.3), and label,
in constant time per edge. This gives an O(n?) bound on assignment of split
labels over all increments.
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Theorem 7.1 ([2], Theorem 4.7): Suppose a member U of MD(g) is linear or
degenerate and it has a non-singleton child V that is linear or degenerate. If X
and Y are children of V., and W 1is a sibling of V, then X distinguishes Y and
w.

Lemma 7.2 If an edge (u,v) of g is prime, then (u,v) is also prime in g'. Any
split node of (u,v) in g is o split node of (u,v) in g'.

Proof: Let w be a split node for (u,v). u,v, and w are nodes in different
children of a prime member X of MD(g). Suppose there is a module Y in
g’ that contains two, but not three, members of {u,v,w}. Then ¥ — {z} is a
module of g and |(Y — {z}) N {u, v, w}| = 2 by Theorem 2.6, contradicting the
fact that X is prime in g. Thus, u,v, and w are in different children of a prime
member X’ of MD(g’). If (u,v) is prime in g, it is prime in ¢/, and if w is a
split node for it in g, it is a split node for it in ¢’. O

Lemma 7.3 Any non-prime edge of g that is prime in g’ connects two children

of DL(Z,,¢',z) in MD(g').

Proof: It suffices to establish the following claim: If U € MD(g') - {DL(Z,, ¢, 2)},
then an edge of g that connects two of U’s children in g’ is prime in g’ only if it
is prime in g. The claim follows vacuously whenever U is linear or degenerate
in g’. If U is strong in g and g’, the claim follows from Theorem 2.4.

If U is not a subset of Z,, the claim follows from Theorem 5.3. If Z, #
DL(Z,,9',2), Z, is linear or degenerate in g’, establishing the claim when
U=12Z, # DL(Z,,¢',2z). If U is a descendant of Z, that is not contained
in DL(Z,,g¢,2), U is strong in ¢’ and in g, by Theorem 5.8, establishing the
claim in this case. If U is a non-singleton child of DL(Z,, ¢’, 2), it is a member
of M(g',2), hence a module of g. If it is strong in g, it is strong in both ¢’
and g by Theorem 5.8, and if it is not strong in g, it is linear or degenerate,
establishing the claim in either case. If U is a descendant of DL(Z,, ¢’, z) that
is not a child, it is strong in g and g’ by Theorem 5.8, establishing the claim in
this case. The claim is established in all cases except U = DL(Z,,¢’,2). O

Conceptually, the algorithm for updating the split labels works as follows.
An edge (z,y) in g needs a split label assignment in g’ only if it is non-prime
in g by Lemma 7.2, and thus connects two children of a degenerate or linear
W € MD(g). Let X and Y be children of W that are contained in DL(Z,, ¢/, 2).
X and Y are strong modules in g, and since each member of M(g’,2) is a
module of g, either X and Y are subsets of the same member of M(g’, z), or
every member of X is in a different member of M(g’, z) from every member of
Y. Thus, the edges connecting X and Y need a split label update iff X and YV
are not subsets of the same member of M(g’, z); otherwise none of them need
a split label.

Let the M partition for W be the partition of children,(W) where two
children are members of the same partition class iff they are subsets of the same
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member of M(g’,z). By the foregoing, the edges connecting children of W
that need a split label assignment are those that connect different M-partition
classes.

The M partitions for all nodes of MD(g) are already available: if a child of
W is marked nonuniform with respect to z by Algorithm 6.2, then it is the only
member of its M partition class; the remaining M partition classes for W are
computed explicitly by Algorithm 6.3 when it reaches W.

The implementation of Algorithm 4.1 on 2-structures already gives implicitly
an algorithm for finding the split labels of these edges. If A,B are distinct
members of children, (DL(Z,,g’,z)) — {{z}}, then when Algorithm 4.1 is run
on g and z, it determines that DL(Z,, ¢’, z) is prime. To determine this, it is
necessary to determine that A and B are distinguished by some third member
of of childreny (DL(Z,,g¢’',2)). Since any ¢ € C is a valid split node for the
edges connecting A and B, an algorithm for assigning split labels is found by
reexamining Algorithm 4.1 with this idea in mind.

A similar approach applies to finding split node labels on edges that are
incident to z.

Algorithm 7.4 Update split labels of edges that are in g.

For each linear or degenerate member W of MD(g) and for each pair
{S, T} of members of childreny(W) that are contained in DL(Z,,¢’, z) and
members of different classes of W’s M-partition:

1. If S and T are are each uniform with respect to 2

(a) If W is degenerate, then z is a split node for all edges connecting
Sand T

(b) If W is linear, then let S and 7 be the M-partition classes that con-
tain S and T. If § and 7 contain adjacent members in the linear
order of childreny(W), then z is a split node for the edges connect-
ing S and T. Otherwise, any node in a member of children,(W)
that lies between the members of § and 7 in the linear order is a
split node.

2. If at least one of S and T, say T, is nonuniform with respect to z

(a) If T is linear or degenerate, let A be a class in the M-partition of
childreny(T), and let A =|J.A. T — A is nonempty. Any node in
A is a split node for the edges connecting S and T' — A, while any
node in T' — A is a split node for the edges connecting S and A.

(b) If T is prime, then when Algorithm 6.5 is run with X = T and
z = s € §, it returns, for each U € children,(T), anode v of T—U
that distinguishes s and U. Assign v as the split label of edges
connecting S and U.

Correctness: (la) If W is degenerate and S and T are uniform with respect
to z, then all members of children, (W) that z does not distinguish from S are
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subsets of the same member of M(g’,2z). Since S and T are not in the same
member of M(g’, 2z), they are distinguished by z. S, T and {z} are subsets of
different members of childreny (DL(Z,,g’,2)) by Theorem 5.8, so {z} is a split
node for edges connecting them.

(1b) S and 7 are maximal intervals of the linear order on children,(W)
whose members are not distinguished by {z}. If § and 7 contain adjacent
elements of the linear order, {2z} distinguishes S and 7 and S, T, and {z} are
subsets of different members of M(g’, 2), hence of children, (DL(Z,,g’,2)) by
Theorem 5.8. If a node v lies in a child between S and 7 , vR, ;S iff vR; T,
and thus w distinguishes S and 7T'. S, T, and v are subsets of different members
of M(g’, z), hence of childreny (DL(Z,,¢', 2)).

(2a) A node in A distinguishes nodes in S and T — A, by Theorem 7.1.
Nodes in S, T — A, and A are in different members of M(g’,2), hence of
childreng(DL(Z,, ¢, 2)).

(2b) By Theorem 5.8, nodes in S and T are in different members of childreny (DL(Z,,¢', 2)),
and if T is prime and nonuniform with respect to z, then nodes in differ-
ent members of children,(T) are in different members of M(g’, z), hence of
childreng (DL(Z,,¢',2)). O

Algorithm 7.2 takes O(n) time to identify the linear and degenerate members
of MD(g) that have nontrivial M-partitions, and constant time per updated
edge to update the split labels.

Algorithm 7.5 Assign split labels to edges incident to z

1. Let u be an element of Z,. For each v € dom(g)— Z,, if (u, v) has a split
label, copy it to (z,v) and to (v, z). Do nothing else if DL(Z,,g’, z) is
not prime. Otherwise:

2. If Z, is prime, applying Algorithm 6.5 with X = Z, finds, for each
U € childreny(Z,) a node v that distinguishes U and {z}, since UU{z}
is not a module of g’. Let v be the split label of all edges connecting U
and {z}.

3. If Z, is degenerate, select U € childreny(Z,) that is contained in
DL(Z,,g',z). Let X be the union of members of childreny (DL(Z,, ¢, z))
- {z} that are disjoint from U. Search U for a member u that distin-
guishes z and z for arbitrary z € X, and assign it as the split label
of all edges connecting {2z} and X. Then select V € children,(Z,)
that is contained in X. Search V for a node that distinguishes z
and u, and assign it as the split label of all edges connecting {z} and
(DL(Z,,q',2) — {2}) - X.

4. If Z, is linear, the procedure is identical to the one where Z, is degen-
erate, except that U and V must be the first and last members in the
linear ordering of children,(Z,) that are contained in DL(Z,, ¢, z).

Correctness: (1) The labelings in Part 1 require O(n) time, and their cor-
rectness follows from Theorem 5.3. Any remaining edges incident to {z} that
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might be prime connect {z} and members of Z,. However, if Z,—DL(Z,, ¢, z) is
nonempty, then Z,U{z} is degenerate or linear, so no edges between DL(Z,, ¢', z)
and Z,— DL(Z,,g’, z) are prime in ¢’. Thus, if there are remaining prime edges
incident to z, they are internal to DL(Z,,¢',2), and only then if DL(Z,,¢’, 2)
is prime, since {2z} is one of its children.

(2) The algorithm for finding Z, when Z, is prime terminates when it de-
termines that there is no U € children,(Z,) such that U U{z} is a module of ¢’
(see Step 1). Since there is no such U by Lemma 6.4, the correctness of Part 2
follows. It requires O(n) time, since that is what Algorithm 6.5 requires.

(3) U is not the only member of children,(Z,) that is contained in DL(Z,, ¢, ),
by Lemma 6.4. X must be nonempty by Lemma 6.4, since DL(Z,,¢’, z) is as-
sumed to be prime, and no member of M(g’, z), hence no child of DL(Z,, ¢, 2),
may overlap U. If Z, is degenerate, all edges connecting its children are the
same color, which we will call a. U is included in DL(Z,,¢’, z) iff there is
an edge connecting U and {z} that is not labeled a. Thus, U contains a
node u that distinguishes {2z} from the other members of children,(Z,). X
is a union of members of children,(Z,), so all edges between U and X are of
color a. Thus, u distinguishes {2z} and X. Since u is in a different member of
childreng (DL(Z,, g, z)) from the members of X, the edges connecting {2z} and
X are correctly labeled. All remaining members of children, (DL(Z,, g, 2)) -
{{z}} are contained in (DL(Z,,¢’, z) — {z}) — X, so symmetric reasoning shows
that the edges connecting {z} and this set are also correctly labeled.

(4) If Z, is linear, the proof is similar to the case when Z, is degenerate. Let
R, ; be the edge relation giving the linear order on its children. X must again
be nonempty. U is included in DL(Z,, ¢', z) iff there is an edge from U to {z}
that is not labeled a or an edge from {z} to U that is not labeled b. However,
UR,3X, so U contains a node u that distinguishes {z} and X. Since u is in
a different member of children, (DL(Z,,g’,z)) from the members of X, the
edges connecting {z} and X are correctly labeled. Symmetric reasoning shows
that the edges connecting {z} and (DL(Z,,¢',2) — {z}) — X are also correctly
labeled.

Clearly, all steps of Algorithm 7.5 may be charged to edges of g’ that are
incident to {z}, at constant time per edge, so Algorithm 7.5 takes O(n) time.
This concludes the proof that the incremental algorithm takes O(n?) time to
construct MD(g), for an arbitrary 2-structure.
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