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Abstract

Illumination spaces capture how the appearances of
human faces vary under changing illumination. This
work models illumination spaces as points on a Grass-
mann manifold and uses distance measures on this mani-
fold to show that every person in the CMU-PIE and Yale
data sets has a unique and identifying illumination space.
This suggests that variations under changes in illumina-
tion can be exploited for their discriminatory information.
As an example, when face recognition is cast as match-
ing sets of face images to sets of face images, subjects in
the CMU-PIE and Yale databases can be recognized with
100% accuracy.

1. Introduction

Recent work has yielded surprising results about the
low dimensionality of linear subspaces associated with
face images acquired under varying illumination condi-
tions [7], [3], [2]. Two face data sets, Yale [7] and CMU-
PIE [17], are frequently used by researchers to explore
how changing illumination alters the appearance of hu-
man subjects; they are the largest freely available data sets
of face imagery to offer many (21 and 64, respectively) il-
luminations of each subject. A basic question regarding
face images in general, and these data sets in particular,
is whether illumination spaces are idiosyncratic. To be
more precise, are the illumination spaces associated with
individual subjects necessarily distinct, and if so, can they
be empirically estimated with enough accuracy to exploit
this property?

Answering this question requires two steps. First, we
need a theoretical framework for defining what it means
for two illumination spaces to be similar. In Section 4
we review Grassmann manifolds, and explain how illu-
mination spaces may be viewed as points on a Grassmann
manifold. This connection allows us to consider several
standard measures of distance on the Grassmann mani-
fold, and to measure how well they separate illumination
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spaces associated with distinct people. The second step
is to estimate illumination spaces from real data and vali-
date the theory. Empirical results over the CMU-PIE and
Yale data sets are presented in Section 5.

Specifically, we estimate two illumination subspaces
for every subject in the Yale and CMU-PIE data sets. The
subspaces for each person are estimated from randomly
selected and non-intersecting sets of8 or more images
of the subject. For the67 subjects in the CMU-PIE data
set, this creates67 pairs of matching subspaces and4,422
pairs of non-matching subspaces. For the10 subjects in
the smaller Yale data set, there are10 pairs of matching
subspaces and90 pairs of non-matching subspaces. In all
of our experiments, pairs of subspaces associated with the
same individual are always closer to each other than are
pairs of subspaces associated with different individuals.
We therefore view these data sets asGrassmann separa-
ble. Section 6 illustrates the potential of this approach
to a harder problem: recognizing people from their illu-
mination spaces when the images were collected under
unbalanced sampling conditions. Finally, Section 7 sum-
marizes our results.

2. Background: Illumination Spaces

There are two main schools of thought regarding how
to craft algorithms that recognize faces under different il-
lumination conditions. One view promotes the removal
of illumination variations, for example, by computing an
illumination invariant image. An example of such an ap-
proach is [16]. Histogram equalization may be viewed
as anad hocattempt to accomplish the same goal. The
other approach is to keep the illumination variations and
model the underlying properties of the data set. The most
widely used representation is the linear subspace approx-
imation: although the ambient dimension of the image
space is very large, the actual illumination data is close to
lying on a low-dimension subspace. Some of the works
that attempt to model the illumination variations among
human face subjects are [7], [2], [12], and [8]. This pa-
per is an extreme example of modeling illumination varia-
tions. Instead of trying to eliminate the effects of lighting,



we claim that the way the appearance of a face changes
under varying illumination is an identifying property of
the person.

Belhumeur and Kriegman have shown that the set of
m-pixel monochrome images of a convex, Lambertian
object illuminated by an arbitrary number of distinct point
light sources forms a convex polyhedral cone inR

m (the
illumination cone) [3]. They go on to show that the state-
ment remains true for non-convex objects under relaxed
lighting conditions. Unfortunately, for most objects the
exact illumination cone is difficult to obtain, especially
for non-convex human faces. However, experimental
work by Belhumeur et al. [7], and Kriegman et al. [12]
shows that this cone lies near a low-dimensional linear
subspace in the space of all possible images.

Furthermore, Basri and Jacobs have demonstrated both
theoretically and empirically that the set of images of
a convex, Lambertian object seen under arbitrary dis-
tant light sources can be well approximated by a 9-
dimensional linear subspace [2]. In this context, “well
approximated” means that over99% of the energy is cap-
tured in the subspace. Basri and Jabobs prove their result
by representing reflectance functions as linear combina-
tions of spherical harmonics and further relating the rep-
resentation of images to the reflectance functions.

In addition, Ramamoorthi transforms the problem of
linear approximation with spherical harmonics into lin-
ear approximation with principal components which can
be shown to be identical to the spherical harmonic basis
functions evaluated at the surface normal vectors under
the same assumptions of Basri and Jacobs [15]. This prior
work is ample evidence for the utility of modeling illumi-
nation variation with low-dimensional linear subspaces.

3. Comparing Sets of Images

Traditionally, almost all work on face recognition has
focused on comparisons between single images. Re-
cently, however, Experiment2 of the Face Recognition
Grand Challenge considered multi-still to multi-still com-
parisons [14]. Sets of four images were compared based
on four by four (sixteen total) single image comparisons.
This was enough to raise the recognition performance of
the baseline algorithm from about66% on single still im-
ages to about88% on the four-way comparison. Works
of [6], [18] with images selected from video sequences
have promising results supporting the use of multi-still
to multi-still image comparisons. As our own work here
strongly suggests, future research on face recognition is
likely to take much more seriously the question of how
best to compare sets of images.

3.1. Estimating Illumination Spaces

The procedure for estimating the illumination sub-
space for a given person is relatively standard; we review

the procedure here. In all cases, the face imagery is ge-
ometrically normalized based upon known eye positions.
In addition, the background area outside the face itself has
been zeroed. Each image is unrolled into a vectorx

(j)
i ,

which is thejth image of subjecti. A data matrixXi

for subjecti is then denoted byXi =
[

x
(1)
i | . . . |x

(k)
i

]

.

An orthogonal projection is applied toXi to serve as a
first-step dimensionality reduction.

An illumination subspace representation for theith
subject is then constructed from thek images of its data
matrixXi via Singular Value Decomposition(SVD). The
q basis vectors for theith subject’sq-dimensional illumi-
nation subspace are the strongestq left singular vectors
in the SVD ofXi. In other words, theq-dimensional il-
lumination subspace ofXi is given by the column space
R(Xi) of its first q left singular vectors.

3.2. Reflection Augmentation

Generally, the amount of data available in face recog-
nition data sets is extremely limited. Augmentation of
the data set via inclusion of the mirror images effectively
increases the available data [11]. Furthermore, thissym-
metrizationof the data set imposes even and odd sym-
metry on the basis functions analogous to sinusoidal ex-
pansions. For sets of facial images under varying illu-
mination conditions, reflection augmentation drastically
improves the estimated linear representation by both in-
creasing the effective sample set size and introducing
novel illumination conditions. As a consequence, the ap-
proximation of illumination spaces can be improved with-
out acquiring more data.

4. Subspace Distance Measures

The fundamental thesis of this paper is that the way in
which images of an individual responds to varying illumi-
nation is characteristic of the individual. Phrased another
way, every person has a unique (and therefore idiosyn-
cratic) illumination cone. Formalizing this hypothesis re-
quires that we have a means of measuring the distance
between two subspaces. Section 4.1 below reviews the
definition of the principal angles between two subspaces
which are used in section 4.2 to give expressions for var-
ious measures of distance on Grassmann manifolds.

4.1. Principal Angles

A numerically stable algorithm for calculating princi-
pal angles between linear subspaces and references is pro-
vided in [9]. Briefly, if X andY are two vector subspaces
of R

m such thatp = dim(X) ≥ dim(Y ) = q ≥ 1, then
the principal anglesθk ∈ [0, π

2 ], 1 ≤ k ≤ q betweenX
andY are defined recursively by

cos(θk) = max
u∈X

max
v∈Y

uT v = uT
k vk



subject to||u|| = ||v|| = 1, uT ui = 0 andvT vi = 0 for
i = 1 : k − 1. Clearly, the principal angles satisfy0 ≤
θ1 ≤ θ2 ≤ . . . θq ≤ π

2 . Henceforth,θ = (θ1, . . . , θq) will
denote the principal angle vector. Note that a standard
way — which we call thesubspace distance—to define
distance between two subspaces using principal angles is
(see [9])

dss(X, Y ) = max{sin θi} = ‖ sin θ‖∞. (1)

Other authors have employed principal angles to compare
sets of images to sets of images, see, e.g., [18], [19], but
not from the perspective of different geometric embed-
dings of the Grassmannian.

4.2. Grassmannian Distance Measures

Recall that the (real)Grassmann manifoldor Grass-
mannian(of q-planes inm-space) is the setG(q, m) of
q-dimensional vector subspaces ofR

m (for fixedq ≤ m).
The (differential) topology onG(q, m) can be described
in several ways: First, as a quotient (homogeneous space)
of the orthogonal group,

G(q, m) = O(m)/O(q) × O(m − q). (2)

Next, as a submanifold of projective space,

G(q, m) ⊂ P(Λq
R

m) = P
(m

q
)−1(R) (3)

via the Plücker embedding. Finally, as a submanifold of
Euclidean space,

G(q, m) ⊂ R
(m2+m−2)/2 (4)

via a projection embedding described recently in [4].
While the manifold structures onG(q, m) obtained

from these three constructions are equivalent (diffeomor-
phic), they naturally lead to different geometries on the
Grassmannian. The standard invariant Riemannian met-
ric on orthogonal matricesO(m) descends via (2) to a
Riemannian metric on the homogeneous spaceG(q, m).
The resultinggeodesicdistance functiondg (arc length)
on the Grassmannian in terms of the principal angles
θ1, . . . , θq betweenX , Y ∈ G(q, m), is (see, e.g., [5])

dg(X, Y ) =
(
∑q

i=1 θ2
i

)1/2
= ‖θ‖2.

If one prefers the realization (3), then the Grassman-
nian inherits a Riemannian metric from the Fubini-Study
metric on projective space (see, e.g., [10]), and the result-
ing Fubini-StudydistancedFS is given in terms of the
principal angles by

dFS(X, Y ) = cos−1 (
∏q

i=1 cos θi) .

Finally, one can restrict the usual Euclidean distance
function onR

(n2+n−2)/2 to the Grassmannian via (4) to

obtain theprojection For chordaldistancedc (so called
because the image of the Grassmannian under (4) lies in
a sphere, so that the restricted distance is simply the dis-
tance along a straight-line chord connecting one point of
that sphere to another; see [4]) which, in terms of the prin-
cipal angles, has the expression

dc(X, Y ) =
(
∑q

i=1(sin θi)
2
)1/2

= ‖ sin θ‖2.

This projection F distancedc has recently been used in
the context of sphere-packing/coding theory in the Grass-
mannian, where it is significantly more efficient than the
“standard” geodesic distancedg [4], [1]. As a slight vari-
ation on the last formula, we may also consider the so-
calledchordal FrobeniusdistancedcF , given in terms of
the principal angles bydcF (X, Y ) = ‖2 sin 1

2θ‖2.
It is revealing to consider nested subspaces ofX ,Y ∈

G(q, m) by defining theℓ-truncated principal angle vec-
tor θℓ := (θ1, . . . θℓ) whereθ1 ≤ · · · ≤ θq are the prin-
cipal angles betweenX andY and1 ≤ ℓ ≤ q. We then
haveℓ-truncated metrics, e.g., arc lengthdℓ

g(X, Y ) :=

‖θℓ‖2. We now proceed to investigate how well these dis-
tance measures onG(q, m) separateq-dimensional illu-
mination face spaces ofm-pixel images.

5. Balanced Sampling

We begin with the standard assumptions that a person
does not change expression or move relative to the cam-
era and hypothesize that given enough noise free sam-
ples, any two illumination spaces estimated from images
of the same subject should be identical. More impor-
tantly, we hypothesize that any two illumination spaces
estimated from images of different subjects should be
non-intersecting. This is what we mean by the claim that
illumination spaces are idiosyncratic.

In practice, however, images are noisy in their high-
dimensional ambient space. As a result, two illumina-
tion spaces estimated from images of a single subject are
not only not identical, they never even intersect in prac-
tice. We therefore recast our claim of illumination space
idiosyncrasy for the real world: an illumination space
estimated from images of one subject should always be
“closer” to another illumination space estimated from the
same subject than to any illumination space estimated
from a different subject. We can test this hypothesis
empirically, since the Grassmannian distance measures
above give us geometrically motivated methods of mea-
suring distances between subspaces. For all of the em-
pirical analysis which follows, we consider comparisons
between pairs of subjects whose image setsX andY pos-
sess a similarity scoreS(X, Y ) defined asS(X, Y ) =
1/D(X, Y ), whereD(X, Y ) is one of the Grassmannian
distances betweenR(X) andR(Y ). The similaritiesS
of different realizations of subspaces for the same person
are called match scores while for different people they are
called non-match scores.



Given match and non-match scores for a set of peo-
ple, thefalse accept rate (FAR) at a zero false reject rate
(FRR)1 (defined, e.g., in [13]) indicates how well a simi-
larity scoreS separates people. Indeed, a zero FAR indi-
cates that image setsX andY are perfectly separable. In
the context of this work, it shows that matching illumina-
tion spaces are always closer together than non-matching
illumination spaces, because illumination spaces are id-
iosyncratic. In the experiments which follow, the FAR
will be reported and special attention will be drawn to sit-
uations where it is zero.

5.1. Baseline Algorithm

Below we present empirical results comparing one set
of images to another using Grassmannian distance mea-
sures. We are sensitive to the concern that similar out-
comes might be observed using direct image to image
comparisons. To explore this, we introduce a baseline
similarity S(X, Y ) for comparing multi-still setsX and
Y . Set

s(x(j), Y ) = max
1≤i≤k

{Cor(x(j), y(i))},

wherex(j) ∈ X andy(j) ∈ Y and define

S(X, Y ) =
1

2

k
∑

j=1

(

s(x(j), Y ) + s(y(j), X)
)

.

Notice that S(X, Y ) is nothing more than a straight
across comparison between images, and therefore serves
as an excellent baseline in evaluating the performance of
our method.

5.2. The separability of the CMU-PIE Database

The PIE database includes imagery of68 people un-
der different pose, illumination conditions, and expres-
sions. Our work here concerns illumination variations
rather than pose, so only frontal (c27) images are used.
For these frontal images, there are21 distinct sources
of lights used to illuminate the face. In addition, these
21 sources are sampled both with the background room
lights on and the background room lights off.

For each of the two types of imagery, room lights on
and room lights off, we have randomly selected two dis-
joint sets of 10 images of 67 people in the PIE database.2

This sampling is “balanced” in so much as it is random-
ized relative to the specific illumination settings. The use
of only 10 images to estimate the illumination space is
probably approaching a lower bound on the necessary
number of samples. To augment the sample, the mirror

1For the sake of brevity we refer to the false accept rate (FAR)at a
zero false reject rate (FRR) simply as FAR.

2Subject 39 was not used because 3 images were missing due to
hardware problems during the process of image acquisition.

reflection of each image is also included in the image set
when estimating illumination subspaces.

Figure 1 summarizes the room lights off and room
lights on results, partitioned into the case where all 67
people are considered versus when only 39 people with-
out glasses are considered. Each plot shows the FAR
using our baseline algorithm and fourℓ-truncated Grass-
mannian distance measures, for1 ≤ ℓ ≤ 15. The values
shown are averages taken over ten trials. In each trial,
random pairs of disjoint sets are created for each of the
67 people in the PIE database.

The horizontal axes in Figure 1 indicate the number of
principal angles (ℓ) retained when computing the Grass-
mannian distance. The left plot in Figure 1 shows results
for the imagery without subtracting the average image
from each image set; the right plot in Figure 1 shows re-
sults for the imagery with means subtracted. The results
for the mean subtracted imagery leads us to a significant
observation:There is sufficient information on how dif-
ferent people respond to changes in illumination to per-
fectly separate the67 people in the PIE database based
upon ten sample images.The evidence for this claim is
the fact that all four of theℓ-truncated Grassmannian dis-
tance measures result in a zero FAR over a range ofℓ.
While one cannot tell directly from inspection of the right
plot in Figure 1, the points for each of theℓ-truncated
Grassmannian distance measures do lie exactly at zero
for 2 ≤ ℓ ≤ 10. In contrast, the baseline algorithm has
a FAR as high as28%. It is also very interesting to ob-
serve how sensitive the baseline algorithm is to mean sub-
traction while the Grassmannian measures are relatively
unaffected. Other notable observations from Figure 1 in-
clude that the baseline algorithm performs perfectly, with
a zero FAR, for the case where room lights are on and
mean retained. Where room lights are off, however, the
baseline algorithm has about1% FAR when all67 sub-
jects are considered. In contrast, all of the Grassmannian
measures achieve a zero FAR for many of the settings in
all cases summarized in Figure 1.

Given that the Grassmannian distance measures per-
fectly separate the67 PIE subjects with lights on and
lights off, it is natural next to ask what happens if these
two cases are pooled together. Thus, our second experi-
ment is similar to our first, except that 2 random disjoint
sets of size21 are created for each of the 67 people in the
PIE database by randomly selecting from among both the
room lights on and room lights off imagery. In this case,
since there are twice as many sample images from which
to estimate illumination subspaces, mirror images are not
used. The results of this pooled test are summarized in
Figure 2. The left plot in Figure 2 shows results where the
average face image for each set is retained, while the right
plot in Figure 2 shows the results with the average im-
age subtracted from each set. For the baseline algorithm,
this distinction is critical, with the baseline performing
perfectly when means are retained, and having a FAR of
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Figure 1.Plots of False Accept Rate (FAR) at a zero False Reject Rate (FRR) in % for the PIE database divided into frontal images
with room lights on and room lights off. Between 1 and 15 principal angles are included in the Grassmannian distance computation
as shown along the horizontal axis. Left: mean image is not subtracted from sample set. Right: mean image is subtracted from each
sample set. In all cases images and their mirror reflections were used to estimate illumination spaces. Note the verticalaxis scale
changes considerably when means are subtracted.
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Figure 2.Plots of FAR at a zero FRR in % for the frontal PIE
images with room lights on and off pooled into a single group
and then randomly sampled. Left plot is for sample images with
the mean retained, versus the right plot where the means have
been subtracted. Legend is the same as in Figure 1.

22.8% when means are subtracted. This result reinforces
the finding that the Grassmannian distance measures are
exploiting how illumination varies, rather than comparing
any sort of average or normalized face. This clearly is not
true for the baseline algorithm.

5.3. The separability of the Yale Database (YDB)

The YDB [7] has far fewer subjects than PIE. Nonethe-
less, it is worth studying because it is the oldest and most
studied illumination database, and because it has a large

number of images per subject. For each of the ten sub-
jects, two disjoint sets have been created by randomly
sampling from the64 images per person. Then, these
sets have been compared using the baseline algorithm and
four (ℓ-truncated) Grassmannian distance measures ap-
plied to the estimated illumination subspaces.

The results when image sets contain only8 images are
summarized in Figure 3. Results are shown both with and
without mirror images added to the set. Also, as before,
the FAR rates are averages over ten trials using distinct
randomly generated image sets for each subject. There
are two significant findings evident in Figure 3. The first
concerns the baseline algorithm:The baseline algorithm
performs very poorly on the YDB when only8 images are
used, with FAR rates between43% and49%. This finding
is particularly interesting given there are only ten people
in the database. It is also interesting that mean subtraction
appears to have only a modest influence on how the base-
line algorithm performs. The second finding is perhaps
more significant:The YDB is perfectly Grassmann sepa-
rable using illumination subspaces derived from as few as
8 randomly sampled images.The strongest evidence for
this finding is the mean subtracted case with mirror im-
ages. In this case, three of the fourℓ-truncated Grassman-
nian distance measures have zero FAR when5 ≤ ℓ ≤ 10.

The YDB experiment was also carried out for16, 21
and 32 samples and the results are summarized in Ta-
ble 1. Observe that the baseline algorithm continues to
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Figure 3.Plots of FAR at a zero FRR in % for the Yale database using 8 sample images.

have difficulty with this data. While it benefits from more
images, it never achieves a zero FAR. In contrast, for the
21 and32 sample case, all four Grassmannian distance
measures perfectly separate all ten Yale subjects, as do all
four Grassmannian measures when mirrors are included
and16 samples are used.

6. Imbalanced Sampling

In all of the previous tests, the images in the two sets
per subject were randomly sampled from the larger set
of images without any explicit bias relative to a known
factor. This may not always be possible, and it is fair
to ask what happens if the image sets are acquired under
different conditions. To approach this question, we have

Table 1.FAR at zero FRR for variousℓ-truncated Grassmannian
distance measures averaged over5 ≤ ℓ ≤ 10, applied to illu-
mination spaces estimated fromn disjoint samples from YDB.
BL: baseline; AL: arc length; CF: chordal Frobenius; PF: pro-
jection F; FS: Fubini-Study.

With Mirror Images
n Mean BL AL CF PF FS
8 Retained 45.89 1.07 1.04 1.02 1.06
8 Subtracted 43.45 0.00 0.00 0.00 0.06
16 Retained 29.56 0.00 0.00 0.00 0.00
16 Subtracted 10.22 0.00 0.00 0.00 0.00
21 Retained 16.56 0.00 0.00 0.00 0.00
21 Subtracted 13.44 0.00 0.00 0.00 0.00
32 Retained 6.00 0.00 0.00 0.00 0.00
32 Subtracted 1.11 0.00 0.00 0.00 0.00

Without Mirror Images
8 Retained 53.89 20.19 18.00 10.97 38.44
8 Subtracted 49.00 32.58 28.89 15.75 49.50
16 Retained 21.33 0.07 0.06 0.02 0.13
16 Subtracted 22.78 0.00 0.00 0.00 0.04
21 Retained 13.22 0.00 0.00 0.00 0.00
21 Subtracted 9.10 0.00 0.00 0.00 0.00
32 Retained 3.33 0.00 0.00 0.00 0.00
32 Subtracted 1.00 0.00 0.00 0.00 0.00

designed an experiment where one set is made up of the
21 PIE images acquired with the room lights on, and the
other image set is made up of the21 PIE images with the
room lights off. Under this scenario, we expect the es-
timated illumination spaces for a single subject to differ
due to the fact that the samples are drawn systematically
from very different lighting conditions. How these dif-
ferences will manifest themselves when comparing illu-
mination subspaces derived from a single person to those
derived from different people is not on the surface ob-
vious, and hence the empirical results are all the more
intriguing.

Figure 4 summarizes the outcome of this experiment.
All four Grassmannian distance measures show a height-
ened sensitivity to this choice of angles in the experi-
ment, and three of the four appear to become unstable
relative to false accept rates as more than5 principal an-
gles are used – in other words their associated FAR grows
and exceeds that of the baseline algorithm. However,
there is one extremely striking outcome of this experi-
ment concerning the Fubini-Study (FS) distance measure:
The FS-distance perfectly separates all67 subjects in PIE
in the highly biased case where illumination subspaces
estimated with the room lights on are compared to illumi-
nation subspaces estimated with the room lights off.The
evidence for this finding is the zero FAR achieved by the
FS-distance when36 or more of the principal angles are
used. This is true for all four of the cases plotted in Fig-
ure 4. We cannot fully explain this result at this time.

7. Conclusion

This paper addresses how appearance of a face
changes with illumination. We introduce the idea of illu-
mination spaces as points on a Grassmannian, and use this
formalism to establish distance measures between illumi-
nation subspaces. The CMU-PIE and YDB are shown to
be Grassmann separable, i.e., the estimated illumination
space of a person is always closer to another estimated il-
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Figure 4.Plots of FAR at a zero FRR in % for PIE using only room lights on in one sample and room lights off in the other sample.

lumination space of the same person than to the estimated
illumination space of any other person in the data set.
This work demonstrates that PIE and YDB can be per-
fectly solved, i.e., are Grassman separable, if the recog-
nition problem is cast as comparing sets of images to sets
of images. It also suggests that the appearance of a face
under changes in illumination is an identifying character-
istic. Rather than trying to remove illumination effects
from images, it may be better to acquire multiple images
of a person under varying illumination, and base recogni-
tion algorithms on the differences among these images.
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