Another problem:

L = {w € {a, b}* | w contains an equal number of ‘a’s and ‘b’s}

We use the stack to hold excess ‘a’s or ‘b’s.

We use a special stack symbol to indicate that an equal number
of ‘a’s and ‘b’s have been scanned. ‘e’ denotes an empty stack.
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more ‘asthan‘b’s more ‘b’'sthan‘a's
have been scanned have been scanned
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Notes: (1) initializes the stack; ‘f” indicates empty store has

occurred.

Slide Lecture 11 —322



Operation of M on input abbbabaa

State Unread Stack | Transition
Input | Contents Used
s abbbabaa A -
q abbbabaa e 1
q bbbabaa ae 2
q bbabaa e 7
q babaa be 5
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q | abaa | bbe | 6
q| baa | be | 4
q aa | bbe | 6
q be | 4
q 4
f A8
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NOTE: Sometimes PDAs are defined to include
an initial stack symbol.
For example, in Martin:
= (Q, %, T, q, Z, A, F)
= a finite set of states
= the input alphabet
= the stack alphabet (Terminals and Nonterminals)
= the initial state
= the initial stack symbol
= is the transition function

= set of final states
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PDAs and Context-Free Grammars

PDAs are equivalent to context-free grammars
in the sense that they recognize
exactly the same class of languages.

In formal language theory a string w
is generated by a context-free grammar
IFF there is a leftmost (rightmost) derivation
of w from that grammar.
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w € L(G) IFF

L L L
= = =
wo G wi G wy... G wm

or simply

*L
=
G

] Wm

L
=
Note: @G means “yields a leftmost derivation”.
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PDA Lemma 1

For any context-free grammar G = (V, X, R, S),
AeV,andwe X*

= it
AGuw IFF AGw
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Consider
S
A G aiprasfs---ap
o; €XF
ﬂi eV
also define b; € ¥*
In the leftmost derivation:
B
A G aibioafBr---oy

but since the grammar is context-free,
we can derive §; — b; in any order for i.

We can therefore say “leftmost = rightmost.”
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PDA Lemma 2
If M is a PDA then

*

_—
(q1,wi,01) M (g2, A, a2)

and

.
_—

(g2, w2, ax3) M (g3, A, o)
implies
*

BN
(q1,wiwz, a1a3) M (g3, A, as)

*

—_—
(this simply expresses the transitive nature of )f).
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Furthermore

*

S
(g1, w1,00) M (g2, A\, A)

and

*

S
(g2, w2, a3) M (g3, A)

implies
%

BN
(g1, wrws, 1a3) M (g3, A, A)

(here we have substiuted as = ay = A).
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Lemma 2 expresses the idea that the PDA
need scan no input except under the tape head,
and also need scan only the top of the stack.

This does not answer how the PDA “chooses”
the right move when the PDA is nondeterministic.
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PDA Lemma 3

Every context-free grammar represents a language
recognized by some PDA.
Let G = (V, X, R, S) be a context-free grammar.
We can construct a PDA M such that

L(G) = L(M)

We construct a two state PDA which begins in state p,
moves to state q in the first step,
and remains in q for the duration of the computation.
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M = (K 3T,A,q,F)
K = {p,q}

Y = %

T = VuUx

@ = {p}

F o= {d}
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The transitions are built as follows:

A = {((p, A\ A, (a,9)
Foreach A - x € R, ((q, A, A), (q, x)),
For each a € ¥, ((g, a, ), (q, A)) }

M begins by pushing S (the start symbol)
on the stack and entering state q.
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Operations:

. Replace the nonternimal at the top of the stack by the
righthand side of one of its rewrite rules

. Pop a terminal off the stack, provided it matches the
input symbol scanned.
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Example:
G = (V7 E? R’? S)
V ={S}, £ ={a, b, c} and

R = {S— aSa,
S — bSh,
S —c}

which generates {wcw® | w € {a,b}*}
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By construction

=({p,a}, T, ,A, g = {p}, F = {q}) where

A = {((pA

a5 A

A, (2, 9)),
), (¢, a5a)),
4, A,5), (¢,050)),
;A 5), (4,¢)),
4, a,a), (g, A)),
0), (4, A)),
) (2,2))}

q,b

{
((
((
((
((
((
((

q7c7c
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Derivation of abbcbba

State | Unread | Stack | Transition
Input Used
p abbcbba A -
q abbcbba S 1
q bbcbba aSa 2
q bbcbba Sa 5
q bcbba | bSba 3
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bcebba
bcbba
cbba
cbba
bba
ba

e e e e e e = e

Sha
bSbba
Sbba
cbba
bba
ba

[ e NN N T > R O R e}
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To prove L(M) = L(G) we prove
*L
ey
1. If S G a1,
where oy € £* and a, € V((V UX)* U A),

}_
then (¢, a1,S) M (g, A, az2)
.
2. If (q,Oél,S) M(q;AaoQ)

where oy € £* and ap € (V U X)*,
*L
=

then S G ajas
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Collectively, these two claims verify the Lemma 3,
since (taking as = A),
*L *
= F
S G a IFF (q,O[,S)M(q,A,)\),OéEZ*
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Claim 1, by Induction:
*L
=
Assume S G aias.

Basis: A zero length derivation. In this case S = «,
o] = )\, Qg = S.

Thus

}_
(qaalas) M (Q7)‘7a2)
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Inductive Hypothesis:
*xL
=
Assume that if S G ajas

by a derivation of at most N steps,

'_
then (q,al,S) M (Q7>\7a2)'
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Inductive Step:

Let
* L * L * L
— — —

S=p Gm G ... G pn+1 =«

be a leftmost derivation with o = ajas.

Since pn has at least one nonterminal, let
pn = PrAPz,  pny1 = Pryfe

where 81 € ¥*, A€V, 8 € (VUX)*
and A — .
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Note this implies a = 1,7, f2 = ayas.

We can rewrite oy as 310
such that das = v0>.
Note that § € ¥*.

So (qaalas) = (Q7ﬂ1675)
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Therefore

'_
(Q7a135) M (qaﬂléa S)

By the inductive hypothesis

((Q7ﬂ175) -Z\? (Q7)‘7Aﬂ2)

therefore:

(qaﬂléa S) ]\5[ (Q7 67 AﬂZ)
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Given that our machine can process ((g, A\, A)(a,7))
the rule (A — +) implies a transition

((Q7 )‘7 AﬂZ)(aa ’Yﬂz))

Therefore

(Q7 67 Aﬂz) ]\} (Q7 67 7ﬂ2)

and since we can rewrite ay as 16 such that das = v02.

}_
(Q7 67 7ﬂ2) M (qa )\7 CYQ)

And the induction is complete.
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Claim 2 reverses this process and has a similar proof.
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