
Lecture 03:
2D Transformations

September 3, 2019



Previous Lecture & Today
• Last Thursday
– Scalars, Vectors and Points
– Vector Spaces
– Affine Spaces
– Euclidean Spaces
– Know and love the dot product 

• Today
– Projection (dot product) and rotation, 
– Homogeneous Coordinates for 2D
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About SageMath
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Getting Notebooks
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SageMath on Projection 
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SageMath Rotation is Projection
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Rotate by q
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Does this make sense, given the geometry of the dot product?

R =
cos θ( ) −sin θ( )
sin θ( ) cos θ( )
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Derivation of Rotation Matrix
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x1 = rcos θ( )
y1 = rsin θ( )

x2 = rcos θ +φ( )
y2 = rsin θ +φ( )
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Pronunciation Guide J

θ theta
ϕ phi (fee)
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Remember by 
Definition

Derivation (cont.)
Trig. Identity:

€ 

x1 = rcos θ( )
y1 = rsin θ( )

cos a+ b( ) = cos a( )cos b( )− sin a( )sin b( )
sin a+ b( ) = sin a( )cos b( )+ sin b( )cos a( )

x2 = rcos θ +φ( )
x2 = rcos θ( )cos φ( )− rsin θ( )sin φ( )
x2 = x1 cos φ( )− y1 sin φ( )

Y is left for you. Really, try it
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Uniform Scaling
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The first of several 2D canonical matrices…
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Non-uniform Scaling

Note orientation shift in line
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Flip an Axis...

What does this do to appearance of objects?
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Flip the Horizontal

x2
y2

= −1 0
0 1

x1
y1Credits: Uncommon Parlance
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Swap Axes
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Why would you do this?
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Translation
P(x,y) =

x
y

P(u,v) =
u
v

=
x
y

+ a
b

a

b

P(u,v)P(x,y)

I am intentionally 
drawing the alternative 
geometry, i.e. move the 
origin not the point.

Plug in some values and 
draw yourself some 
pictures.

Addition, 
not multiplication!
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Canonical Transformations

Rotate =
cos θ( ) −sin θ( )
sin θ( ) cos θ( )
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Add, don�t multiply
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Composition ...

To apply transformation A to point p, and 
then transform the result by transformation B:

p� = (B A) p = B (A p)

Question: why is this important?
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Problem: Translation

Unfortunately, we often need to translate points,
and translation is matrix addition, not multiplication

We need some way to make translation into
a matrix multiplication operation, so that all
transformations can be composed...
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Solution:
Homogeneous Coordinates

In homogeneous coordinates, a two-dimensional
point is represented as a vector of length 3.

In homogeneous coordinates, a three-dimensional
point is represented as a vector of length 4

In general, homogeneous coordinates represent an
N-dimensional point with a vector of length N+1.
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Homogeneous Coordinates (cont.)

In particular, the 2D point (x,y) is:

x
y
1

2x
2y
2

nx
ny
n

= =

For any n ¹ 0

Question: what is the last coordinate (conceptually)?
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Homogeneous Coordinates (cont...)

• Note that homogeneous coordinates are non-unique, but

• Translation in homogeneous coordinates is 
multiplication:

1  0  tx
0  1  ty
0  0  1

x
y
1

x + tx
y + ty

1
=
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• 2D Rotation looks pretty much the same:

• As does 2D non-uniform scaling:
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Canonical Homogeneous Matrices
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Rotate about a Point

• Rotate the Cat�s Head about its Nose
1. Translate the Nose to the Origin
2. Rotate by the desired amount
3. Invert the translation

(tx,ty) (tx,ty)
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Rotation about a Point (II)
• Translate to origin

• Rotate about origin

• Translate back

Note the negations: we want 
to bring (tx, ty) to the origin, 
so subtract tx, ty.

What was the point (tx, ty) is 
now at the origin.

Finally, what started as 
(tx, ty) is again (tx, ty).
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0 1 −ty
0 0 1
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Rotation about a Point (III)

• Think about order!
• Operations right before those on left.
• Therefore, read from right to left.

Translate to OriginTranslate Back Rotate

M =

1 0 tx
0 1 ty
0 0 1

!

"

#
#
#
#

$

%

&
&
&
&

cos θ( ) −sin θ( ) 0

sin θ( ) cos θ( ) 0

0 0 1

!

"

#
#
#
#

$

%

&
&
&
&

1 0 −tx
0 1 −ty
0 0 1

!

"

#
#
#
#

$

%

&
&
&
&

9/3/19 CS253 Fall 2019, © Ross Beveridge 25



Rotation about a Point (IV)
• Reminder, in matrix multiplication:

• The equation to rotate a matrix of points P 
around (tx, ty) is:

AB ≠ BA

!P = T −1RTP
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Rotation about a Point (V)
• Compose the three transformations.
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" P = T −1RT( )P
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" P =

cos θ( ) −sin θ( ) sin θ( )ty + 1− cos θ( )( )tx

sin θ( ) cos θ( ) −sin θ( )tx + 1− cos θ( )( )ty
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Scaling About Point P
• Scaling also operates relative to the origin.
• To make an object bigger without moving it
– Translate origin to object centroid.
– Apply scaling.
– Invert the translation.
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One More Transform - Shear

• Metaphor - Wind Blows Figure.

• Basic Matrix Form.

• Can X-Shear do This?

Shearing in the X dimension

1 shx 0
0 1 0
0 0 1
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Shear (cont.)

• Metaphor - Same thing, other direction.

• Basic Matrix Form.

• Note: Parallel Lines Stay Parallel

Shearing in the Y dimension

1 0 0
shy 1 0

0 0 1
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Use Notebook 3 to develop an intuition as well as mechanical understanding!



The End


