Lecture 04:
3D Transformations including
Axis Angle Rotation

September 5, 2019
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In [42): ptsA list(elA[0:2,:].transpose())

ptsB = list(elB[0:2,:].transpose())

gelA = polygon(ptsA,color='green')

gelB = polygon(ptsB,color='orange',alpha=0.5)
bnd = 6.0

gos = gelA + gelB
gos.show(xmin=-bnd, ymin=-bnd, xmax=bnd, ymax=bnd, aspect_ratio=1)
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Homogeneous Coordinates in 3D

Same basic idea as for 2D.
Now transformations are 4x4 matrices.
3D points represented as 4 element vectors.

Let us consider the standard transformation
— Translation

— Scaling

— Rotation
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Translation and Scaling

 To transform a Point A into translated Point B.
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 To transform a Point A into scaled Point B.
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Rotation — Part 1: Euler Angles

Rotations 1n 3D are more complex, because
we now have three orthogonal axes that we

can rotate around:
These are called

" é the “Euler Angles”

Trust me:
Any rotation around any
o axis can be expressed as a
s sequence of three rotations
L about the x, y and z axes.
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Rotation about Each Axis

1 0 0
0 cos(a) -—sin(a)

 About the X axis Rx = 0 sin(a) cos(a)

0 0 0

[ cos(B) O —sin(P)

 About the Y axis Ry = Sig(p,) (1) cos(ZB)
0 0 0

i cos(y) -sin(y) O
 About the Z axis Rz=| sin(y) cos(y) O
0 0 1
0 0 0
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Euler Angle Matrices - Pattern

 To rotate around any axis, start with the
empty template:

;
0
0
0 0 0 1]
* The axis you rotate around won’t change:
i 0 0|1 0 0 O] O 0]
0 00 O (0 1 0 O
0O 01 0((0 0 0 0
0 00 1[]|0 0O 1[0 00 1

Z) (X (Y)
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Remembering ....
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(X)
0 0
cos(x) —sin(x)
sin(x)  cos(x)

0 0

o o O =

Each version replicates a 2D
rotation matrix in a part of the
3D rotation matrix.
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Pay attention to the pattern.

(Y)

0 —sin(x)
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0

0

0
cos(x)
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Composition of Rotations
* Rotate about x, then vy, then z.

i cos(y) -sin(y) O Of|cos(B) O -—sin(f) O}|!1 0 0 0

R_| sin (y) cos(y) 0 O 0 1 0 0[|0 cos(a) —sin(a) O
- 0 0 1 Of[sin (B) O cos(B) 0|0 sin(a) cos(a) O
0 0 0 1 0 0 1110 0 0 1

0

i cos(y)cos(B) —sin(y) cos(a)— cos(y)sin(f)sin(a) sin(y ) sin(o) — cos(y ) sin(B) cos(a.)
R—| sin (y)cos(B) cos(y)cos(a)+ sin(y)sin(B)sin(a) —cos(y ) sin(a) + sin(y ) sin(f) cos(a.)
- —sin(3) cos(f) sin(a) cos(P) cos(a)
0 0 0

* Order matters! Rotate about z, theny, then x.

cos(y ) sin(B) sin(a) — sin(y ) cos(a)  —sin(y ) sin(P) sin(a) + cos(y ) cos(a) —cos(P) sin(a)
—cos(y ) sin(B) cos(a) — sin(y ) sin(or)  sin(y ) sin(P) cos(a) + cos(y) sin(a)  cos(P) cos(a)
0 0 0

{ cos(y ) cos(P) —sin(y ) cos(P) —sin(B)

Please do not memorize these !
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A Better Way — Axis Angle

To implement, best to

review geometry of the

B d lid
b oC) Article  Talk Cross pro uct — next slide.
o 2
N,
WikipepiA — Axis—angle representation
The Free Encyclopedia From Wikipedia, the free encyclopedia
Main page Main article: Rotation group SO(3)
:::t:;'z conkent In mathematics, the axis—angle representation of a rotation parameterizes a rotation in a
Current events three-dimensional Euclidean space by two quantities: a unit vector e indicating the direction of 0=te
Random article an axis of rotation, and an angle # describing the magnitude of the rotation about the axis. Only
Donate to Wikipedia two numbers, not three, are needed to define the direction of a unit vector e rooted at the origin
Wikipedia store because the magnitude of e is constrained. For example, the elevation and azimuth angles of e
ktaracion suffice to locate it in any particular Cartesian coordinate frame. The angle & scalar multiplied by
Help the unit vector e is the axis-angle vector
e
About Wikipedia 0 = fe.
Community portal

Recent changes The vector itself does not perform rotations, but is used to construct transformations on vectors 0
Contact page that correspond to rotations. The rotation occurs in the sense prescribed by the right-hand rule.
The rotation axis is sometimes called the Euler axis.

Tools . . . . . . . I i &
= It is one of many rotation formalisms in three dimensions. The axis—angle representation is e ”‘9'9 a’"s_"w‘"’
What links here 0 = fe is a unit vector e

i predicated on Euler's rotation theorem, which dictates that any rotation or sequence of rotations  mytiplied by an angle .
elate anges
Upload file ¢ of a rigid body in a three-dimensional space is equivalent to a pure rotation about a single fixed
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Cross-Product

The cross product of two (3D) vectors is a
new 3D vector that is perpendicular to both
of the original vectors.

AXxB

A Right-hand Rule
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More Formally
Vi<V =ulp|Vy|sin®

Where u 1s a unit vector perpendicular to
both V| and V,, as determined by the
right-hand rule

If V=(V,, V,, V,) then:

VXV, = (Vo =iV ViV, =V Vo ViV, =V V)

z 2y?




....don’t despair!

It’s easier to compute by hand than it looks

i xV, = (VlyV2Z - V1ZV2y’V1zV2x - leV2Z’leV2y - VlyVZX)

X y Z |«=— Axes
VixV, =det|V,, V, V.
_V2x V2y V2Z |
i "/( | Blue products
| minus red
I/l X I/2 — I/lx 1 | ly I/lz prOdUCtS
_I/2x 2y % VZZ_
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Back to 3D Rotation

* In P’ = MP, the points in P are projected
onto the rows of M.

* |n a rotation matrix:

— The rows are unit length
 Otherwise it scales the data...

— The rows are orthogonal
« Otherwise it shears the data...

é : : — : )
To specify a rotation matrix, just specify the

(orthogonal, unit) basis vectors of the new

coordinate system!
" J




Axis Angle Rotation

* In the special case that the axis is the Z
axis, no problem:

- cos(6) -sin(@) O
sin(f) cos(8) O
0 1
0 0

_ o O O

0
0

Where 0 is the magnitude of the rotation

« But what about all the other possible
axes?
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Axis Angle (Il

General rule: if there is a special-case
coordinate system that makes life easy,
adopt that coordinate system!

In this case:

1. Rotate data to make Z the axis of rotation
2. Rotate about Z

3. Apply the inverse of the original rotation




Axis Angle (Il

« How do we rotate the data to make the axis
of rotation Z?

— Multiplication is projection onto the rows of M

— If M is orthonormal, it is a rotation matrix
« Magnitude of every row is 1
Dot product of every pair of rows is 0

 |f the third row is the axis of rotation, then
— Z becomes the axis of rotation!




Axis Angle (1V)

Step 1: normalize the axis of rotation
— Write the normalized axis as w = (w,, w,, W,)

Step 2: pick any axis M not parallel to W/

— Heuristic: pick the smallest term in w, set it to 1
and renormalize to create m

Step 3: create U =W x M

Step 4: pick an axis v perpendicular to w & u
—V=WxU (or UxW)




Axis Angle (V)

* Now put those together in a rotation matrix:

u, u, u 0 |
po_| Ve WV 0
w.o w, w0
X y Z
o 0 0 1
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Axis Angle (VI)
* To rotate by 6 around w:

P'=(R,'R,R,)P

— R, Is from the last slide

— R,y Is the rotation matrix about Z, by amount 6
— What about R1?
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AXxis Angle (V)

« Useful math fact: the inverse of an
orthonormal matrix is its transpose

P'=(R,R,R,|P

* That’s how you implement axis-angle

rotation!




Practice with Axis-Angle

localhost:8888/notebooks/CS410%20Fall2019/lectures/csd
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Axis-Angle Rotation
This notebook illustrates how to generate a rotation matrix based upon and axis-angle specification. In addition to being of
practical value, understanding this construction is a great start for understanding how cameras may be placed in the world.
A minor point. To keep the examples below a bit simpler, we are not doing this derivation in homogenous coordinaes.
Everything you see behaves equivalently, but of course all the matrices would be 4x4 instead of 3x3.
Ross Beveridge
Septmeber 5, 2019
In [34)]: %display latex
latex.matrix_delimiters(left='|', right='|")
latex.vector_delimiters(left='["', right=']")
To begin recognize that in specifying an axis angle rotation we begin with a direction w and an angle theta.
In [35]: Wv = vector([1l, 1, 1])
Wv = (1/Wv.norm())*Wv
angle = 45
pretty print("w = ", Wv.n(prec=20), " and ", LatexExpr(r" \;\;\theta = "), angle.n(prec=20))

9/5/19

CS410 Fall 2019, © Ross Beveridge




