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ABSTRACT. A set of equations in the quantities a.{p), where ¢ = 1, 2, .-+ , m and p ranges
over & sct /U of lattice points in n-space, is called a system of uniform recurrence equations
if the following property holds: If p and ¢ are in K and w is an integer n-vector, then a,(p)
depends directly on g;{p — w) if and only if a:(g) depends directly on g;(g — w). Finite-dif-
farence approximations to systems of partial differential equations typically lead to such
recurrence equations. The structure of such a system is specified by a dependence graph G
having m vertices, in which the directed edges are labeled with integer n-vectors. For certain
choices of the set K, necessary and suflicient conditions on & are given for the existence of o
schedule to compute all the quantities a;(p) explicitly from their defining equations. Properties
of such schedules, such as the degree to which computation can proceed ““in parallel,” are
characterized. These characterizations depend on a certain iterative decomposition of a de-
pendence graph into subgraphs. Analogous results concerning implicit schedules are also given.

1. Inflroduction

The process of setting up & problem for solution on a digital computer involves
several interrelated considerations. It is necessary to choose an appropriate analytic
form for the problem, construet an algorithm for its numerical solution, and organize
this algorithm to make efficient use of the available computational facilities.

In the field of differential equations, a great deal of knowledge has been gained
about the construction of difference equations whose solutions approximate the
solution of a given differential equation. However, less attention has been given to
the problems of scheduling and alloeation involved in organizing the associated
computations so as to make efficient use of the available storage and computing
facilities. With the recent development of computers capable of performing many
operations concurrently, these problems have taken on considerable importance.

In this paper some eombinatorial aspects of computation processes are inves-
tigated which arise in the solution of partial differential equations by finite-difference
methods. For this purpose, the properties of systems of uniform recurrence equa-
tions are introduced and studied. Most finite-difference schemes (for example, the
usual point-relaxation methods for solving the Poisson equation) can be represented
as uniform recurrence equations,

Properties are derived which characterize the number of computations that can
be performed simultanecusly in evaluating uniform recurrence equations, and an
organization of the computations which gives efficient utilization of storage is-
described. Tn addition to aiding in the organization of computation processes,
these properties provide insight into the desired features of the computing systems
on which these computations are to be performed.

In Beetion 2 terminology is introduced. In Section 3 necessary and sufficient
conditions are developed for a system of uniform recurrence equations to have an
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explicit solution over certain regions. The special case of a single equation is eq,
sidered in Section 4, and for this case a geometric interpretation of the necessary
and sufficient conditions is given. Connections are established between the fastest
possible schedule of the computation and optimum solutions to certain lineg
programs. It is shown (Theorem 5) that for a large class of equations, the amouys
of parallelism inherent in the computation is unbounded. In such problems, the
number of operands required for subsequent operations is also shown to be .
bounded (Theorem 6). This gives rise to the question of efficient utilization of ,
small high-speed memory in conjunction with a large bulk storage. A gener
scheme for the efficient utilization of such a storage configuration is described;
an example of this scheme was previously considered [5].

In Section 5 some of the results of Section 4 are generalized to systems of equa.
tions. An effective test of the necessary and sufficient conditions of Section 3 i
derived. The amount of parallelism inherent in the computations of a system of
equations is also studied, and is shown to be qualitatively different than in the
case of a single equation. Finally, in Section 6, related results are obtained for
systems of equations which have an implicit, but no explicit, solution.

The special case in which all of the variables are scalars is investigated in greater
detail in [6]. Also, quite apart from the application of uniform recurrence equations
to finite-difference methods, the results of this paper may be applied to questions
of the uniqueness of analytic solutions to systems of partial differential equations,
using the approach initiated by Thomas [7].

2. Terminology and Definitions

Let L. denote the lattice points in Euclidean n-space £, . Any element p of L, can
be designated by an n-dimensional vector in which each coordinate is an integer. For
each subset R C L, we let B denote I, — R. We consider problems associated with
the evaluation of a system of funetions ai(p), as(p), - - - , an(p) for all points p € R.
The values of a;(p), as(p), - -+, au(p) are required to satisfy a system of m-recur
rence equations having “uniform dependence,” and boundary values are assumed to
be given at points p € K wherever required for function evaluation at points p €R.

Equations having uniform dependence are best explained by first considering the
casem = 1, The recurrence equation is of the form

al(l’) = f1<a1(p - 'UJ1), al(p - U)z), oy al(p - U)s)),
where: p € R,
w;, j=1,2,-++,8s is an n-dimensional vector with integer coordinates,
and
fi is a single-valued function which is strictly dependent on each of ifs
s-variables.
A function f(z1, a, -+, Tm) is strictly dependent on z; if, whatever values of b;
are assigned to the;, 7#4, f(br, -, bim1,%i,bip1, -+, ba) is not a constant.
Forany p € R the points (p — w1), (p — wa), -+ -, (p — w,) are elements of Ln.
The vectors wi , wa, - - - , w, are constants independent of p, and for this reason the
equation is said to have uniform dependence.
Systems of m-equations with uniform dependence can be defined in terms of 4
structure called a dependence graph. A dependence graph G is a finite-directed graph
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with m vertices v1, va, -+, vn, & set of directed edges, and, associated with each

~dae e:, an integer n-vector w; .

Leb e, , €iy, = 5 €4, be the edges of G directed out of vertex v; . Let these edges
pe directed into vertices vi, vy, <, vi,, vespectively; let wy; be the n-veetor
associated with e;; . The equation determined by v:, then, is of the form

Gn'(?) = fi(a"i1<p - wil)) aiz(p - wig)r e :aik(p - wik))*

The funetion f: s assumed to be strictly dependent on each of its arguments, but its
properties are otherwise left unspecified.
The dependence graph shown in Figure 1 yields the following system of equations:

ai(p) = filax(p — w1), as(p — ws)),
ax(p) = fala(p — we), as(p — ws), as(p — wi), as(p — wr)),
as(p) = frlax(p — ws)).

It is convenient to introduce some terminoclogy for graphs. Let H be a directed
graph with vertices {n1,ns, - -} and edges {b;, by, - - -}. These sets may be either
finite or infinite. A path is a sequence of edges w = (bs, , by, , -+ ) such that if by, is
directed into vertex ny , then by, is directed out of n, . If the sequence = is finite,
having ¢ edges, then we say that the path = has length ¢, and denote this by (=) = ¢.
Ti the sequence r is infinite, we say (7)) = . A path whose length is finite is called
a cycle if the vertex into which its last edge is directed is also the vertex from which
the first edge is directed. If all the vertices out of which the edges in a eycle 7 are
directed are distinet, then = is called a sémple cycle.

We are interested in the precedence relations between evaluations of the functions
ai(p) at various points p € R. For this purpose we introduce the following termi-
nology, where pairs (k, ¢) are taken from the set {1, 2, ---, m} X L, . The pair
(k, p) is said to depend directly on (1, ¢), denoted by (k, p) = (I, ¢), if and only if
7 € R and G has an edge e; directed from v, to v, such that p — w; = ¢. Thus,
(k,p) 5 (1, ) if and only if a,(q) is one of the arguments in the evaluation of ax(p).
Also, t-step dependence is defined inductively for all positive integers ¢ as follows:
(kp) S, q)ifk =1 p=qand(k, p) 5 (1, q) if there exists (h, 7) such that
(kyp) =25(h, 7) and (h, 7) 2 (1, ¢).

Finally, (k, p) — (I, ¢) if (k, p) -5 (I, ¢) for some positive integer . In any order-
ing of the computation, a;(¢) must be evaluated before ax(p) if (k, p) — (I, ).

The ordering of the computation for a system of uniform recurrence equations
defined over a region R can be described by a graph I' (different from the dependence
graph) having vertex set ({1, 2, ---, m} X R) U {b}, where b is a special symbol
corresponding to the set of points in R = L, — R. T has an edge from

We

Fia. 1. A dependence graph
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th, oY £ {L 2, ,mb X Bt gyell, 2 - ml X R if zmd iny if
0k, ‘,} -Lx Ly, and an mlrm hmn {k,pitob *f and oaly i there exists (]\ P ) such
that p & h and (h, o) -5 (k. 27). Note that, although T has an infinite number of
vertices if B s in hmw the number of cdges directed out of any given vertex of T is
finite, The relation (=, p) — {1, q) corresponds Lo the existence of o path from vertex
(ko of T o vertex (4, ) of £.TE (R, ©) -5 (L, ¢), then theve exists a path of?engtht
n T directed from (&, M to UL g) il gisin B, and from (&, p) to b it G isin £,

With these definitions we may introdues the notion of a sehedule of computation.
A \'{’ﬁ((‘t?'u!r 8 s a funetion from {1, 2, -+ ] X & into the positive integers such

vhal iF {k, p) = (1, ¢) then S(E, p) > S04, q). The quantity S(k, p} may be inter-
paete as the t,nm (lL which adp) is wmputed. Ir: this interpretation, the assumption
is made that each function evaluation requires exactly one unit of time. This defi-
nition of a schedule ensures that, before m.(p) eun be evaluated, all the arguments on
which it depends have been computed. A schedule T iz called fiee if:

Tik, p) = 1 if there is no ([, ) such that ¢ ¢ B and (k, ) 5 (I, q);
Tik,p) =1+ max {T(L, lqgc Rand (k, ) 5 (1, ¢)}, otherwise.
The following fucis ave easily established. I there is a sehedule, there is a unique free
schedule. The free schedule, when it exists, is the “fastest’’ sehedule possible (ie.,

if S1ig a schedule, then T(k, p) < 8(k, p) for all (k, ). The free schedule exists if
and only if for each (%, p) such that p £ R the function F(k, p) exisis, where

Fik, p) = max {{ = 0] there exists (z, ¢) such that (k,p) - (z,q)}.
If the free schedule T %, p) oxists, then it is given by
Tk, p) = F(k, p).

For convenience we define 7(k, p) even when a free schedule does not exist by

setting
Pk, o) i F(k, p) isdefined,
Tk, p) = { )

| oo otherwise.
The funection a,(p) is explicitly defined if, for all p € B, T{j, p) < «. Thus the
existence of a schedule s equivalent to a,{p) being explicitly defined for
Jj=1,2 - m

The quantity T(&, p) is clearly the length of a longest path of I' directed out of
the vertex (k, p), and T(k, p) = = if and only if no such longest path exists.

Consider the following funetion associated with a schedule' S:

¢5("!"’.: 7) = ‘:lpiS(}{’y ?9) = T}‘i, ko= 1, 2’ M, T = 1, 2/‘

The schedule § has bounded parallelism if there exists an integer K such that
bk, 7)) < K for all k and =; otherwise, 8 has unbounded paralielism. Thus, un-
bounded parallelism means Lhat either ¢4(k, 7) is infinite for some (k, v) or grows

without bound for some k. . .
In the following sections we give necessary and sufliclent conditions for a function
a:(p) to be explicitly defined, and investigate the amount of parallelism for the free

P01 £ i wset, then || U § denotes the cardivality of U,
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schedule, as well as technicques for the efficient utilization of storage in computing
gxplicitly defined functions.

a. (Criteria for a Function to Be Bxplicitly Defined

The purpose of this section is to characterize systems of uniform recurrence equations
which are explicitly defined throughout a region R. Necessary and sufficient con-
ditions are given for a function ax(p) to be explicitly defined throughout the region
F, consisting of those n-dimensional vectors all of whose coordinates are positive
integers. These conditions are also extended to the case in which R is the Cartesian
product of I7x with a finite-point set.

In order to prove the main theorem of this section, we require the following well-
known lemma about infinite graphs which gives an alternate characterization of the
case T(k, p) = .

Lemma 1 (Berge) (1, p. 17, Cor. 1).  Let H be a directed graph in which the number of
wlges directed out of each vertex is finite. Then, if there is no upper bound on the lengths
of paths directed out of vertex v, there exists an infinite path directed out of v.

Applying the lemma to I', we find that T'(k, p) = « if and only if T has an infinite
path directed out of (k, p); ie., T(k, p) = « if and only if there is an infinite
sequence (ky, p1), (K2, p2), -+~ of elements of {1, 2,--., m} X R such that
4.}““3 p) = (kl y pl) &Hd, for all 7’.: (IW ) p1> _1) (ki-H ) pi+1)'

To state the theorem we introduce the following terminology. Let = =
{¢:,€4, ", €3,) be a path in the dependence graph G. The weight w(x) of = is
defined by

w
wir) = E:lej
=

A vector is called nonposttive if all of its coordinates are nonpositive. A path r is
called nonpositive if w(w) is a nonpositive vector.

TurorEM 1. Let G be a dependence graph specifying a system of uniform recurrence
equations defined over the region F, . Then the function ar(p) is explicitly defined if and
only of G does not have a path from v, to any vertex v, contained in a nonpositive cycle.

Proor. Suppose there is a path = from v, to v, and a nonpositive cycle C in-
cluding v; , as shown in Figure 2. Let

. EN
X9 = 3w,
=1

Choose X € F,suchthat X — X¥ € F,, j=1,2, -+ ,r+t Also,let Y = xXoto

{r+1)
T
°
¢————- @t O 0O O—— gk 5 f
Kp+i kr+2
FiG. 2

[Correction: The term k... — 1 at the upper right should read: ke —Ed]
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— XU (¥ is the weighl of the eyele €). Since O is nonpositive,
X = X9 oV eF,, =12 ,r+l a=01%: -

Thus

By, X)L (e, X =X 4 0 B (%, X - X7
Sl X = XY 5 Bl X - XYY L (e, X XYy
L Sy, X = X el S

and therefove T(k, X) = w.

To complete the proof, we show that, if T(k, ) = o, then ¢ hasa path fromu, to
4 nonpositive cycle. By the remarks following Lemma 1, T'(k, ») = = impliesthe
existence of an infinite sequence v = (ki, m1), (ka, p2), -+ such that (&, p) =
(ky, p1) and, for all é, (ke po) = (e, pas).

From ¢ we may select an infinite subsecuence {(k;, p;}| nondecreasing in each
coordinate of {p,}. Such a sequence may be selected recursively by choosing a se-
quenee nondecreasing in the first coordinate, then from this ehoosing a subsequence
nondecreasing on the second coordinate, and so on. Bince the indices k. belong to a
finite set, some value k must recur. Hence, the sequence conlaius a cycle (k, p) —»
(k, p — w), where w Is nonpositive.

The method of proof of Theorem 1 may be extended to yield analogous resuits for
certain other regions. In particular, we consider “strips”; i.e., R is of the form
R = Q; X Fu_:, where Q, is u finite subsel of ..

CoroLrary 1. Let G be a dependence graph specifying o system. of uniform recur-
rence equations defined over the region B = Q, X Fay. Then ai(p) @5 exphcily de-
fined if and only of there domot exisil € {1,2, -+, m} and p, ¢, v € I such thai:

(1) (k,p) — () — ()

(ii) the vector g — r 1s zevo w the coordinales corresponding to Q. , and nonpositive
in the coordinales corresponding to Fu_y .

Proor. Consider the dependence graph G' with vertex set {1,2, -+ ,m} X @,
and edges as follows: There is an edge of G from (k, @) to (, g2) labeled u if and
only if there is an edge of G from L to [ labeled w = (w, , w;), wherew, = q — ¢ and
wy = w It is clear that T(k, (g, p)) with respeet to the system of equations over K
specified by G is equal 1o T((k, ¢}, ») with respect to the system of equalions over
Fo._; specified by . The corollary thus follows from Theorem 1.

Corollary 1 has the disadvantage that its statement depends on the relation “-—,’
which is a property of the region considered as well as the dependence graph . The
following result, which is implied by Corollary 1, involves only G.

CoroLtArY 2. Let G be a dependence graph specifying o system of wniform recut-
rence equations. Then the following are equivalent:

(i) Jor every finite subset (), © F,, alp) is explicitly defined over lhe region
Qs X r a—t 3

(il)  there is no vertex v, such that (a) G has a path from v, to vy, and (b) vy s con-
tained in a eycle O whose weight is zera in the first ¢ coordinates and nonpositive in the
last n — { coordinates.

H
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4, Theoreins for One Recurrence Equation
In this section we consider the case of a single recurrence equation (m = 1), which
tales on the form

a(p) = flalp — w), alp — we), -+, alm — w)).

We begin by giving several necessary and suflicient conditions for a(p) to be
gxplicitly defined over F, . Oue of these conditions is that a certain system of linear
inequalities has a [easible solution. The optimal solulion of an associated linear
program provides an upper bound on the free schedule T'(p), and this bound is
shown to be tight for points sufficiently far from the boundary. From this bound, 1t
it deduced that the free schedule has unbounded parallelism when n > 2. Finally,
we present o cluss of schedules which have a specified upper bound on parallelism and
male efficlent use of temporary storage.

Convrrions vor alp) To Be Txericrrny Derinep. A vector Is called semd-
positive if all of its components are nonnegative and not all of them are zero.

TrnmonmM 2. Consider the uniform recurrence eguation a(p) = flalp — wi),
alp — we), -+, alp — w:)), where p 18 an nwvector. The following statements are
equivalent: ‘

(1) al{p) 1s erplicitly defined over I, ;
(i1} there exists no semiposibive vector (wy, s, - -+, ) such thal
3
> —ugw; > 0;
=1

(i) the system of Tneyualities
wypx 2 1, L2,y
x> 0, i=1,2 -, n,

s,
I

has a solulion;
(iv)  for every p € F, , the following lwo linear programs have ¢ common optimal
vadue m(p}:

J(p — Zu;w,- >0, rw,--uc > 1, J=12 -8
=1
! \'ll,j?r(), g=1,2-,5 II ¢z = 0, 1= 1,2, -, w,
tmax Z ;- nin p-z.
=1

Proor. Since the system of inequalities in (ii) is homogeneous and the vectors
w; are rational, the system has a semipositive solution if and only if it has a semi-
positive integer solution. But sinee the dependence graph in this case consists of a
single vertex with loops labeled @y , ws, - -+, w0, , the set of cycle weights is exactly
the set of semipositive integer solutions to the given system. Thus, by Theorem 1,
(i) and (i) are equivalent. The equivalence of (ii) and (iii) follows from the
Minkowski-Farkas lemma ([2, p. 137]), which states that for any m X n matrix 4
and n-vector d, exactly one of the following two statements holds:
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(a) the system Az < d has a nonnegative solution;
(b) thesystemuw'd <0, « d < 0hasanonnegative solution.
Setting-

—un 1
A= —1:02 and d = M],‘ ,
—, ~1

this lemma yields the desired equivalence. Clearly, (iv) implies (iii), since the
existence of an optimal value for program IT implies that (iii) has a feasible solution,
Conversely, (iil) implies that program II has a feasible solution; also, u; = (,
Jj=1,2,---,sis a feasible solution of program I. But, from the duality theory of
linear programming ({2, p. 129]), dual programs which are both feasible must have
a common optimal value, Thus, (iv) follows from (iii).

Condition (iii) may be interpreted geometrically as follows: There is a hyper
plane through the origin which separates the first orthant (except for the origin)
from the vectors —w;, —ws, -+, —w,. We call such a hyperplane, and by ex-
tension its normal vector, a separating hyperplane.

Ezample 1. Figure 3(a) represents a recurrence equation which is explicitly de-
fined, and Figure 3(b) represents one which is not explicitly defined.

Cororrary 3. Consider the uniform recurrence equation a(p) = fla(p — w),
alp — wa), -, a(p — ws)), where p is an n-vector. The following statements are
equivalent:

(1) alp) is explicitly defined for all regions B = Q¢ X Fa—s in which Q. is a finile
subset of Fy ; :

(ii) there extsts no semipositive vector (uy , us, + -+ , Us) Such that
8
Z —UW;j
=1

8 zero in the first t coordinates and nonnegative in the last n — t coordinates;
(ili) the system of inequalities

wi'x?-l: .7.21:2;'”787
b1, t42 -,

has a feasible solution.

(a) (b)
F1a. 3
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ReraTioNsuip BerwerN m(p) axp T(p). Consider two points p, ¢ € R such
that p — ¢. Then there is an s-tuple of nonnegative integers (w1, us , - - - , us) such

that
g=17p - ;’“j’uf‘j
=

and
8
Z U; = 1.
=1

IfR = F.thengq > Oand (uy,us, - -+, u,) is a feasible solution to linear program I,
whose optimal value is m(p); hence ¢ < m(p). From the definition of the free
schedule 7'(p) it is immediate that T(p) — 1 < m(p). We next investigate the rela-
tionship between m(p) and T(p) more closely. We show that a uniformupper
bound on m(p) — T(p) throughout F, does not, in general, exist, but that such a
bound does exist for all points p € F, which are not “too close” to the boundary of
the first orthant. What is meant by “too close’ is made precise later.

The following example shows the impossibility of giving a bound on m(p) — T(p)
in general.

Example 2. Letn = s = 3,

wm = (—1,1, 1), wy = (1, —1, 1), ws = (0,0, 10).
For all points p of the form
p=(1,1,10]), j=17273a"')
it is easily verified that
m(p) =105, T(p) =].

Therefore no uniform upper bound for m(p) — T(p) exists.
Now, to define a region for which a uniform bound on m({p) — T(p) exists, let

Ch=1 if (w]‘)h=0 fOI'j=1,2,---,,g;
Ch = 2 |[(wj)s| otherwise; h=1,2,- -, n.
=1

Let U be the set of all n-vectors x such that
thChy h=1)2)"':n7

where the , are not necessarily integers. The points of U N F, are those points
of F, which are not “too close” to the boundary of the first orthant, as is made
clear by the following theorem.

Tueorem 3. There exists a constant K such that, for all points p € U N F,,

m(p) — T(p) < K.
The proof of this theorem is based on the fact that if p = ¢ 4+ Znaw:, Zni = N,

then there is a sequence
2P — Wiy, p — (wi1+wiz)’ e, D (wﬁ + +wiN) =q

all of whose points lie within a “bounded tube” around the line segment connecting
P and q. The proof makes use of two lemmas.
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Lumma 2. Let p and q be in I, , such that:

() p=yt+ 2iaba, yelU, 0<0 <L

(i) p— Zimeas =g, o€ {0, 1)
Then p 25 g, where N = 3 1.

Proor. With no loss of generality, lot e, = 1for¢ = 1,2, .-, land a; = 0
otherwise, Consider the points p = &, &, - -+, &y = ¢, whope

ti=p — wy .

We show that each {; is an element of F. and thus obtain the desired path
p=lish b - Lty = g, Consider
;
(tw = {p — 2w

i=1

If(w)p =2 0fore =7 +1,7+2,-+,j+ 1 then
:
(G 2 (p — 2 wds = {gh'> 0.

Otherwise

(m=@—2w)<m+2w—nmh+29mn

i=f-H1

In this case, at least onc of the (wi)w, 4 =74+ 1,7 + 2, .-, s, is not zero, and
since) < 8, <1, -1 <#6; — 1 < 0. Weobtain

(1 > W = S lwal = (9 — a2 0.

Thust; € F,., glving the desired result.
Levma 3. Let pand gbein U N F, such hat

qaQ=p - Zﬁ:lafwi:
where each «; 15 a nonnegative tnleger; then p 2 g, where
3
N = Z ;.
gl
Proor. Let  a; denote the integer part of the number a. Let

Tc=p—iz=:1";fa“wi= _Z““7”%+z( “LA%O:“)W»::

LY = i=1
c=0,1 - N

Note that [(¢ + 1)/News — (¢/N)ay € [0, 1} forall 4, ¢=0,1,---,N. Then
applying Lemma 2 by letting r. play the role of p, r.1 the role of ¢, and
[(e/N)a; — (¢/N)ayy] the role of 8;, we find that r, 2> r.pq , where

1
L= Z(c+ 34 —L%au)-

Joining these chains, we obtain the desired path p % q.
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Proor oF THeorREM 3. Let m'(p) be the optimal solution of linear program I
«ith the added restriction that the w; are integers. Then it follows from the results
of Gomory (3] that there exists a number K such that m(p) — m'(p) < K for

all p.

Let = be the vector = = (C1, Co, ---, C,) and, for a given p € F,, let
(w, U, -, %s) bethe s-tuple of nonnegative integers which maximizes w'(p — ).
Since

8
P — 7 — Zluiwi >0,
=
we have

P — 2 uaw; >,
i=1
and by Lemma 3,
p BT, gy — Zu,_ W,

and therefore
T(p) = m'(p — ).
Therefore
n(p) — T(p) < m(p) —m'(p —7) = m(p) — m(p — )
+mp —w) —w(p —7) <m(p) — m(p — =) + K.
Weshow that m(p) — m(p — ) < Kefor all p and thereby, letting K = K + Kz,
we prove the theorem.
Since the dual linear programs I and II both have optimal solutions,
m(p — =) = (p—m)z, mp =py
where z and y are optimal solutions of II for the points (p — =) and p, respectively.
Also,
Py S pa.
Therefore

mp) —mip —7)=py—(p—m)z<pax—(p—m)r=mra<Mmaxm2

where z ranges over the finite set of extreme points of the convex set of solutions of IL.
Thus we can let Ky = max. 7-2, and the theorem is proved.

The problem of finding the minimal pairs (=, K) such that m(p) — T(p) < K
forall p > =, is unsolved. In general, the = and K resulting from Theorem 3 are not
minimum, For the special case of two dimensions (n = 2), it can be shown that =
can be taken as (0, 0); that is, there exists a K such that m(p) — T(p) < K for all
pER,,

AMOUNT oF PARALLELISM. We now turn our attention to the amount of parallel-
ism that arises in the computation of an explicitly defined function a(p). Recalling
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our notation of Section 2, for a schedule S the parallelism is denoted by ¢s(r). The
amount of parallelism for an explicitly defined function ¢(p) is characterized by the
following theorem.

Tuwonem 4. Let a(p) be explicitly defined over F, with n > 2. There exists ¢
schedule S such that sup. ¢s(+) = .

Proor. Since a(p) is explicitly defined there exists a nonnegative x such that
wix = Lford = 1,2 - s Theschedule S is defined as follows. At time 7 all the
points p for which 7 — 1 < p-x < 7 are computed. That S is a schedule is easily
verified. It follows that

Y o) = liplpz < 4l 2 liplIn] < ¥l2 i,

and the latter is not bounded by any linear function of » when n > 2: hence ¢4(+)
is not bounded.

More detailed properties of the free schedule 7 may be inferred from the separat-
ing hyperplanes « which exist as feasible solutions to linear program II. If there
exists a separating hyperplane z having some component equal to zero, then
¢r(7) = o for all 7 unless the problem is degenerate in the sense that the free
schedule evaluates all the points p € F,, at r = 1. If there exists no separating hyper-
plane x having a component equal to zero, then ¢-(1) may either be finite or infinite,
If $2(1) < o, this implies that ¢r(7) < e« for all 7. From Theorem 3, of course, it
follows that [[{p|p € U N F,and T(p) = 7} is finite. Nevertheless, ¢-(1) may be
infinite if an infinite number of points in F,, — U are computed in the free schedule
at time 7 = 1. This computation of an infinite number of points in the region F,, — U
may either continue for each time 7 or terminate such that ¢-(7) < « for all suffi-
ciently large 7. These two possibilities are illustrated by the following two examples.

Ezample3. Letw = (—3,2,2), wy = (2, —3,2),and w; = (2,2, —3). Then
x = (1,1, 1) is a feasible solution to linear program II, and II has no feasible sol-
tion with zero components. Nevertheless, for every point p of the form (2, 2, N},
(2, N, 2), and (N, 2, 2), T(p) = 1. Therefore, ¢r(1) = . In this example
¢r(r) < o forall+ > 2.

Example 4. Letwy, = (—2,1,1,1), w. = (1, —=2,1,1),ws = (1,1, — 2, 1),
wy = (1,1,1, —2), and ws = (0,0, 1,0). Then z = (1, 1, 1, 1) is a separating
hyperplane and no separating hyperplane exists having a zero component. Here
T(p) = kfor points p of the formp = (1,1, %k, N) where N = 1, 2, 3, - - - so that
¢r(7) = o for all r.

StoracE REQUIREMENTS. Let S be a schedule for an explicitly defined fune-
tion a(p). We define o4( ) as follows:

os(7) = || {g € Fn|S(q) < rand there exists p such that p % ¢, S(p) > 7} ||

The function ¢s measures the number of computed values which have to be retained
at time 7 in order to compute other points. Therefore, os(r) is a measure of the
amount of storage required at time = to compute a(p) using schedule S.

TrEOREM 5. Suppose that a(p) is explicitly defined over F, . If there exist two
vectors w; and w; which are linearly independent, then sup, os(r) = o, for all sched-
ules 8.

Proor. We show that for any arbitrary schedule S and positive integer .
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there exists a 7 such that es(r) > m. Let p € F, such that the set {p + aw; + bw;|
a,b=0,1, -, m} is a subset of F', . Since w,; and w; are independent, this set con-
tains (m -+ 1)” elements. Let 7 = S(p + mw;). Two cases arise.

Case 1. S{p -+ mw;) > 7. In this case S(p + mw; + bw;) > r, b =0, 1,
..., m. Let a be the largest integer a such that S(p + aw: + bw;) < 7; clearly
0 < a < m. Foreachb, however, S(p + (ay + Dw:+ bw;) > rand p + (ap + 1)w:
+ bw; 2 p ++ ayw; + bw; . Therefore,

os(7) 2 I {p + aw: + bwl || = m + 1.
Case II. S(p -+ mw;) < r. In this case, since

S(p + mw;) =7, S(p + aw; + mw;) > 7

fora = 1,2, -- -, m. Let b, be the largest integer b such that S(p + aw; + baw;) < r;
clearly 0 < b, < m. For each a, however, S(p + aw; 4+ (b, + 1)w;) > 7 and
p+ aws + (ba + Dw; L p + aw: + baw;. Therefore, as(r) > || {p + aw; +
bawj} H = m.

When the veetors w; are collinear, and all their coordinates are nonnegative, then,
forn > 2, the points of F, lie on infinitely many distinet lines parallel to w;, and
each such line contains an infinite number of points in F,. Once computation on
such a line has begun, at least one computed point on that line must be retained at
" all times. Since any schedule S must eventually start on each line, o5(7) must be
unbounded.

If all the vectors are collinear and have at least one negative coordinate, then the
lines parallel to the vectors are of finite length and a schedule S that computes all
the points on one line before another line is started is a schedule for which os(7)
is bounded for all 7. Clearly, in this case, schedules with unbounded ¢5(7) also exist.

Theorem 5 shows that, except for special cases, the amount of storage required
to compute the function a(p) is unbounded. Suppose the computation is performed
on a computer which has a limited-size high-speed storage, and an unbounded bulk
storage of slower speed. The efficiency of a schedule for the computation must, for
this case, take into account the time required for fetching operands from storage.
For this reason it is advantageous to schedule the computation so that data in the
high-speed storage is used as much as possible to compute new points. We describe a
scheme which yields high utilization of the fast storage. As a simple illustration of
the scheme consider the following example.

Ezample 5. Consider the two-dimensional recurrence equation

a(p) = flalp —w), a(p — ws), a(p — ws)),

wherew; = (3, —1); we = (—1,3); ws= (1,1).Letz = (1,2), == (2,1).
It is easily verified that w2z > 1, j = 1,2,3, k = 1, 2. Thus, by Theorem 2,
a(p) is explicitly defined over F,.

To describe the computation scheme, assuming that five points can be computed
simultaneously, assume that certain points of F» have been computed. More spe-
cifically, assume that we have computed all points p such that p-2; < 60orp-z; < 74
and p-x, < 60; in this case, the five points p1 = (20, 20), p» = (19, 22), ps =
(18,24), p. = (17,26), ps = (16, 28) can be computed. This is illustrated in
Figure 4. The crosshatched region covers the points assumed to have been com-
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DX 2= ®0
P5
P4
P3
X P 2
R :
"’;%éiizo“
/ ///////// 74
// p*¥X =
o
AY

p‘-xl=60

Fie. 4

puted. The double-crosshatched area indicates the region from which the operands
required to compute p1, P2, Ps, Pa, Ps are obtained.

Assume that the points within the double crosshatehed region are in the high-
speed storage. The computation scheme progresses as follows: We simultaneously
compute py, - - -, ps and place them in temporary storage. Next we want to compute
the points p on the line p-2, = 61, 60 < p-x; < 74. To this end we update the
contents of the high-speed storage by storing in bulk storage the points on the line
Py = 55, which were previously in the high-speed storage, but are not needed as
operands for computing the next five points, and fetehing from bulk storage the
points p satisfying p-2e = 60, 55 < p-z < 60.

Successive computations are performed along p-x: = 62, 63, and so on, until the
whole “tube” of points p € F.satisfying 60 < p-x; < 74 are computed. The scheme
then progresses to another higher “tube”; namely, 75 < p-x; < 89. It is easily seen
that using this scheme every point of Fy will eventually be computed, and except
for points too near the boundary exactly five points can be computed at a time.

This type of scheme is readily generalized to any function a(p) explicitly defined
over F,, . From (iii) of Theorem 2, we can always find % linearly independent vectors,
with rational coefficients z,, 2», -+, x, such that w; -z > 1foralll < j <
1 <k <n Weneedn — 1 of these vectors to define the tube, and we assume that
they are @1, a3, « -+, Tn_1 . The tube then is the set of points p € F, such that a; <
pax; <biy, ©=1,2 ---,n — 1 The set of points which will be computed simul-
taneously lie in the cross section defined by the intersection of the tube and a. <
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p - < by . (In the example we used by = gz and by = @, -+ 14.) For a fixed selection
of the separating hyperplanes, the number of points computed simultaneously is
pl-@portional (as a function of N) to = = [[iZ' (b: — a.), and the size of the high-
speed storage is also proportional to «; in other words, the number of points com-
pu ted simultaneously is directly proportional to the size of the high-speed storage.

The number of points which must be fetched from bulk storage to be used as
operands when computing a cross section is proportional to

n—1
’ 1

T =7 .
f=1bj'“aj

This follows from the fact that previously computed points must be fetehed around
the tube in all directions except the direction of propagation. For a given amount of
parallelism, the amount of fetching from bulk storage can be reduced by making
b; — a; approximately equal for all 7. Then the ratio of the number of points com-
puted to the number of points fetched from bulk storage is proportional to "WN,
where N is the size of the high-speed storage. Thus, as N increases, the average
number of points fetehed from bulk storage per point computed approaches zero

as 1/"'v/N.

5. Systems of Recurrence Equations

T'his section deals with systems of uniform recurrence equations over the domain
F',. . Tests are derived to determine whether a system is explicitly defined over F,,
and the degree of parallelism in schedules for explicitly defined systems is in-
westigated. A necessary and sufficient condition for a system to be explicitly defined
hiaus already been given in Theorem 1. For a single equation this condition reduces to
the existence of a separating hyperplane (Theorem 2), which can be tested by linear
programming. For systems, the testing process is more complicated. It involves an
iterative decomposition of the dependence graph, requiring the solution of linear
programs at each step. The investigation of parallelism is also more complicated for
sy stems than for single equations. Whereas the free schedule for an explicitly defined
single equation with n > 1 necessarily has unbounded parallelism, there exist
explicitly defined systems with n > 1 for which the free schedule has bounded
Parallelism. This is illustrated in Example 6. Although we do not have general
tests to distinguish whether a system has bounded or unbounded parallelism, two
sufficient conditions for unbounded parallelism are given, and a conjecture about
pavrallelism is made which involves the iterative decomposition of the dependence
graph. Also, the problem of modifying a free schedule having bounded parallelism
to reduce the maximum degree of parallelism while preserving a specified computa-
tion rate is considered.

a®) = filmlp — 1, —1)), alp — 0, 1))
(,-1) (o,n -1, '
(0,0
a(p) = falae(p — (—1, 1)), au(p — (0, 0)))

F16.5
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Ezample 6. Since the dependence graph shown in Figure 5 does not have 5 nop.
positive cycle, it follows from Theorem 1 that a:(p) and as(p) are explicitly defineg
over Fy . For this example, only one point of {1, 2} X I, can be computed at any
time. This can be seen as follows: ’

(1, (1,¥)) (2, (L, y — 1)), because of the edge labeled (0, 1);
similarly,

(1, (z, ) = (1, (¢ — 1L,y + 1));

(2, (z,9)) 5 (2, (x + 1L,y — 1)).
Thus, on a given line x + y = k, any schedule must compute the quantities a(p)
successively starting withp = (1,k — 1) and ending with p = (k — 1, 1); then the
quantities ax(p) can be computed suceessively starting with p = (k — 1, 1) ang
ending withp = (1,k — 1). Only after ax(p) forp = (1,k — 1) has been computeq
can the computation be started on the next line z 4 y = &k + 1. Thus, in the free
schedule, ¢r(1, 7) + ¢2(2, 7) = 1 for all 7; and every schedule S satisfies ¢4(1, 7)
+ ¢4(2, 7) < 1 for all .

Locaring Nowneositive Cycres. A directed graph is called strongly connected if
any two distinct vertices lie in a common cycle. A strong component of a directed
graph is a strongly connected subgraph not properly contained in any other strongly
connected subgraph. In general, a directed graph may contain several strong compo-
nents, and each vertex lies in exactly one strong component.

Once it is known which strong components of a dependence graph contain non-
positive eycles, Theorem 1 can be applied to determine which functions a.(p) are
explicitly defined. Thus, our procedure for locating nonpositive cycles treats each
strong component of a dependence graph separately. In developing the procedure,
the hypothesis of strong connectedness is explicitly stated when it is needed, since
most of the results do not require it.

Let C(@) denote the set of all integer n-vectors of the form w(r), where = is a
cycle of (; then our problem is to determine the nonpositive vectors, if any, in C(@),
as well as the corresponding nonpositive cycles. Let L( @) denote the set of all semi-
positive integer combinations of vectors in C(@®); in fact, L(G) is generated by the
weights of the finite set of simple eycles of G. When G has a single vertex,
L(G) = C(@); otherwise, L(G) 2 C(G), and the inclusion is usually proper. Thus,
in Figure 5, L(G) contains the vector (1, —1) + (~1,1) = (0, 0), but C(@) does
not. It is relatively easy to determine whether L((G) contains a nonpositive vector;
the difficulties in locating nonpositive cycles arise because L( ) may be unequal to
c(q).

Lemma 4. If L(G) does not contain a nonpositive vector, then G does not contain
nonpositive cycle.

Proor. L(G) 2 C(@F).

Lemma 5. If G is strongly connected, then G contains a strictly negative cycle if and
only if L(G) contains a strictly negative vector.

Proor. Let V € L(G) be a strictly negative vector. Then either V = w(v),
where v is a cycle of G, or

V = ;1 aw(vyq),

where 7 > 1 and, for each 4, a;is a positive integer and v, is a cycle of G. If
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7 = w(v), the result follows. Otherwise, because (7 is strongly connected, there is a
eycle Yo which includes all the vertices of G, and thus every vector of the form

w(ve) + iZ::lﬁﬂu(w),

where the 8: are positive integers, is the weight of a cycle of G. Choosing 8; = Ka;
for sufficiently large K gives a strictly negative cycle. Thus G contains a strictly
negative cycle if L( @) contains a strictly negative vector. The converse statement
follows from the fact that I(G) D C(@G).

Motivated by Lemmas 4 and 5, we present tests for the existence of negative
yectors or nonpositive vectors in L{ ). These tests are based on the following

theorem.
TueorEM 6. A vector V is an element of L(G) if and only if

8
Vo= > uwi,
i=1

where the coefficients w, satisfy:
(1) ;18 a nonnegative integer;
(i) 2faws > 1
(iii) Zielk(G) Ui — Zieok(G) u; =0, - k=12, .--,m,
where IL(G) = {1 | vy 15 the vertex to which edge e; s directed} and Ou(G) = {7 ]vi 15 the
vertex from which edge e; is directed} .
Proor. If v; is a cycle of G, then

w(y) = Zﬂuﬁ”wi )
where u” denotes the number of oceurrences of e;in v . Clearly, (w”, us”, -+, u”)
satisfies (1)—(iil). If V is in L(G), then

T T s
V= Z:, aw(vy) = 2, 0 auiw,
F=

j=1 ¢=1

and setting
r
wi = 3,
o

we see that (us, us, -+ - , Us) satisfies (i)—(iii). Thus the given conditions are neces-
sary in order that V be in L(G).

The proof of sufficiency is a direct consequence of a lemma of 1. J. Good [4], which
states that if the edges of a connected graph are oriented so that at each vertex
the number inward is equal to the number outward, then the whole graph can be
traversed as a closed circuit in which each edge occurs once and only once and with
its assigned orientation.

From Theorem 6 we obtain the following corollary.

CoroLrLaRY 4. Let V be an integer n-vector and E a subset of {1,2, -+, s}. Then
the following statements are equivalent:

(1) V can be expressed as

8
V = > uaw,
=1
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where (uy, Uz, -+, us) satisfies (1)~(iil) of Theorem 6, and u; > 0 if and only i
i€ By
(2) V can be expressed as

V=2 amw(v,),

where the o, are positive integers, the v; are cycles of G, and e is an edge of some cycle
viif and only of © € E.
Adding to the inequalities of Theorem 6 the requirements that the vector be, re-
spectively, nonpositive or negative, we obtain the following two corollaries.
CoroLLARY 5. L{@) contains a nonpositive vector if and only if the following system
of linear inequalities has a feasible solution:

u; > 0, i=1,2 -,
i=1

111 Sowui— 2, ui=0, B=12--,m,
iel (@) ie0p(Q)
> (uaw); <0, i=12 -, n
=1

CoroLLARY 6. L(G) contains a strictly negative vector of and only if the following
system of linear inequalities has a feasible solution:

(wi 20, i=1,2-,5
Zui > 0,
1=l

v > oui— 2, ui=0, k=12 --,m,
el (@) 1€0;(G)
> (uaws); < —1, j=12-,n
i=1

From these results we conclude that if system III has no feasible solution, then ¢
does not contain a nonpositive cycle, and, if system IV has a feasible solution, then,
provided G is strongly connected, ¢ contains a strictly negative eycle. The feasibility
of systems IIT and IV can be tested by standard methods. Thus, the only case re-
quiring further analysis in determining whether a strong component G of a depend-
ence graph contains a nonpositive cycle oceurs when system IIT has a feasible so-
lution, but system IV does not.

To investigate this case further, we define G, a subgraph of G. The edge e; of G
is also an edge of G if and only if system IIT has a feasible solution in which w; > 0.
Every edge of G’ has the same weight as it had in G, and the vertices of ¢ are those
vertices of G' which are incident with edges of G'.

TurorEM 7. The subgraph G has the following properties:

(1) esisan edge of G if and only if e is contained in some semipositive combination
of cycles of G whose total weight is nonpositive;

? The set of edges of G’ can be obtained by applying the Simplex method of linear programming
to system III with an appropriately chosen sequence of objective functions.
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(1 contains a nonpositive cycle if and ondy if @' does;
e z',s o union of disjorni strongly connected graphs;
4y (¢ is sirongly connecled, then {7 coniaing @ nonpostitive cycle.

Pq:oof Statement (17 foilows direetly from Corollary 4 and the definition of &,
and clearly {2} 18 unmedmte from (1). ¥From (1) every edge of (' is in some ¢y (,10
ol 6 thus, (;3 holds. To prove (4), we assume & is strongly eonneeted and display
5 mmpnqtne evele of & {henee, also, of G, since every cycle of ' is also a eyale of
(7). Sinee @ is strongly cormocted there is u cycle € passing through all the vertices
of (. Let the successive cdges of C be dy, dy, -+, dy. Then, since {1) has been
established, cach edge d:is contained in a bemlpoaltwe combination of eyeles of G
with nonpositive total weight. The combination eorresponding to d; may be ex-

pressed as

w(ys) + 2 eqw(8y) <0,

where v; is o cycle containing d;, the «;; are nonnegative integers, and the é,; are
eyeles of . Moreover, since v; contains d;, ~:may be decomposed inte two parts:
i und 7, a path containing the remaining edges of v; and directed from the vertex
to which d; is directed to the vertex from which d. is direeted, We can now construct
o cyele with weight

22_‘_, [w(ys) + ‘]L aigu( ;)] <

a5 follows. The cycle traverses the edges di, - -+, d, in turn, and then returns along
the paths m, , et , + =+, 71 . Sinee each vertex is visited in this process, it is possible
to insert e, traversals of each cycle 8,; at some convenient point. This produces the
required nonpositive eyele.

Theorern 7 enables us to congtruet an iterative procedure for determining the
wonpositive eycles of ¢, Recall that, in the case under consideration, & has no strictly
negative eyeles, and L () contains a nonpositive vector. The first step is to construct
7. Tt 7 is strongly connected, then, by Theorem 7, (7 contains a nonpositive cycle.
Furthermore, the construction used to prove Theorem 7 construets a nonpositive
tycle passing through all the vertices of .1 @ is not strongly connected, then it is
a union of disjoint strongly connected eomponents Gy, Gy, -+, G, and each non-
positive cycle of ¢ must be a nonpositive eycele of one of the%e compoueubs The
components are then “decomposed” to obtain subgraphs G, Gy, -, G in the
same manuer as ¢ was derived from @, and the iterative process contmueb until
either a nonpositive cycle is located or no further decomposition i3 possible.

The entire decomposition can be represented by a directed tree whose vertices
correspond to the original dependence graph G and the strong eomponents arising
in the decomposition. The tree is rooted at the vertex corresponding to G, and, for
each subgraph H which oceurs, there is an edge directed from the vertex cor rcspond—
ing to H (o the vertices corresponding to Hy , Hs, -+, H,, the components of H.
The number of vertices in the longest path in this tree 1:. called the depth of the de-
terposition of 6.

Evample 7. Let & be the graph of Figure 5. For this graph, system IV has no
feasible solution, but system LI does. The ~:ubgra.ph G’ takes the form shown in
Tigure 6. For each of Gy and Gy , system TIT has no feasible solution, so Gy and Gy
are null, The decomposition process terminates at this point, and & has been found
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to have no nonpositive cyeles. Thus, by Theorem 1, a.(p) and as(p) are explicitly
defined over ¥, . In this case, the decomposition trec is simply

and it has depth 2.

PARALLELISM, As was shown in Example 6, it is possible that the free schedule
for a fully defined system of recurrence equations over F.(n > 1) may not have
unbounded parallelism. This is an important qualitative difference belween single
equations and systems of equations, and it suggests the general problem of character-
izing dependence graphs with bounded parallelism. This problem has not been solved
completely, but we present sufficient conditions for unbounded parallelism. Al-
though our sufficient conditions apply to general dependence graphs, their main
application is to individual strong components. The relationship between the paral-
lelism in the free schedule for a dependence graph and the parallelism. in the [ree
schedules of its strong components is discussed after the sufficient conditions are
given.

The sufficient conditions depend on the depth of the decomposition tree for G.
We prove that, if the depth of the decomposition of (7 is less than z, and if certain
further algebraic conditions are met, then the free schedule for G has unhounded
paralielism. We turn next to the formulation of these conditions.

Lemma 6. Let (0 be a dependence greph. Then there exist real nwmbers
pr, P, pm nd o nonnegative n-vector © such that, for any edge e, , directed Srom
o vy,

Wi 2 pL— Py
and, if e, € G, then
W 21 4 pr = pr.

Proor. By definition of ¢, system ITT does not have a feasible solution such
that

Z u; >

{iless @)

The desired result follows by applying the Minkowski-Farkas lemma to the following
system of inequalities:

) w20, i=1,2 -8
|
| (id) 2. wi= 1,

[Ele;¢d "}
) 2 we— o =0, k=12 - ,m,
| ielpia) e iG)
I‘L(iv) Zl (uwar); £ 0, =12 ,n

The variable p; corresponds to the kth equation in (ili), the variable z; to the jth
constraint of (iv), and d to the right-hand side of (ii).

Journal of the Association for Computing Machinery, Vol. 14, No. 3, July 1867



Compudations for Uniform Recurrence Egualions 583

{1,-1} L1
Gy Gg
Fia. 6
Any veetor ¢ which, for some choice of gy, oo, -+, ps, satisfies Lemma 6, is
called a weakly separating hyperplane for G,
CoroLLaRY 7. Let G, pi,pa, - -, pwand z be asin Lewmma 6. If there is a path in

G of wewght w from v, o v contorning N occurrences of edges not in &, then
w2 N — (po — po). In porticular, w-x > N — K, where K = muaxy ; (pr — pi1).

TaroneM 8. el G be o dependence groph such thet every furncltion o p) is ex-
plicitly defined over F. . If the decomposition of G has depth v < n, and every strong
component occurring in the decomposition has @ weakly separating hyperplane which is
striclly positive, then, for every k, sup. dr(k, +) = =,

The proof of Theorem 8 requires the following lemma.

Lemma 7. Let G be a dependence graph which salisfies the hypotheses of Theorem 8.
If 2 13 o weakly separaling hyperplone which is striclly positive, then there exists a
positive constant o such that, for oll (&, p) € 11,2, - ,m} X Fy,

Tk, p) < ofp-x).

Proor. The preol is by induction on r. When "f' =1, G is empty. There exists
(1, ¢) such that g € F, and (k, p) > (1, ¢), wheret = T'(k, p) — 1. By Coroliary 7

p-—gzzt-K;
therefore,
prz{p-—qaz2t—K=Tkp) —(K+1).
Thus,
T(k,p) < pz+ (K + 1),

and the result follows.

Now assume that the result has been proved for all ¢ < 7. Sinee the decomposition
of G has depth r, the decomposition of cach of the compenents Gy, Gy, -+, G, of
@ has depth less than #. Also, the hypotheses of the lemma apply to these components
and their decompositions. Thus, if ¥ is a strictly positive weakly separating hyper-
plane for @ , then, denoting by T}, the free schedule for Gy, Tk, 2) < aw(p-4s),
where ¢;(¢;, < ) is the depth of the deeomposition of G . Since 2 and s are hoth
positive vectors, there is a constant 8, = max, ((y.):/2.) such that p.y < Ba(p-2)
for all p € F,, . Therefore, Th(k, p) < aBi*(p-2)* = a; (p-2)°* By the definition
of T(k, p) there exists an (I, ¢) such that ¢ € F, and (k, p) % (I, ¢), where
t = T(k, p) — 1. Let the corresponding path of length ¢ contain N oceurrences of
edges not in &' joining together at most N + 1 subpaths my, m, -+, 7., each
entirely within a component of & Clearly

t =N + ;l(ﬂ's).

Journal of the Association for Computing Machinery, Vol. 14, No. 3, July 1967

o



584 RICHARD M. KARP, RAYMOND E., MILLER AND SHMUEL WINOGR4p,

We bound T'(k, p) by obtaining bounds on N and each I(#;). By Corollary 7
(p—q@22N-—-KsoN<(p—q) e+ K< (pz)+ K Similarly, if (i) qi)is
the starting point of the subsequence corresponding to path r;, then

0<(p~q)z+ K,
S0
grr<px+ K.
Hence, if =, lies in G, , then
i(re) < Tw(li, ) < o (gr2)™ < @(p-z + K)
Hence, there exists a suitably large constant v such that
Ur) <v(p-2)™,  i=1,2-, u

Substituting, we have

i

T(k,p) =t+1=1+N + ;l<"f> <1+ (pa)+ K+ uy(pa)™

IN

1+ (p2) + K+ (pz+ K+ Dy(p-a)™
< a(p-x)

for suitably large «.
Proor or TurorEM 8. Choose k, 1 < k < m. By Lemma 7,

;m(k, 7) = [{p| Tk, p) <8 = {pla(p-2)” <6}

= plpe < /(0/)}]| = 0(8"")

Since n > 7, so that n/7 > 1, there is no constant which uniformly bounds ¢.(k, 7},
so that sup, ¢+(k, 7) = = for every k.

In the special case where G is empty (r = 1) there exists a “strictly separating
hyperplane” x just as in the case of a single equation. That is, there exist real
numbers p1, p2, -+, pm and a nonnegative vector x such that, for any edge ¢
directed from vy to v,

wi'd > 1+ pr — pr.

It can be shown that p1, p2, -+, pn can actually be chosen as integers (with an
appropriate choice of x) so that such a system can be transformed into a single ex-
plicitly defined uniform recurrence equation in the vector-valued variable b(p),
where

be(p) = alp — pi) and prx = pp, k=12 --,m.

Of particular interest is the fact that this transformation enables us to apply the
storage scheme of Section 4 to such systems.
Example 8. Consider the system

al(p) = fl(al(p - (0) 1)); a2<27 - (_17 _1>));
aﬁ(p) = f2(a1(p - (3) 2)); az(p - (1’ 0)))
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The dependenee graph is shown in Figure 7. Cleauly L(&) contains no nonpositive
vector. Betting py = 4, 00 = 0, a0d & = (1, 1) we find that:

(0,1)x > 1, (=1, ~1)e>1-+0—1,
(LOx>1, (3,2)z>1+4 0.

Setting p1 = (2, 2) and p2 = (0, 0), the conditions pr-x = py are satisfied. Making
the transformation

be(p) = alp — i),
we obtain the system
bulp) = filba(p — (0, 1)), be(p — (1, 1)),
ba(p) = fllulp — (1,00), Balp — (1,0))).

bip) = (gig;)a

b(p) = f(b{p — (0, 1)), b(p ~ (1, 1)), b(p — (1, 00)),

and o single explicitly defined cquation has been obtained.

The results we have obtained do not completely characterize the strongly con-
nected dependence graphs whose free schedules bave bounded parallelism. Of eourse,
every strongly connected dependence graph with at least one edge has bounded
parallelism in the casen = 1. Furthermore, Example 6 shows that if m > 1, graphs
with bounded parallelism exist even when 7 > 1. Also, Theorem 8 gives sufficient
conditions for a strongly connected graph to have unbounded parallelism.

From Theorem 8 one might suspeet that, when the decomposition of ¢ has depth
% (it can be shown that the decomposition never has depth greater than n), the
free schedule has bounded parallelism, The following slight modification of Exam-
ple 6 shows that this is false.

Example Y. In Figure 8, the decomposition is exactly as in Example 6 and has
depth 2, but 7(1, p) = 1 for all p of the form (1, y), so that és(1, 1) = =». We be-
lieve, however, that this type of unbounded parallelism is limited to “corridors”
near the boundary of F., . More precisely, we make the following conjecture.

Conjecture. Let G be a strongly connected dependence graph such that every
funetion a,(p) is explicitly defined over F . If the decomposition of @ has depth
r < n, then, for every k, sup, ¢2(k, 7) = «. If the decomposition of G has depth #,
then there exists a point « € F, such that, for each &, max, |[{p{p > = and
Tk, py = 7}| < =,

Writing

we have

== (1)

ﬂn@gu,m (150 ‘0.@- thi

(3,2) (-L0)
Fic. 7 F14. 8
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In gencral, a dependence graph ¢ will have several strong components. Tn some
cages, properties of the free schedule for G can be determined from properties of the
free schedules of its strong coraponents, If there is a path from a vertex v, in G to g
strong component whose free schedule has bounded parallelism, then ¢2(%, =) is
bounded. If, for every strong component reachable from v, an incquality of the
form

Tik,p) < adpx), r<n ~1 (%)

holds, then ¢4(k, ) is unbounded. If ¢ is a strong component of & from which ng
other strong ¢orponent cun be reached, then the free schedules for & and &) are
identical for vertices in Gy . If every strong component that can be reached from v
bas a free schedule with unbounded parallelism, but some of these strong eompo-
nents do not satisfy an inequality of the form (%), then our results do not establish
whether ¢-(k, ) 13 bounded.

When the free schedule for a dependence graph has bounded parallelism, one can
define its maxtmum parallelism,

M(T) = max 2_ érlk, 1),
T ke

and its average parallelism,

14
ACT) = lim sup | 2 5 el ).

00y ¢+, {00 (-1

Fic. 9

TABLE 1
T T S
1 all, 1) @, 1) al,l) a(l, 1) e, 1)
2 (1, 1) axl, 1) al, 1)
3 all, 2) as(l, 2) adl,2) a(l, 2) a1, 2)
4 01(2, l) Ga(Z, 1) ﬂ4(2; 1) al(gy 1) a3(21 1)
5 ax(2, 1) 2(2, 1) a.(l, 2)
8 as(1, 2) a1, 2) ad2, 1)
7 all, 3} as(1,8) all,’) a(l, 3} @(l,3)
8 a2, 2) a2, 2) wl2, 2) a(2, 2) a2, 2)
13 @@, 1) @3, 1) a3 D a@, 1) @@, 1)

@3, 1) a3, 1) a1, 3)
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The implementation of the free schedule requires & computer capable of performing
M(T) simultaneous function evaluations, When A(T) < M(T), however, the
question arises whelher there exists a schedule S which proceeds at the same average
rate (A(S) = A(T)), but which can be implemented on a computer with fewer
arithmetic units (M (S) < M(T)). The following examples show that this is some-
times possible,

Ezample 10. See Figure 9. The free schedule 7' and a “smoothed” schedule S
are illustrated in this example. M(T) = 3 > M(S) = 2, but A(T) = A(S) = 2.
The points calculated by S and T for the first 10 tipne units are shown in Table 1.

In this example, the schedule S is obtained by delaying the computation of points
a(p) by longer and longer amounts. If the example is modified so that the edge from
v; to vz is labeled (0, 0), then the free schedule is unchanged, but no schedule S exists
such that M(8) < M{T) but A(8) = A(T). In the next example, smoothing is
achieved without delaying any computation more than one unit of time.

Ezxomple 11.  See Figure 10 and Table 2.

6. Implicit Schedules

Although many numerical methods of solving partial differential equations, such as
point overrelaxation for Poisson’s equation, lead to uniform recurrence egquations

Fia. 10
TABLE 2

T T s

1 (1, 1) a(l, 1

2 0'4(1, 1) G-;u., 1) a&(ly 1) 04(1; 1) a3(1| 1)
3 as(1, 1) a1, 1) as(1, 1)
4 a1, 2) a:(1, 2)

5 aztl, 2y a:(1,2) a(l, 2} a(1,2) a(l, 2)
6 (2, 1) a(l, ) a2, 1)
7 (2, 1) as(2, 1) (2, 1) a2, 1) aal2, 1)
8 as(2, 1) a2, 1) (2, 1)
9 as(1, 2) as(l1, 2)

10 a((1, 3) ‘all, 3)

11 all, 3) @}, 3) (L, 3) a(l, 3} a1, 3)
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which are explicitly defined in the sense of the previous sections, certain important
methods, such as line relaxation, lead to equations for which no schedule exists.
These so-called implicit methods require the repeated solution of subsystems of simul-
taneous equations. In this section we model the strueture eommon to these methods
by introducing the concept of an implicls schedule. For the sake of contrast, the
schedules discussed up to now are referred to as explicit schedules in the remainder
of this section.

Let G be a dependence graph for a systemn of w uniform recurrence equations de-
fined over the region £. An implicit schedule S is a function from {1, 2, - -+ ,m] X R
into the positive integers satisfying the following condition: For each positive integer
7, {(k, p)| 8(k, p) = 7} can be partitioned into finite subsets Zi(r), Zx(+), - - such
that, if (k, p) € 2.+ and (k, p) 5 (4, ), then cither

(i} S(L, ¢) < 7 0r

(i) (L gy € Bilr).

Note that every explicit schedule is also an implicit schedule in which each set
2i(7) may he taken to consist of a single element. Also, the following example shows
that an implicit schedule can exist even when no explicit schedule exists,

Erample 12. Let R = {1,2,3} X Fy, and consider a uniform recurrence equation
of the form

oz, y) = f(l’L(I? — 1, y): a(:!: + 1, y): a(a:; ¥y — 1))

34 |
! |
Fi 24 +
b
L—-—ww---o——a——l

i 2 3

Then no explicit schedule exists, but the function 8(p) = y, where p = (z, y),is an
implicit schedule. This implicit schedule corresponds to a computation in which &
system of three simultaneous equations is solved at each time y.

This section is concerned with formulating some necessary and sufficient eon-
ditions for the existence of an implicit sehedule. We first derive necessary and suffi-
cient conditions applicable to arbitrary regions, and then specialize them to the case
that the region is F, or Q, X F,_, . Since the proofs of the theorems of the section are
analogous to the proofs of the corresponding theorems for explicit schedules, we omit
all proofs,

Consider the following equivalence relation “~" over {1, 2, - -+ , m} X B:

B (k, p) ~ (ii?, P);

() (kep) ~ (4 ¢) i and only if (&, p) — (I, ¢) and (I, ¢) - (k, p), for
(k,p) # (U, q).

It is clear that two distinet elements (&, p) and (U, q) are equivalent if and only if
they are mutually dependent. The concept of dependence can be extended to de-
pendence between cquivalence classes. Let [(k, )] denote the equivalence class
which includes (k, p). We say that [(k, p)] — [(1, ¢)] if and only if (k,p) = (L¢
It is clear that this definition is independent of the choice of elements which repre-
sent the equivalence classes.
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THEOREM 8. Let ([} be a system of uniform recurrence equations over . The fol-
lowing four stafements are equivalent:

(1) there exisls an tmplicit schedule,

(1)  every equivalence class of “~" s fintie and depends on only a findte number
of equivalence classes;

(i) foreach (%, p) € {1,2, .-, m} X Rtheset {{, ¢)|(k, p) — (1, ¢)} s finite;

(iv) there does not exist an infinite sequence of distinct elements {(ki, p:)} such
that (k5 pi) = (ke pin).

In the case that B is I, we have the following additional nceessary and sufficient
condition for an implieit schedule to exist.

TraroreMm 10.  Let G be the dependence graph of a system of uniform recurrence
equations defined over I, . There exists an tmplicit schedule if and only if G does not
contain a cycle whose weight 4s a seminegative vector (i.e., a nonzera veclor none of whose
coordinates are pogitive).

CoroLLARY 8. Let (F be the dependence graph of a system of wniform recurvence
equations defined over Q¢ X Fay, where Gy is a findte subset of Iy . Assume thal no ex-
plicit schedule exisls. An tmplicit schedule exists if and only of G contains no eyele
whose weight is o seminegative vector whose first t coordinales are zerv.

Specializing further to the case of a single equation {m = 1), we obtain:

TaeorREM 11. Consider the equaticn a(p) = flalp — w), alp — wa), -+,
a{p — ws)), defined over F, . An implicth schedule exists for this equation if and only
if there exists @ positive n-veclor © such that z-w; > 0, = 1,2, --- 5.

CoroLLARY 9. Lef a(p) = fla(p — w), a{p — ws), -+, alp — w,)) be an
equation over Q; X F,_, . Assume the equation has no explicil schedule. Then the equa-
tion has an tmplicit schedule if and only if there exists an n-vector x which is positive in
i3 last n — ¢ coordinates such that x-w; 20, j=1,2,---,s

CororrarY 10. If a{p) has an wmplicit schedule but not an explicit schedule over
Q: X Fo_, then it has an implicil schedule over Q' X Fo.. for all finite sels Q0 CF..

Every n-vector z satisfying the conditions of Theorem 11 is the normal vector
to a unique (n — 1)-dimensional hyperplane through the origin. Let the linear sub-
space of dimension k which is the interseetion of all such hyperplanes be denoted by
Vi. Then an explicit schedule exists if and only if k = 0. Let a congruence relation
“=7 hetween points of F,, be defined as follows: p = ¢ if and only if p — g € V.
Then the equivalence relation “~?" is a refinement of “=". The image of ¥x in the
quotient, space E,/V, is isomorphic to Fa., and a reduced uniform recurrence
structure over F,_, is determined by

h(p) S h(g) if andonly if A(p) = h(g) and p -5y,

where h is the projection homomorphism. In the reduced syst?m an explicit schedule
exists, and every such schedule defines an implicit sechedule S” in the original system
aecording to the relation §'(p) = S(h(p)). Also, the results of Section 4 apply to
the reduced system. Thus, for example, if b < n — 1, s0 that the dimension of
E./V, > 1, the free schedule T for the reduced system has unbounded parallelism,
and it follows that, in the corresponding implicit schedule 7", there is no bound on
the number of equivalence classes on which computation is done simultaneously.
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