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The 0/1 knapsack problem (0/1KP) is a classic problem that arises in computer science. The
Wikipedia entry http://en.wikipedia.org/wiki/Knapsack_Problem has a lot
of useful general information. Despite its simplicity (simple formulation and clear algorithms)
it is known to be NP-complete, and so the best known algorithms to solve it are have exponential
worst case complexity. Nevertheless, common instances of the problem are not difficult to solve.

These notes describe the first steps towards the development of a memory efficient dynamic
programming (DP) algorithm for the 0/1KP, originally due to Kellerer et. al [1] and indepen-
dently discovered by Nibbelink et. al [2]. We first recap the basic DP solution to 0/1KP.

Problem statement: Given n objects, each one with a weight w; and profit p;, a knapsack of

capacity ¢, choose an subset of the n objects so as to maximize the profit without exceeding the
n n

capacity, i.e., maximize Z p;z; subject to the constraints Z w;r; <c.and 1> x; > 0.
j=1 j=1
Since the x;s are binary numbers, there are 2" candidate solutions. Because the problem is

known to be NP-complete, one solution strategy is to exhaustively evaluate each of the candi-
date solutions. This leads to “search based” algorithms, and when coupled with techniques for
efficiently pruning the search space, yields a family of algorithms called “branch-and-bound.”
DP is an alternative strategy. It is a classic algorithmic technique that can be used to solve
many optimization problems other than the knapsack. It exploits recursive structure and relies
on decomposing a problem instance into many instances of smaller, simpler subproblems. It

usually works in two phases. In the first phase, we first determine the value (or profit) of an



optimal solution to the problem, and typically to all subproblems, and store these values in
a table. In the second, so called “backtracking phase,” the actual solution that achieves the

optimal profit is chosen by traversing this table of optimal profits.

Knapsack subproblems One way of thinking of a “smaller instance of a knapsack problem”
is to have a different capacity: for any integer in the range 1...c, we have an instance of a
similar but smaller knapsack problem. Another way is to consider subsets of the objects. For
example if we restrict ourselves to just the first ¢ objects, we also have a smaller instance of the
problem. Following this idea, we see that we can formulate nc problem instances, one for each
pair of integers (i, k) in the set {(i, k)|1 <i <n; 0 <k < c}.

Let us define a function F'(i, k) that gives the maximum profit of subproblem (i, k), i.e.,
the maximum profit that can be obtained with capacity k, while choosing from only the first ¢

objects.

Exploiting recursive structure of subproblems If we investigate the optimal solution to this
subproblem, (i, k), there are only two choices vis-a-vis the i-th object: either it is chosen in
some optimal solution to the subproblem, or it is not. Let us look at the two cases one by one.

Case I: If the i-th object does not contribute to any optimal solution to the problem (i, k),
then F(i, k) is the same as F'(i — 1, k), the best solution that can be achieved by simply consid-
ering the first : — 1 objects at the same capacity.

Case II: On the other hand, if the i-th object does contribute to some solution of subproblem
(i, k), it “takes up” a capacity of w; and contributes p; to the total profit. Let us keep aside this
object and consider how the remaining capacity k — w; is filled. By the principle of optimality
(subproblems of the optimal solution must also be solved optimally), the profit achieved by this
must be F'(i — 1,k — w;). Hence, for Case I, F(i,k) = p; + F(i — 1,k — w;).

However, we do not know, a priori, whether or not the i-th object contributes to the solution
of subproblem (i, k), and we must account for both cases, i.e., F'(i, k) is just the larger of the

profit from each of the two. Putting this together, and adding “boundary conditions” (where one
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or the other subproblems is missing, or has a trivial solution), we get the following recurrence

equation.
k=0 0
1=20 0
Fli,k)=q0<k<w;i>0 F(@i—1k) ()
F(i —1,k)
k>wg;i>0 max
pi+ F(i—1k—w)

Evaluation The above recurrence can be evaluated by allocating an n x (¢ + 1) table—an
array with n rows and c+ 1 columns—to store all the values and filling it up in an “appropriate”
order. The order is flexible, as long as we respect the implicit dependences in the computation.
Viewing the table as an array (origin at top-left, rows indexed by ¢, and columns by k) we see
that in order to determine F'(i, k), we need two entries in the table, both from the previous row:
one from directly above and one that is w; to the left. Hence we may fill the table up row-by
row or column by column. Also, note that since only the previous row is needed to compute
any given row, if we need to compute a single F'(i, k) or a row of values, we only need O(c)
memory—we only maintain the previous row in order to compute the current one, and at the

end of each row, we swap the previous and current rows.

Complete solution However, simply computing the value of F'(i, k) is not enough. We need
to find the set of objects that make up the optimal solution. We can do this by keeping track of
the “winner” whenever we compared to profits (i.e., the max term in the equation above). In
other words, we define a Boolean function B(i, k) to mean the following: B(i, k) = 0 if the i-th
object does not contribute to any optimal solution of subproblem (i, k), and 1 otherwise (i.e., if

there is some solution of subproblem (i, k) containing the i-th object).



Recurrence for B(i, k)

k=0 0
1=0 0
B(i, k) = 2)
O<k<w;i>0 0

k>w;1>0 ifF(i—1,k) >p;i+ F(i— 1,k —w;) then 0 else 1

\

Once the table of B(i, k) is available, the actual solutions can be easily computed by calling
the function

mathrmPrintSolution(n — 1, c), where

(

ifi =0,k > w,; print "select ¢"; return

ifi =0,k <w,; print "unselect ¢"; return
PrintSolution(i, k) = 3)

elseif B(i,k)  print "select i"; PrintSolution(i — 1, k — wy)

else print "unselect i"; PrintSolution(i — 1, k)
\

It is also possible to not compute B(i, k) explicitly, but save the elements of the table

F(i, k),and redo the comparison between the elements during backtracking.

Memory Efficient DP

The problem with the above algorithm is that in order to compute the final solution, we need to
save at least ©(nc) values (the B table). Therefore, we will derive a memory efficient algorithm
that uses only O(c) memory.

In this section, we will get you to think about the main ideas needed to develop the memory
efficient algorithm. We will not give away the “spoiler” but leave it to Part II and the next
lecture. We encourage you to think about the two main questions that we ask here. The main

points we cover are: (i) a naive strategy that recomputes (parts of) the table solves the problem



in O(c) memory but adds time complexity, (ii) the outline of a divide-and-conquer strategy that
could do better, and (iii) the development of the parameters needed in order for it to succeed.
We end with a question that you should try to answer before the next lecture.

Suppose that only the last two rows of the F'(n, k) table for 0 < k < ¢ were saved. Then we
would only have information to determine whether the last (i.e., the n-th) object contributed to
an optimal solution. In addition, we would also be able to decide the residual capacity, c, that
the remaining objects took up in an optimal solution. If the n-th object does not contribute to
any optimal solution then ¢, = ¢, otherwise it is c. Now, a naive strategy is that after determining
whether or not the n-th object contributed to an optimal solution, we recurse on the subproblem
(n — 1,¢,), i.e., re-compute the table up to the n — 1-th row with a capacity of ¢,. This will
solve the problem form the last object down to the first. Since in the worst case, ¢, can be as

large as c, the time complexity for this is,

T(n,e) = nc+(n—1)c+...1-¢
1
= cZi%§n20 (4)

This is not acceptable. We seek a much better algorithm, hopefully one that is only a con-
stant factor slower than the full-table version. Divide-and-conquer is a classic algorithmic tech-
nique, and we want to apply it here. For this, we will divide the objects into two disjoint sets,
“solve” the problem on each half and somehow “combine” the solutions to solve the original
problem. The key trick is to decide what it means to “solve” and to “combine.” For our prob-
lem, “solve” means determining the last-row of the table in a memory-efficient manner,' so the

heart of the algorithm is in the “combine” step.

"Note that this is not really solving the sub-problem, since we do not still know what choice of objects to pick.
In the rest of this discussion, “solve” in quotes means determining the last-row of a subproblem in a memory-
efficient manner, while solv, without the quotes is actually obtaining the solution to the knapsack problem.



Because we are going to break up the set of objects, let us modify our notion of “knapsack
subproblems.” Instead of thinking of the (i, k)-th subproblem, let us think of the (i, j, k)-th
subproblem, where we select from among the i through j objects and optimally try to fill a
knapsack of capacity k& (so our old (i, k)-th subproblem is just the (1,7, k)-th subproblem in
the new notation). Note that the the tables for two subproblems (j, k) in the pair notation, and
(i', j, k) in the new triple are, in general, completely different, even though they both end at the
j-th row.

‘We thus have the outline of our solution

e first “solve,” i.e., build the last row of the table for, the subproblems (1, 7, c) and (5 +

1,n, ¢). This will need nc time/work.

e Next we somehow “combine” this information in such a way that we have two recursive

sub-problems to solve.

Even before we get to the details of the “comine” step—the pieces and how to put them
together—Iet us do an analytical exercise. What should be the size of the subproblems that we
will set ourselves to “solve” recursively? In other words, when would the divide-and-conquer
strategy lead to a better algorithm.

For example, if each of the two subproblems had a size 3¢, would this provide any im-
provement? To analyze this, let us compute the resulting complexity. We know that with a
divide-and-conquer strategy that breaks the number of objects into two equal halves at each
step, the number of steps before we get to a singleton object is [lgn]. Since the total work at
each decomposition adds up to nc, the total complexity will be O(nclgn). Although this is a
considerable improvement over the O(n?c) of the naive memory-efficient algorithm, it is still
worse than the full-table version, so we are not yet done.

So the question you need to solve is: what should be the complexity of the two subproblems
so that overall, we retain O(nc) complexity. The answer to this will not give us the whole
algorithm, but it will guide us to the strategy to follow. Please try to answer this before reading

on.



The solution

Instead of heading straight to the solution, we will think a bit outside the box, and try to just
answer the following question: in the optimal solution to the original problem (0,n — 1, ¢) how
much of the capacity c is taken up by the first half of objects? We use the following steps to

answer this question.

1. Partition the objects into two sets (for convenience of the explanation, assume that n is
even, say n = 2m). The first set consists of objects 0 through m — 1 and the second
set consists of objects m through 2m — 1. To solve the first problem we will need to
consider subproblems (0, j, k) for j in the range 0 ... m — 1; for the second one, we need

to consider subproblems (m, j, k) for j in the range m ... 2m — 1.

2. For the first subproblem, compute7} (k) the optimal profit that can be achieved for any
capacity k between 0 and c. This can be done using the F'(i, k) recurrence in a memory-

efficient manner (saving only the the most recent row).

3. For the second one too, we can also adapt the F'(i, k) recurrence to compute 75(k) the
optimal profit that can be achieved for subproblem (m + 1,2m, k). Note that T5(k) is
in general, very different from F'(2m, k) the last row of the table in the previous section.
This is because although we are still computing something similar to the “second halt™
of the old table, we have a very different initialization. Also note that the computations
of Ty (k) and T (k) are completely independent. They can potentially be done in parallel,

but this is actually not very profitable.

4. Now, we define a new function P(k) = Ti(k) + Ta(c — k), for k = 0...c. It can be
viewed as the maximum profit which can be achieved for the original problem (1, n, ¢) if
we arbitrarily allocated a capacity k to the first half of objects, and the remainder (¢ — k)

to the second half. So the value(s) of k where P(k) is the largest (let’s call that value



¢*) is the answer to our question: “In an optimal solution to the original problem (1, n, c)

how much of the capacity c is taken up by the first half of objects?”

Now that we have solved this “out of the box” problem, two questions arise. What does it buy
us (i.e., how do we use this information to solve the original problem) and at what price (i.e.,
what does it cost to compute it).

To answer the first question, observe that we have only found out where to optimally split
the capacity between the two halves of objects, nothing about whether any object is taken or
not. However, this assures us that there is an optimal solution to the problem (1,2m,¢) in
which the first m objects take up c¢* of the total capacity (and the remaining objects take up
¢ — c* capacity). We can therefore recursively continue this splitting: each step decomposes a
problem of the form (i, + 2r, s) into two subproblems (7,7 4 r, ') and (i +r + 1,7 + 2r, s")
such that s = s’ + s”. Eventually when we have only one object, we simply compare the given
(optimally split) capacity with the weight of the object to find out whether or not the object
contributes to an optimal solution of the original problem (1, 2m, ¢). And we are done! Note
that this solution dos not involve any backtracking, the breaking up a problem into subproblems
of the appropriate capacity is leading us to the solution.

To answer the second question, notice that the cost to compute the final row 7'(k) for a
subproblem (i, j, k) is (j — i)k, just the size of the table. Hence, the cost of splitting a problem
(i,7+ 2r, s) is just (2r 4 1)s, where the additional s is for computing P (k). Moreover, the size
of one subproblem is r x s, and that of the other is r x s”. Since s = s+ s” their combined size
is r x s, exactly half of the size of the original problem. Hence we have the following formula

for the total cost of solving the problem:



t(m,c) = t(m/2,¢c)+c(m+1)
= c[(m—i—l)—f-(%—i—l)-ﬁ-<%+1>...(1+1)]
= c(2m+1gm)

2me

Q

Hence, we are doing “only” twice the work that the original algorithm did, but we are
finding the solution with only O(c) memory. Also, notice that the recurrence that we use is
almost identical to F'(j, k).

Main Message: at the heart of the memory efficient algorithm is a function (subroutine)
that uses the recurrence F'(j, k) except that it only needs to return the last row, and it starts at

an arbitrary row, i, assuming that the (i — 1)-th row is zero.
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